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A continuum of infinite time blow-up solutions to the energy
critical wave maps equation
Mohandas Pillai
Abstract
We consider the wave maps problem with domain R2`1 and target S2 in the 1-equivariant, topological
degree one setting. In this setting, we recall that the soliton is a harmonic map from R2 to S2, with polar
angle equal to Q1prq “ 2 arctanprq. By applying the scaling symmetry of the equation, Qλprq “ Q1prλq
is also a harmonic map, and the family of all such Qλ are the unique minimizers of the harmonic map
energy among finite energy, 1-equivariant, topological degree one maps. In this work, we construct a
continuum of infinite time blowup solutions along the Qλ family. For b ą 0, and with ub denoting the
polar angle of the wave map into S2, these solutions are of the form
ubpt, rq “ Q 1
λbptq
prq ` v2pt, rq ` vept, rq, t ě T0
where
´Bttv2 ` Brrv2 `
1
r
Brv2 ´
v2
r2
“ 0
||BtpQ 1
λbptq
` veq||
2
L2prdrq ` ||
ve
r
||2
L2prdrq ` ||Brve||
2
L2prdrq ď
C
t2 log2bptq
, t ě T0
and
λbptq “
1
logbptq
`O
˜
1
logbptq
a
logplogptqq
¸
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1 Introduction
This paper considers the wave maps equation, with domain R2`1 and target S2. This equation is the
Euler-Lagrange equation associated to the functional
LpΦq “
ż
R2`1
xBαΦpt, xq, BαΦpt, xqygpΦpt,xqqdtdx
where g denotes the round metric on S2, and Φ : R2`1 Ñ S2. We will only work with 1-equivariant maps Φ,
which we describe by first regarding Φ as a map into R3 with unit norm, and then writing
Φupt, r, φq “ pcospφq sinpupt, rqq, sinpφq sinpupt, rqq, cospupt, rqqq
where pr, φq are polar coordinates on R2. Then, the wave maps equation becomes
´ Bttu` Brru` 1
r
Bru “ sinp2uq
2r2
(1.1)
[15] studied (a more general problem which includes) the Cauchy problem associated to (1.1), with data
pu0, u1q such that
px1, x2q ÞÑ px1u0prq
r
,
x2u0prq
r
q P H1locpR2q, px1, x2q ÞÑ p
x1u1prq
r
,
x2u1prq
r
q P L2locpR2q
We will say that u is a finite energy solution to (1.1) if u is a distributional solution, with Φu P C0t 9H1pR2q
and BtΦu P C0t L2pR2q. Define the energy by
EWMpu, vq “ π
ż 8
0
ˆ
v2 ` sin
2puq
r2
` pBruq2
˙
rdr (1.2)
Then, if u solves (1.1), EWMpu, Btuq is formally independent of time. We recall the ground state soliton,
Q1prq “ 2 arctanprq is a solution to (1.1), with the property that the family of all Qλprq “ Q1prλq are the
unique minimizers of EWMpu, 0q among finite energy u with Φu having topological degree one. In order to
state our main theorem, it will also be useful to consider the following non-degenerate energy which will be
used to measure perturbations of Qλ.
Epu, vq “ π
ż 8
0
ˆ
v2 ` pBruq2 ` u
2
r2
˙
rdr (1.3)
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The quantity Epu, Btuq is formally conserved for solutions to the wave equation
´ Bttu` Brru` 1
r
Bru´ u
r2
“ 0 (1.4)
We consider the problem of constructing 1-equivariant, topological degree one, global, non-scattering so-
lutions to (1.1), which have energy strictly greater than EWMppQ1, 0qq. The authors of [20] classified
1-equivariant topological degree one solutions to the wave maps equation with energy strictly between
EWMppQ1, 0qq and 3EWMppQ1, 0qq. The part of their result which is relevant for this paper is the state-
ment that any such solutions which are global in time admit a generic decomposition into the form
u “ Q 1
λptq
` φL ` ǫ (1.5)
where φL solves 1.4, λptq “ optq, t Ñ 8, and ǫ Ñ 0 (in an appropriate sense) as t Ñ 8. There are many
possible asymptotic behaviors of λ allowed by the above result, and, according to [20], there were no known
constructions of solutions of the above form, with λptq Ñ 0 or λptq Ñ 8.
This paper constructs a continuum of finite energy solutions to (1.1), say tububą0, where each ub can be
decomposed as in (1.5), with λbptq “ 1logbptq ` O
ˆ
1
logbptq
?
logplogptqq
˙
(see the main theorem below for the
sense in which the ǫ term for our solution, which is called ve, vanishes as t goes to infinity). To the author’s
knowledge, these are the first examples of such solutions of (1.1). The main theorem of the paper is
Theorem 1.1. For each b ą 0, there exists T0 ą 0 and a (real-valued) finite energy solution ub to (1.1) for
t ě T0, of the form
ubpt, rq “ Q 1
λbptq
prq ` v2pt, rq ` vept, rq
where λb P C4prT0,8qq,
EWMpub, Btubq ă 8
´Bttv2 ` Brrv2 ` 1
r
Brv2 ´ v2
r2
“ 0, Epv2, Btv2q ă 8, v2 P C8prT0,8q ˆ r0,8qq
Epve, Bt
´
Q 1
λb
` ve
¯
q ď C
t2 log2bptq , t ě T0
and
λbptq “ 1
logbptq ` eptq, |eptq| ď
C
logbptqalogplogptqq , |epjqptq| ď
$&%
C
tj logb`1ptq
?
logplogptqq , j “ 1, 2
C
tj logb`1ptq , j “ 3, 4
Remark 1. Our proof yields more information about the regularity of ve appearing in the main theorem. In
particular, we have
ve “ ve,0 ` v6
where the function ve,0 is fairly explicit (but complicated), and v6 is constructed with a fixed point argument,
but has more Sobolev regularity than what follows from u having finite energy, namely: if pr, θq denote polar
coordinates on R2, then
pt, r, θq ÞÑ eiθv6pt, rq P C0t prT0,8q, H2pR2qq
pt, r, θq ÞÑ eiθBtv6pt, rq P C0t prT0,8q, H1pR2qq
Remark 2. It is expected that the method used in this paper can be extended to allow for the construction
of such solutions for all λ in an appropriate symbol class, rather than just a continuum of possible λ. In
addition, it is expected that solutions with λptq Ñ 8, tÑ 8 can also be produced with a slight variation
of the procedure used here.
Finally, this method should also be applicable to higher equivariance classes, the energy critical Yang-Mills
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problem in 4 dimensions with gauge group SOp4q, as well as the quintic, focusing semilinear wave equation
in R1`3. All of these extensions are work in progress by the author.
In order to understand this work in a larger context, we review previous work regarding dynamical be-
havior of solutions to the critical wave maps problem with S2 target. Firstly, the works [16] and [17] (which
apply to much more general targets than S2) show that for data with energy strictly less than that of the
lowest energy non-trivial harmonic map, one has global well-posedness and scattering. In the 1-equivariant
setting, [19] showed that global existence and scattering holds for smooth, topological degree zero data with
energy less than twice that of Q1 (which is the appropriate threshold in this setting). An analogous re-
sult, but without the equivariance assumption, is implied by [1]. Then, [9] constructed, for all k ě 2, k
equivariant, topological degree zero, two-bubble solutions with energy exactly equal to 2 times the energy
of Qkprq :“ Q1prkq. In [10], all k-equivariant solutions (with k ě 2) of toplogical degree zero, and energy
exactly equal to twice the energy of Qkprq were classified. A classification of 1-equivariant, topological degree
0 solutions with energy equal to twice EpQ1q was obtained in [3], and shows that the dynamical behavior
of such solutions can be quite different than in the higher equivariance case. [3] also constructs a finite-time
blow-up solution in this setting. The methods used in this work differ significantly from these previous works.
1-equivariant, topological degree one, finite time blow-up solutions have been constructed in [12], and the
work [2] extended the range of possible blow-up rates of these solutions. The method of construction of the
ansatz of this paper differs significantly from that used in [12]. However, we do eventually use some technical
information, most importantly, the distorted Fourier transform, from [12] as part of the process to complete
our ansatz to an exact solution. Analogs of the solutions of [12] for the 4`1-dimensional Yang-Mills equation
with gauge group SOp4q and the quintic, focusing nonlinear wave equation in R1`3 were also constructed in
[13] and [14]. The work of [11] studies the stability of the solutions of [12] and [2] under certain equivariant
perturbations. In addition, [7] constructs finite-time blow-up, k´equivariant solutions with k ě 4, and [18]
constructs finite time blow-up solutions for the p4 ` 1q-dimensional Yang-Mills problem with gauge group
SOp4q, as well as in all equivariance classes for energy critical wave maps. The method of this work is quite
different from the methods used in [18] and [7].
The work of [6] constructs modulated soliton solutions, where λ is bounded away from zero and infinity
for all time. Some facts from [6] about the wave maps equation linearized around Q1 will be utilized in this
paper, but the ansatz construction is again quite different. Finally, infinite time blow-up and infinite time
relaxation solutions to the quintic, focusing, nonlinear wave equation in R1`3 have been constructed in [21],
but the method of this paper is again quite different.
1.1 Acknowledgements
The author thanks his adviser, Daniel Tataru, for suggesting the problem, and many useful discussions.
This material is based upon work partially supported by the National Science Foundation under Grant No.
DMS-1800294.
2 Notation
We will occasionally use the Hankel transform of order 1, and it will be denoted as
pfpξq “ ż 8
0
fprqJ1prξqrdr (2.1)
The main Fourier transform we will use is the distorted Fourier transform of [12], which we denote by
Fpfqpξq “
ż 8
0
φpr, ξqfprqdr (2.2)
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Briefly, we will make some use of the distorted Fourier transforms of [6], which are denoted by FH and FH˜ .
Finally, we use the same notation as [6] for the following norm
||f ||29H1e “ ||Brf ||
2
L2prdrq ` ||
f
r
||2L2prdrq (2.3)
We denote by φ0, the zero resonance of the elliptic part of the wave equation linearized around Q1:
φ0prq “ d
dλ
ˇˇˇ
λ“1
Qλprq “ 2r
1` r2 (2.4)
(This notation for φ0 is the same as that used in [6], but is different from that used in [12]).
3 Overview of the proof
The argument used in this paper proceeds in two parts. First, we construct an approximate solution, u, to
(1.1). Second, we construct an exact solution to (1.1) which is close to our approximate one.
Part 1: Constructing the approximate solution
One way to understand the intuition behind our approximate solution is as follows. One could start by
looking for an approximate solution to (1.1) which consists of a dynamically rescaled soliton and a radiation
field, along with an appropriate compatibility condition between the soliton length scale, and the radiation
field. This would correspond to an approximate solution of the form ua “ Q 1
λptq
` v2, where v2 is some
solution to (1.4), λptq is not yet chosen, and one can look for an appropriate relation between v2 and λptq so
as to make the approximate solution accurate. Two difficulties immediately arise with this procedure. One
is that BtQ 1
λptq
prq R L2prdrq, which means that EWMpua, Btuaq is not finite. Another key difficulty is that
the elliptic part of the wave maps equation linearized around Q 1
λptq
has a zero resonance, φ0p rλptq q. So, one
would like the principal part of the error term of ua to be orthogonal to φ0p rλptq q. On the other hand, the
soliton error term
B2tQ 1
λptq
prq “ ´2rλ
2ptq
r2 ` λptq2 `
4rλptqλ1ptq2
pr2 ` λptq2q2
does not decay fast enough in r for its inner product with φ0p rλptq q to even be defined in the first place.
Hence, we start by introducing an additional correction, v1, which is independent of v2, and whose pur-
pose is both to make the ansatz have finite energy and to eliminate an appropriate principal part of the
soliton error term, B2tQ 1
λptq
, for large r. More precisely the starting point for our ansatz is
ua,1 “ Q 1
λptq
prq ` v1pt, rq ` v2pt, rq
Here, λptq is not yet chosen, and v1 solves the nondegenerate wave equation
´Bttv1 ` Brrv1 ` 1
r
Brv1 ´ v1
r2
“ ´2λ2ptq r
1` r2
with 0 Cauchy data at infinity. As explained in more detail later on, we do not have the entire soliton error
term on the right-hand side of the v1 equation, because doing so would be more difficult and also would hide
the leading, linear part in the modulation equation for λ.
On the other hand, v2 solves (1.4) with Cauchy data
v2p0, rq “ 0, Btv2p0, rq “ v2,0prq
where v2,0 will be a prescribed function depending on a fixed parameter b ą 0. The choices for v2,0 and
λptq are closely related. Later, we will choose λptq to solve a modulation equation involving v2,0, thereby
5
correlating the length scale of the dynamically rescaled soliton with the radiation profile.
At this stage, one could choose λptq by requiring that the principal part of the error term associated to
ua,1, say ea,1, is orthogonal to φ0p rλptq q. This is not exactly what is done in our argument, since we will need
to add additional corrections to ua,1 before imposing the orthogonality condition on the principal part of
the error term of our final ansatz. Nevertheless, computing xea,1pt, Rλptqq, φ0pRqyL2pRdRq allows one to see,
in a simpler context than our final equation for λptq, a relation between the leading order behavior of λ2ptq
and v2. For the purposes of this discussion, the principal part of the ua,1 error term is
ea,1pt, rq “ BttQ 1
λptq
prq ` 2λ
2ptqr
1` r2 `
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
v1pt, rq `
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
v2pt, rq
Using the Hankel transform of order 1 to express v2, the contribution to xea,1pt, Rλptqq, φ0pRqyL2pRdRq from
the v2-related term above is given by
x
ˆ
cosp2Q1pRqq ´ 1
R2λptq2
˙
v2pt, Rλptqq, φ0pRqyL2pRdRq “ ´2
ż 8
0
sinptξqyv2,0pξqξ2K1pξλptqqdξ
where K1 denotes the modified Bessel function of the second kind. We thus get
xea,1pt, Rλptqq, φ0pRqyL2pRdRq
“ ´ 4
λptq
ż 8
t
λ2psq
1` s´ tds´ 2
ż 8
0
sinptξqyv2,0pξqξ2K1pξλptqqdξ ` 4λ2ptq logpλptqq
λptq ` f1pλptq, λ
1ptq, λ2ptqq
We will choose v2,0 and the principal part of λ, denoted by λ0,0, in order to have a leading order cancellation
in the above equation. The term f1pλptq, λ1ptq, λ2ptqq turns out to be subleading for all λ close (in a C2
sense) to the choice of λ0,0 which we make. Our choice of v2,0 gives the following equation
xea,1pt, Rλptqq, φ0pRqyL2pRdRq “ ´
4
λptq
ż 8
t
λ2psq
1` s´ tds`
4b
λptqt2 logbptq `
4λ2ptq logpλptqq
λptq ` f2pλptq, λ
1ptq, λ2ptqq
Again, the term f2pλptq, λ1ptq, λ2ptqq is subleading, for all λptq close (in a C2 sense) to λ0,0ptq “ 1logbptq , which
is a leading order solution to
´ 4
λptq
ż 8
t
λ2psq
1` s´ tds`
4b
λptqt2 logbptq `
4λ2ptq logpλptqq
λptq “ 0
The term
4b
λptqt2 logbptq
occurs in the above computation, as a consequence of our particular choice of Cauchy data for v2. Despite
the fact that our final equation for λptq is not exactly the one given above, the leading behavior of our λptq
is indeed λ0,0ptq, due to the same cancellation seen above.
Even if the principal part of the error term of ua,1 is chosen to be orthogonal to φ0p ¨λptq q, it does not
have enough decay to be treated perturbatively via our methods. So, we need to add three more corrections
to ua,1, denoted by v3, v4, and v5, in order to achieve an acceptable error term.
When the error term resulting from Q 1
λptq
and v1 is computed in the renormalized spatial coordinate R,
defined by r “ Rλptq, it has insufficient decay for large R (because factors of 1
λptq will turn out to correspond
to logarithmic growth in t, once we choose λptq). On the other hand, if this error term is completely elimi-
nated, the resulting modulation equation for λ becomes much more difficult to study. The third correction,
v3, solves an inhomogeneous version of (1.4) with 0 Cauchy data at infinity in order to correct the problem
of this error term for large R while also not complicating the final modulation equation for λ. In the process
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of doing this, we introduce a small, positive parameter α.
The soliton, along with these three corrections can be regarded as the principal components of the ansatz.
However, we introduce two more corrections, v4 and v5, both of which solve inhomogeneous versions of 1.4,
with 0 Cauchy data at infinity, in order to improve the error terms resulting from the previous terms in the
ansatz. More precisely, v4 eliminates a large r portion of linear error terms associated to vk, k “ 1, 2, 3,
as well as an error term arising from the combination of the right-hand sides of the v3 and v1 equations and
B2tQ 1
λptq
. v5 eliminates error terms associated to the nonlinear interaction between vk, k “ 1, 2, 3, 4.
Our final ansatz
uansatz “ Q 1
λptq
prq `
5ÿ
k“1
vkpt, rq
satisfies
EWMpuansatz , Btuansatzq ă 8
´Bttuansatz ` Brruansatz ` 1
r
Bruansatz ´ sinp2uansatzq
2r2
“ ´pF4 ` F5 ` F6q
where F5 ` F6 has sufficiently fast time decay in sufficiently many norms, and is perturbative:
||F5pt, rq ` F6pt, rq||L2prdrq
λptq2 ď
C
t4 log3b`2N´1ptq
||F5 ` F6|| 9H1e
λptq ď
C log6`bptq
t35{8
and F4, the principal part of the error term, does not have as fast decay as F5 ` F6, but satisfies
xF4pt, ¨q, φ0p ¨
λptq qy “ 0
and the following estimate (in a symbol-type fashion, see theorem 4.1 for the precise statement):
|F4pt, rq| ď
C1trďlogN ptqur
t2 log3b`1´2αbptqpr2 ` λptq2q2 `
C1trď t
2
ur
t2 log5b`2N´2ptqpr2 ` λptq2q2
where α and N are parameters associated to v3 and v4, respectively. α is small relative to b and 1, while N
and is large relative to b and 1.
The modulation equation for λ,
xF4pt, ¨q, φ0p ¨
λptq qy “ 0
has a principal part which is of the form of a Volterra equation of the second kind in the variable λ2 (with
kernel and coefficients weakly depending on λ). In particular, this equation is of the form
´4
ż 8
t
λ2psq
1` s´ tds`
4b
t2 logbptq`4α logpλptqqλ
2ptq´4
ż 8
t
λ2psq
pλptq1´α ` s´ tqp1` s´ tq3 ds “ f3pλptq, λ
1ptq, λ2ptqq
We emphasize that the leading behavior of λ is independent of the small parameter α ą 0, associated to v3,
and the crucial source term
4b
t2 logbptq
comes from v2, and is a consequence of the particular choice of data for v2. The other terms on the left-hand
side of the above equation come from v1, v3, Q 1
λptq
. In particular, v4 and v5 do not contribute to the leading
order part of the equation for λptq because the terms contained in f3 are subleading, for all λ close (in a C2
sense) to 1
logbptq .
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To the knowledge of the author, a modulation equation of the above form is quite different from that
of previous works. Moreover, in the context of our ansatz, the Volterra form of the modulation equation
seems to be related to the fact that d
dλ
ˇˇˇ
λ“1
Qλprq R L2prdrq. Indeed, the integral operators acting on λ2
arising in the principal part of the modulation equation come from v1 and v3, which were introduced to
correct soliton related error terms for large r.
As motivated by the discussion of the simpler ansatz ua,1 above, we find an approximate solution to the
modulation equation (4.242) for λ of the form
λ0,0ptq “ 1
logbptq
The equation for λ is then exactly solved around λ0,0 with a fixed point argument in a weighted C
2 space,
and we obtain an exact solution
λptq “ 1
logbptq `O
˜
1
logbptq
a
logplogptqq
¸
Afterwards, we show that λ is in fact a C4 function, and prove quantitative estimates on its derivatives.
Along the way, we thus obtain estimates on higher time derivatives of the corrections vk, whose right-hand
sides depend on λptq (for all k ‰ 2).
Part 2: Construction of the exact solution
Once we construct uansatz , we substitute u “ uansatz ` v6 into (1.1), thereby obtaining an equation for
v6. Our goal is to solve this equation for v6 perturbatively, with 0 Cauchy data at infinity. We achieve this,
by studying the distorted Fourier transform (in the sense of [12]), of v6. In particular, we (formally) derive
the equation for
ypt, ωq “ Fp?¨v6pt, ¨λptqqqpωλptq2q
where we recall that F denotes the distorted Fourier transform of [12]. The particular choice of the rescaling
used in the definition of y is explained by noting that the equation for y takes the form
Btty ` ωy “ ´Fp
?¨F pt, ¨λptqqqpωλptq2q ` F2pyqpt, ωq ´ Fp
?¨F3pv6pyqqpt, ¨λptqqqpωλptq2q
for appropriate F2, F3, where
F “ F4 ` F5 ` F6
is the sum of the error terms of uansatz. In deriving the y equation, a few properties about the distorted
Fourier transform, most importantly, the transferrence identity from [12] are used. The equation for y is
solved by showing that the map
T pyqpt, ωq “ ´
ż 8
t
sinppt´ xq?ωq?
ω
`
F2pyqpx, ωq ´ Fp
?¨F px, ¨λpxqqqpωλpxq2q ´ Fp?¨F3pupyqqpx, ¨λpxqqqpωλpxq2q
˘
dx
has a fixed point in an appropriate Banach space (whose norm is roughly the sum of weighted L8t L
2
ω norms
of y and Bty, see (5.229) for the precise definition) via the contraction mapping theorem. The most delicate
term to estimate is
´
ż 8
t
sinppt´ xq?ωq?
ω
`´Fp?¨F4px, ¨λpxqqqpωλpxq2q˘ dx
In order to obtain sufficient estimates on this term (and its time derivative) in appropriate norms, we
must utilize the previously discussed orthogonality condition on F4. The orthogonality condition on F4 is
uitilized by noting that it implies that Fp?¨F4px, ¨λpxqqqpωλpxq2q has a certain degree of vanishing at small
frequencies, and this allows us to integrate by parts in the x variable in the integral above. This, combined
with the symbol-type nature of the pointwise estimates on F4 turn out provide sufficient decay of the integral
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above in all norms required by the fixed point argument. Since the density of the spectral measure associated
to the distorted Fourier transform of [12] (which appears in the weighted norms of our iteration space) has
a singularity at low frequencies, such integration by parts would be impossible without the orthogonality
condition. In particular, we can not integrate by parts for the analogous integrals involving F5 ` F6. The
faster time decay of the L2 and 9H1e norms of this term, relative to F4 is what allows it to be perturbative,
despite the non-orthogonality to φ0p ¨λptq q.
4 Construction of the ansatz
Fix b ą 0, 0 ă α ă mint 1
bp1040!q ,
1
1040!
u, and N ą p5000!qpb` 1q. We consider (1.1) for t ě T0, where
T0 ą 2ee1000pb`1q ` T0,1 (4.1)
and is otherwise arbitrary for now, and where T0,1 ą ep128000q
4
b ` eN2 is such that
| d
j
dtj
ˆ
logplogptqq
logb`1ptq
˙
| ` | d
j
dtj
˜
1
b logbptqalogplogptqq
¸
| ď 1
200
| d
j
dtj
ˆ
1
logbptq
˙
|, t ě T0,1, j “ 0, 1, 2
λ : rT0,8q Ñ p0,8q denotes a C2prT0,8qq map satisfying, for some C ą 0, independent of T0
λ1ptq ă 0, |λ2ptq| ď C
t2 logb`1ptq , and
1
C logCptq ă λptq ă
1
2
, t ě T0 (4.2)
and is otherwise arbitrary for now. (Note that the first and third requirements above are not strictly nec-
essary for the validity of most of our procedure. However, for this work, there is no loss of generality in
assuming them, since λ will later on be restricted to a class of functions of the form λ “ λ0 ` e, where λ0 is
some explicit function to be specified later, and e belongs to a certain space of functions such that (among
other things) (4.2) holds for λ0 ` e).
Also for all estimates appearing in the entire paper, we use the convention that C will always denote a
positive constant independent of T0, whose value may change from line to line. Although we have already
summarized the ansatz construction in the overview of the proof, we now provide an outline which clarifies
the logical structure of the process.
4.1 Outline
Step 1, Definitions of the corrections, vk: For all T0 and λ as above, and t ě T0, we define functions
vk, 1 ď k ď 5, which were roughly described in the overview of the proof, thereby obtaining
uansatzpt, rq “ Q 1
λptq
prq `
5ÿ
k“1
vkpt, rq
Step 2, Splitting of the error term of uansatz, and setup of the modulation equation for λ:
We define functions F4, F5, and F6, which split the error term of uansatz into ´pF4 ` F5 ` F6q. Then, we
consider the modulation equation for λptq resulting from setting
xF4pt, ¨q, φ0p ¨
λptq qy “ 0, t ě T0
(Note that F4 depends on λptq). As described (to a certain extent) in the overview of the proof, this
modulation equation takes the form of a Volterra equation of the second kind in the variable λ2ptq (with
kernel and coefficients weakly depending on λ), and our choice of Cauchy data for v2 gives rise to a leading
order solution
λ0 “ 1
logbptq `
ż 8
t
ż 8
t1
´b2 logplogpt2qq
t22 log
b`2pt2q
dt2dt1
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to this equation. We then introduce a weighted C2 space, X , with norm (4.277). From this point on, we
further restrict λptq to be of the form
λptq “ λ0ptq ` eptq, e P B
where
B “ B1p0q Ă X
(Note that λ0`B is contained within the class of λptq we initially started with (which is described by (4.2))).
Step 3, Solving the modulation equation for λptq: Writing F4pt, rq “ Fλptq4 pt, rq to emphasize the
λ dependence of F4, we show that there exists T3 ą 0 such that, for all T0 ě T3, the equation
xFλ0ptq`eptq4 pt, ¨q, φ0p
¨
λ0ptq ` eptq qy “ 0, t ě T0
can be solved for eptq P B, using the contraction mapping principle. An important part of this procedure
is that the kernel appearing in the Volterra equation for e (which is independent of e, modulo error terms
which can be treated perturbatively) satisfies the structural condition (4.264). From here on, we work under
the constraint T0 ě T3.
Step 4, Estimates on higher derivatives of λ2: Denoting the solution to the above equation for e
by e0ptq, we fix λptq “ λ0ptq ` e0ptq. Then, we prove that λptq, which is apriori only in C2prT0,8qq, is
actually in C4prT0,8qq, and establish quantitative estimates on λ3 and λ4.
Step 5, Estimates on Fk: At this stage, we prove pointwise estimates on F4, as well as estimates on
||Fk||L2prdrq, ||Fk|| 9H1e for k “ 5, 6. This completes the ansatz construction. More precisely, our main result
of this section is
Theorem 4.1 (Approximate solution to (1.1)). For all b ą 0, there exists T3 ą 0 such that, for all T0 ě T3,
there exists vcorr P C4prT0,8q;C2pp0,8qqq, and λ P C4prT0,8qq such that, if u “ Q 1
λptq
` vcorr, then
EWMpu, Btuq ă 8
´ Bttu` Brru` 1
r
Bru´ sinp2uq
2r2
“ ´pF4 ` F5 ` F6q (4.3)
where
1
λptq2 || pF5 ` F6q pt, rq||L2prdrq ď
C
t4 log3b`2N´1ptq (4.4)
|| pF5 ` F6q ptq|| 9H1e
λptq ď
C log6`bptq
t35{8
(4.5)
xF4pt, ¨q, φ0p ¨
λptq qy “ 0
For 0 ď k ď 2, 0 ď j ď 1, j ` k ď 2, we have
tjrk|Bkr BjtF4pt, rq| ď
C1trďlogN ptqur
t2 log3b`1´2αbptqpr2 ` λptq2q2 `
C1trď t
2
ur
t2 log5b`2N´2ptqpr2 ` λptq2q2 (4.6)
In addition, we have
|B2tF4pt, rq| ď
C1trďlogN ptqur
t4 log3b`1´2αbptqpr2 ` λptq2q2 `
C1trď t
2
ur
t4 log5b`2N´2ptqpr2 ` λptq2q2 `
C1trď t
2
u
t4 log5b`N´2ptqpr2 ` λptq2q2
(4.7)
We also have the following estimates on vcorr.
||vcorrpx,Rλpxqq
Rλpxq ||
2
L8 ` ||
vcorrpx,Rλpxqq
Rλpxq2p1 `R2q ||L8 ď
C logplogpxqq
x2 logpxq (4.8)
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1` ||vcorrpx,Rλpxqq
R
||L8 ` ||BRpvcorrpx,Rλpxqqq||L8 ď C (4.9)
||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
Rλpxq2 ||L8R pp0,1qq ` ||
vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
R2λpxq2 ||L8R pp1,8qq
` ||BRpvcorrpx,Rλpxqqqp1`R2qλpxq2 ||L8
ď C logplogpxqq
x2 logpxq
(4.10)
Finally, λ is described by
λptq “ 1
logbptq ` eptq, |eptq| ď
C
logbptqalogplogptqq , |epjqptq| ď
$&%
C
tj logb`1ptq
?
logplogptqq , j “ 1, 2
C
tj logb`1ptq , j “ 3, 4
(4.11)
4.2 Correcting the large r behavior of Q 1
λptq
The error term B2tQ 1
λptq
, which arises from inserting Q 1
λptq
into (1.1), does not decay quickly enough for
its inner product with φ0p ¨λptq q to be defined. The first term in the ansatz, v1, is designed to correct this
problem. Note that we do not choose v1 to solve an equation whose right-hand side is equal to B2tQ 1
λptq
, as
doing so would result in a much more difficult equation to solve when eventually choose λptq. Instead, v1 is
defined as the solution to the equation
´ Bttv1 ` Brrv1 ` 1
r
Brv1 ´ v1
r2
“ ´2λ2ptq r
1 ` r2 (4.12)
with 0 Cauchy data at infinity. I.e., by Duhamel’s principle, we have
v1pt, rq “
ż 8
t
vspt, rqds (4.13)
where vs is the solution to the following Cauchy problem$’&’%
´Bttvs ` Brrvs ` 1r Brvs ´ vsr2 “ 0
vsps, rq “ 0
Btvsps, rq “ ´2λ2psq r1`r2
(4.14)
We can determine a fairly explicit formula for vs. The procedure used to determine the formula for vs may
be slightly formal, but the final expression obtained can be seen to be the solution to the Cauchy problem
(4.14). Firstly, note that if u is a solution to
´ Bttu` Brru` 1
r
Bru “ 0 (4.15)
then, w “ Bru is formally a solution to
´ Bttw ` Brrw ` 1
r
Brw ´ w
r2
“ 0 (4.16)
So, we will first write down the spherical means representation formula for the problem$’&’%
´Bttu1 `∆u1 “ 0
u1psq “ 0
Btu1psq “ ´λ2psq logp1 ` |x|2q
(4.17)
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then define u by upt, |x|q “ u1pt, xq (which is possible, since u1 is radially symmetric). Then,
vspt, rq “ Brupt, rq
will be seen to be the solution to (4.14). From the spherical means representation formula, for t ą s, we
have
u1pt, xq “ ´λ
2psq
2π
ż
Bp0,t´sq
logp1 ` |y ` x|2q
ppt´ sq2 ´ |y|2q1{2 dy
“ ´λ
2psq
2π
ż t´s
0
ρdρ
ż 2π
0
dθ
logp1 ` |x|2 ` 2|x|ρ cospθq ` ρ2q
ppt´ sq2 ´ ρ2q1{2
(4.18)
Recalling that u is the radial coordinate representative of u1, we have
B|x|u “ ´λ
2psq
2π
ż t´s
0
ρdρ
ż 2π
0
dθ
2p|x| ` ρ cospθqq
p1 ` |x|2 ` 2|x|ρ cospθq ` ρ2qppt´ sq2 ´ ρ2q1{2 (4.19)
To do the integral over the angular coordinate, we can regard it asż
C
dz
iz
2p|x| ` ρ
2
pz ` 1
z
qq
p1` |x|2 ` |x|ρpz ` 1
z
q ` ρ2qppt´ sq2 ´ ρ2q1{2 (4.20)
where C is the boundary of the unit circle in the complex plane, traversed in the counterclockwise direction.
The integrand is a meromorphic function on C, with poles at
z “ 0,´
˜
1` |x|2 ` ρ2 ˘
a
´4|x|2ρ2 ` p1 ` |x|2 ` ρ2q2
2|x|ρ
¸
Note that
´4|x|2ρ2 ` p1` |x|2 ` ρ2q2 “ 1` 2p|x|2 ` ρ2q ` p|x|2 ´ ρ2q2 ě 1
So,
1` |x|2 ` ρ2 `a´4|x|2ρ2 ` p1` |x|2 ` ρ2q2
2|x|ρ ą
1` |x|2 ` ρ2
2|x|ρ ą
|x|2 ` ρ2
2|x|ρ ě 1
On the other hand, we have a
´4|x|2ρ2 ` p1` |x|2 ` ρ2q2 ď p1` |x|2 ` ρ2q
so that
1` |x|2 ` ρ2 ´
a
´4|x|2ρ2 ` p1 ` |x|2 ` ρ2q2
2|x|ρ ą 0
and
1` |x|2 ` ρ2 ´
a
´4|x|2ρ2 ` p1 ` |x|2 ` ρ2q2
2|x|ρ “
2|x|ρ
1` |x|2 ` ρ2 `a´4|x|2ρ2 ` p1 ` |x|2 ` ρ2q2 ď 1 (4.21)
So, the only two poles of the integrand located inside the unit disk in the complex plane are z “ 0 and
z “ z1 “ ´
ˆ
1`|x|2`ρ2´
?
´4|x|2ρ2`p1`|x|2`ρ2q2
2|x|ρ
˙
. The corresponding residues are
Res0 “ 1
i|x|aps´ tq2 ´ ρ2
Resz1 “
´1` |x|2 ´ ρ2
i|x|
a
´4|x|2ρ2 ` p1` |x|2 ` ρ2q2
a
ps´ tq2 ´ ρ2
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Returning to (4.19), we get, for t ą s,
pB|x|uqpt, rq “ ´
λ2psq
|x|
ż t´s
0
ρdρapt´ sq2 ´ ρ2
˜
1` |x|
2 ´ 1´ ρ2ap1` |x|2 ` ρ2q2 ´ 4|x|2ρ2
¸
(4.22)
By substitution, we see that B|x|upt, rq solves (4.14) for t ą s. We can extend the solution to t ă s with the
same Cauchy data at t “ s by defining
vspt, rq “ p´B|x|uqps´ pt´ sq, rq, t ă s
so that, for t ă s, we have
vspt, rq “ λ
2psq
r
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2a
p1` r2 ` ρ2q2 ´ 4r2ρ2
¸
(4.23)
We will only need to use pointwise estimates on v1, which will be proven shortly, but to give the reader some
idea of the behavior of vs, we note that
vspt, rq „
2λ2psq `1´?1´ a2˘
a
, 0 ă a “ rps´ tq ă 1 ! s´ t (4.24)
We have
v1pt, rq “
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2ap1` r2 ` ρ2q2 ´ 4r2ρ2
¸
(4.25)
4.2.1 Pointwise estimates on Bjrv1
In this section, we will prove the following
Lemma 4.2.
v1pt, rq “ r
ż 8
t
λ2psq
1` s´ tds` Errpt, rq (4.26)
where
|Errpt, rq| ď Cr logp3` 2rq sup
xět
|λ2pxq|, r ą 0 (4.27)
In addition,
|v1pt, rq| ď C
r
ż 8
t
|λ2psq|ps´ tqds, r ą 0 (4.28)
Moreover, similar results are true for Brv1:
Brv1pt, rq “
ż 8
t
λ2psq
1` s´ tds` EBrv1pt, rq (4.29)
with
|EBrv1pt, rq| ď C sup
xět
`|λ2pxq|˘ logp3` 2rq, r ą 0
and
|Brv1pt, rq| ď C
r2
ˆ
sup
xět
`|λ2pxq|p1 ` px´ tq2q˘` ż 8
t
ds|λ2psq|ps´ tq
˙
, r ą 2 (4.30)
Proof. We start with
v1pt, rq “
ż 8
t
ds
λ2psq
r
ż s´t
0
dρρ
˜
1a
ps´ tq2 ´ ρ2 ´
1
s´ t
¸˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
`
ż 8
t
ds
λ2psq
r
ż s´t
0
dρ
ρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸ (4.31)
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The first line of (4.31) can be estimated as follows
|
ż 8
t
ds
λ2psq
r
ż s´t
0
dρρ
˜
1a
ps´ tq2 ´ ρ2 ´
1
s´ t
¸˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
|
ď supxět p|λ
2pxq|q
r
ż 8
0
ρdρ
ż 8
ρ`t
ds
˜
1aps´ tq2 ´ ρ2 ´ 1s´ t
¸˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
ď supxět p|λ
2pxq|q
r
ż 8
0
ρdρ logp2q
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
ď C supxět p|λ
2pxq|q
r
¨ r2
ď Cr sup
xět
`|λ2pxq|˘
(4.32)
The second line of (4.31) is split into the following two termsż 8
t
ds
λ2psq
r
ż s´t
0
dρ
ρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
“
ż t`2pr`1q
t
ds
λ2psq
r
ż s´t
0
dρ
ρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
`
ż 8
t`2pr`1q
ds
λ2psq
r
ż s´t
0
dρ
ρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸ (4.33)
For the second line of (4.33), we haveż t`2pr`1q
t
ds
λ2psq
r
ż s´t
0
dρ
ρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
“
ż t`2pr`1q
t
ds
λ2psq
rps ´ tq
´
1` r2 ` ps´ tq2 ´ap1` pr ` s´ tq2qp1 ` pr ´ ps´ tqq2q¯
2
“
ż t`2pr`1q
t
ds
λ2psq
rps ´ tq
2r2ps´ tq2
p1` r2 ` ps´ tq2 `ap1` pr ` s´ tq2qp1` pr ´ ps´ tqq2qq
(4.34)
So, we have
|
ż t`2pr`1q
t
ds
λ2psq
r
ż s´t
0
dρ
ρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
|
ď Cr sup
xět
`|λ2pxq|˘ ż t`2pr`1q
t
ps´ tq
1 ` r2 ds
ď Cr sup
xět
`|λ2pxq|˘
(4.35)
For the third line of (4.33), we haveż 8
t`2pr`1q
λ2psq 2rps´ tqp1` r2 ` ps´ tq2 `ap1 ` pr ` s´ tq2qp1 ` pr ´ ps´ tqq2qds
“
ż 8
t`2pr`1q
λ2psq 2rps´ tq
ˆ
1
2
`O
ˆ p1` rq2
ps´ tq2
˙˙
ds
“
ż 8
t`2pr`1q
λ2psq rps´ tqds` E1pt, rq
(4.36)
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where
|E1pt, rq| ď sup
xět
`|λ2pxq|˘ rp1 ` rq2 ż 8
t`2pr`1q
ds
ps´ tq3
ď Cr sup
xět
`|λ2pxq|˘ (4.37)
Next, ż 8
t`2pr`1q
λ2psqr
ps´ tqds “
ż 8
t`2pr`1q
λ2psqr
1` s´ tds`
ż 8
t`2pr`1q
λ2psqr
ˆ
1
s´ t ´
1
1` s´ t
˙
ds (4.38)
and
|
ż 8
t`2pr`1q
λ2psqr
ˆ
1
s´ t ´
1
1` s´ t
˙
ds| ď r sup
xět
`|λ2pxq|˘ logp1` 1
2` 2r q
ď C sup
xět
`|λ2pxq|˘ r (4.39)
Finally, ż 8
t`2pr`1q
λ2psqr
1` s´ tds “
ż 8
t
λ2psqr
1` s´ tds´
ż t`2pr`1q
t
λ2psqr
1` s´ tds (4.40)
with
|
ż t`2pr`1q
t
λ2psqr
1` s´ tds| ď C supxět
`|λ2pxq|˘ r logp3` 2rq (4.41)
Thus, we obtain the decomposition (4.26), with the desired estimate on Err.
Next, we have
|v1pt, rq| “ |
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
|
ď C
r
ż 8
t
|λ2psq|ps´ tqds
(4.42)
Now we treat Brv1:
Brv1pt, rq “
ż 8
t
ds
´λ2psq
r2
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
`
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
4r
`
p2 ` r2 ` 1˘´
pp2 ´ r2 ` 1q2 ` 4r2
¯3{2 (4.43)
Even though the first line of (4.43) is equal to ´v1
r
, the principal contribution to Brv1 near the origin actually
comes from a combination of effects from appropriate parts of both the first and second lines of (4.43). So,
we do not simply divide the previous v1 estimates by ´r to treat the first line of (4.43). Instead, we split
the first line of (4.43) asż 8
t
ds
´λ2psq
r2
ż s´t
0
ρdρaps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
“
ż 8
t
ds
´λ2psq
r2
ż s´t
0
ρdρ
˜
1a
ps´ tq2 ´ ρ2 ´
1
ps´ tq
¸˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
`
ż 8
t
ds
´λ2psq
r2
ż s´t
0
ρdρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸ (4.44)
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and
|
ż 8
t
ds
´λ2psq
r2
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
|
ď C supxět p|λ
2pxq|q
r2
ż 8
0
ρdρ
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸ż 8
ρ`t
ds
˜
1a
ps´ tq2 ´ ρ2 ´
1
s´ t
¸
ď C supxět p|λ
2pxq|q
r2
ż 8
0
ρdρ
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
ď C sup
xět
`|λ2pxq|˘
(4.45)
The second line of (4.43) is split in the same wayż 8
t
ds
λ2psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2 4r
`
p2 ` r2 ` 1˘´
pp2 ´ r2 ` 1q2 ` 4r2
¯3{2
“
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
4r
`
p2 ` r2 ` 1˘´
pp2 ´ r2 ` 1q2 ` 4r2
¯3{2
`
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρ
ps´ tq
4r
`
p2 ` r2 ` 1˘´
pp2 ´ r2 ` 1q2 ` 4r2
¯3{2
(4.46)
and we again have
|
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
4r
`
p2 ` r2 ` 1˘´
pp2 ´ r2 ` 1q2 ` 4r2
¯3{2 |
ď C sup
xět
`|λ2pxq|˘ ż 8
0
ρdρ
pρ2 ` r2 ` 1q
ppρ2 ´ r2 ` 1q2 ` 4r2q3{2
ż 8
ρ`t
ds
˜
1a
ps´ tq2 ´ ρ2 ´
1
s´ t
¸
ď C sup
xět
`|λ2pxq|˘
(4.47)
So far, we have
Brv1pt, rq “
ż 8
t
ds
´λ2psq
r2
ż s´t
0
ρdρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
`
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρ
ps´ tq
4r
`
p2 ` r2 ` 1˘´
pp2 ´ r2 ` 1q2 ` 4r2
¯3{2
` E0,Brv1
(4.48)
where
|E0,Brv1pt, rq| ď C sup
xět
`|λ2pxq|˘
Now, we combine the first and second lines of (4.48), to getż 8
t
ds
´λ2psq
r2
ż s´t
0
ρdρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
`
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρ
ps´ tq
4r
`
p2 ` r2 ` 1˘´
pp2 ´ r2 ` 1q2 ` 4r2
¯3{2
“ ´2
ż 8
t
dsλ2psqps ´ tq
ˆ pr2 ´ 1´ ps´ tq2q?
βp1` r2 ` ps´ tq2 `?βq
˙
(4.49)
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where
β “ 4r2 ` pr2 ´ 1´ ps´ tq2q2
Now, we proceed as in the estimates for v1.
| ´ 2
ż t`2pr`1q
t
dsλ2psqps´ tq
ˆ pr2 ´ 1´ ps´ tq2q?
βp1` r2 ` ps´ tq2 `?βq
˙
|
ď C sup
xět
`|λ2pxq|˘ ż t`2pr`1q
t
ds
|s´ t|
1` r2
ď C sup
xět
`|λ2pxq|˘
(4.50)
Next, note that
ˆ pr2 ´ 1´ ps´ tq2q?
βp1` r2 ` ps´ tq2 `?βq
˙
“
´
´
1` 1´r2ps´tq2
¯
ps´ tq2
ˆ
1?
1` q ¨
1
1` y `?1` q
˙
(4.51)
where
q “ 2p1´ r
2q
ps´ tq2 `
pr2 ` 1q2
ps´ tq4
y “ 1` r
2
ps´ tq2
So, for s´ t ě 2pr ` 1q,
|q| ď 9
16
, |y| ď 1
4
Using this, we have ˆ pr2 ´ 1´ ps´ tq2q?
βp1` r2 ` ps´ tq2 `?βq
˙
“ ´1
2ps´ tq2
ˆ
1`O
ˆ
1` r2
ps´ tq2
˙˙
(4.52)
So,
´ 2
ż 8
t`2pr`1q
dsλ2psqps´ tq
ˆ pr2 ´ 1´ ps´ tq2q?
βp1` r2 ` ps´ tq2 `?βq
˙
“
ż 8
t`2pr`1q
ds
λ2psq
ps´ tq ` E1,Brv1pt, rq
(4.53)
where
|E1,Brv1pt, rq| ď C
ż 8
t`2pr`1q
ds
|λ2psq|
ps´ tq
p1` r2q
ps´ tq2 ď C supxět
`|λ2pxq|˘
Then, ż 8
t`2pr`1q
ds
λ2psq
ps´ tq “
ż 8
t`2pr`1q
ds
λ2psq
1` s´ t ` E2,Brv1pt, rq (4.54)
with
|E2,Brv1pt, rq| ď
ż 8
t`2pr`1q
ds|λ2psq|
ˆ
1
s´ t ´
1
1` s´ t
˙
ď C sup
xět
`|λ2pxq|˘
Finally, ż 8
t`2pr`1q
ds
λ2psq
1` s´ t “
ż 8
t
ds
λ2psq
1` s´ t ´
ż t`2pr`1q
t
ds
λ2psq
1` s´ t
“
ż 8
t
ds
λ2psq
1` s´ t ` E3,Brv1pt, rq
(4.55)
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where
|E3,Brv1pt, rq| ď C sup
xět
`|λ2pxq|˘ logp3 ` 2rq
and we get the desired result
Brv1pt, rq “
ż 8
t
λ2psq
1` s´ tds` EBrv1pt, rq (4.56)
with
|EBrv1pt, rq| ď C sup
xět
`|λ2pxq|˘ logp3` 2rq
It remains to prove the last estimate in the lemma statement: The first term of (4.43) is estimated by
|
ż 8
t
ds
´λ2psq
r2
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
| ď C
r2
ż 8
t
ds|λ2psq|ps´ tq (4.57)
Turning to the second term of (4.43), we have
|
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2 4r
`
p2 ` r2 ` 1˘´
pp2 ´ r2 ` 1q2 ` 4r2
¯3{2 |
ď C
ż 8
0
dρ
ρpρ2 ` r2 ` 1q
ppρ2 ´ r2 ` 1q2 ` 4r2q3{2
ż 8
ρ`t
ds
|λ2psq|p1 ` ps´ tq2qa
ps´ tq2 ´ ρ2qp1` ps´ tq2q
ď Csupxět
`|λ2pxq|p1 ` px´ tq2q˘ ż 8
0
dρ
ρpρ2 ` r2 ` 1q
ppρ2 ´ r2 ` 1q2 ` 4r2q3{2
ż 8
ρ`t
dsa
ps´ tq2 ´ ρ2
1
p1` ps´ tq2q
ď Csupxět
`|λ2pxq|p1 ` px´ tq2q˘ ż 8
0
dρ
pρ2 ` r2 ` 1q
ppρ2 ´ r2 ` 1q2 ` 4r2q3{2
1a
1` ρ2
(4.58)
Let us first note that, for ρ ď r
2
, we have
r2 ´ 1´ ρ2 ą Cr2, for r ą 2
so,
pρ2 ` r2 ` 1q
ppρ2 ´ r2 ` 1q2 ` 4r2q3{2 ď
C
r4
and ż r{2
0
dρ
pρ2 ` r2 ` 1q
ppρ2 ´ r2 ` 1q2 ` 4r2q3{2
1a
1` ρ2 ď
C
r4
sinh´1
´r
2
¯
(4.59)
On the other hand, when ρ ě r{2, we haveż 8
r{2
dρ
pρ2 ` r2 ` 1q
ppρ2 ´ r2 ` 1q2 ` 4r2q3{2
1a
1` ρ2
ď C
ż 8
r{2
dρ
pρ2 ` r2 ` 1q
ρppρ2 ´ r2 ` 1q2 ` 4r2q3{2
“
r2 ` 3r4?
9r4`40r2`16 ´ 9r
2?
9r4`40r2`16 ´ 12?9r4`40r2`16
4 pr2 ` 1q2
` 2 log
`
3r4 ` `?9r4 ` 40r2 ` 16` 9˘ r2 `?9r4 ` 40r2 ` 16` 4˘´ 4 logprq ` 1´ logp4q
4 pr2 ` 1q2
ď C
r2
(4.60)
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So, we conclude that
|
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
4r
`
p2 ` r2 ` 1˘´
pp2 ´ r2 ` 1q2 ` 4r2
¯3{2 |
ď Csupxět
`|λ2pxq|p1 ` px´ tq2q˘ 1
r2
(4.61)
Combining these estimates, we get
|Brv1pt, rq| ď C
r2
ˆ
supxět
`|λ2pxq|p1 ` px´ tq2q˘` ż 8
t
|λ2psq|ps´ tqds
˙
, r ą 2 (4.62)
4.3 The free wave correction
The next correction is designed to produce a crucial source term in the equation that we will eventually use
to choose a specific λ. In fact, it is this correction which ultimately determines the asymptotics of the λ
which we will choose. Define v2 to be the solution to$’&’%
´Bttv2 ` Brrv2 ` 1r Brv2 ´ v2r2 “ 0
v2p0q “ 0
Btv2p0q “ v2,0
(4.63)
where
yv2,0pξq “ ż 8
0
v2,0prqJ1prξqrdr “
$&% 4bπpb´1q
χď 1
4
pξq
logb´1p 1
ξ
q , b ‰ 1
´4
π
χď 1
4
pξq logplogp1
ξ
qq, b “ 1
where χď 1
4
P C8c pr0,8qq, 0 ď χď 1
4
pxq ď 1 for all x, and χď 1
4
satisfies
χď 1
4
pxq “
#
1, 0 ď x ď 1
8
0, x ą 1
4
and is otherwise arbitrary. For ease of notation, let
cb “
#
4b
πpb´1q , b ‰ 1
´4
π
, b “ 1 (4.64)
Note that this particular form of cb is due to the fact that part ofyv2,0pξq involves an antiderivative of 1ξ logbp 1
ξ
q .
We have a formula for v2, namely:
v2pt, rq “ cb
ż 8
0
dξ sinptξqJ1prξqχď 1
4
pξq ¨
#
1
logb´1p 1
ξ
q , b ‰ 1
logplogp1
ξ
qq, b “ 1
The significance of this particular choice of Cauchy data will be seen later on, when we identify the v2-related
contribution to the equation we use to choose λ.
We will prove pointwise estimates on v2 later on, but, to give the reader some idea of the behavior of
v2, we note that (for instance, for b ą 1)
v2pt, rq “ cbp1´ sgnpt´ rqq
2
?
2r
a
|t´ r| logb´1p|t´ r|q ` E2pt, rq (4.65)
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with
|E2pt, rq| ď C
˜
1?
r
a|t´ r| logbp|t´ r|q
¸
` C?
r
?
t` r logb´1pt` rq `
C
r logb´1prq , r ą
t
2
, |t´ r| ą 5
(4.66)
This can be established by a procedure similar to the one which we use later on to compute the inner product
of the v2 linear error term with φ0p ¨λptq q.
4.4 Further improvement of the soliton error term
If we substitute u “ Q 1
λptq
` v1 ` v2 ` u3 into the wave maps equation
´Bttu` Brru` 1
r
Bru´ sinp2uq
2r2
“ 0
we get
´Bttu3 ` Brru3 ` 1
r
Bru3 ´
cosp2Q 1
λptq
q
r2
u3 “ BttQ 1
λptq
` 2λ
2ptqr
1` r2 `
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v1
`
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v2
`N2pv1 ` v2q `Npu3q ` Lpu3q
(4.67)
where
Npfq “
ˆ
sinp2fq ´ 2f
2r2
˙
cosp2Q 1
λptq
q `
ˆ
cosp2fq ´ 1
2r2
˙
sinp2pQ 1
λptq
` v1 ` v2qq
Lpfq “ sinp2fq
2r2
cosp2Q 1
λptq
qpcosp2pv1 ` v2qq ´ 1q ´ sinp2fq
2r2
sinp2Q 1
λptq
q sinp2pv1 ` v2qq
N2pfq “
sinp2Q 1
λptq
q
2r2
pcosp2fq ´ 1q `
cosp2Q 1
λptq
q
2r2
psinp2fq ´ 2fq
Note that
F0pt, rq “ BttQ 1
λptq
` 2λ
2ptqr
1` r2
appears on the right-hand side of (4.67). When the spatial coordinate is renormalized, via
r “ Rλptq
one term arising in the the large R expansion of F0 has insufficient decay in time. To remedy this, we will
add another correction, to be denoted v3. On one hand, choosing v3 to solve an equation whose right-hand
side is excatly equal to F0 would eventually lead to a much more difficult equation that we use to determine
λptq. On the other hand, the error terms remaining after adding the correction v3 should no longer have
insufficient decay in time for large values of R. We therefore proceed as follows: recall that α has been
introduced just before 4.1, and satisfies
0 ă α ă mint 1
bp1040!q ,
1
1040!
u
and let
F0,1pt, rq “ 2rλ
2ptq
pλptq2 ` r2q
ˆ´1` λptq2
1` r2 `
1´ λptq2α
1` r2λptq2α´2
˙
Next, we consider v3, defined as the solution (with 0 Cauchy data at infinity) to the equation
´ Bttv3 ` Brrv3 ` 1
r
Brv3 ´ v3
r2
“ F0,1pt, rq (4.68)
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Following the same steps as for v1, we get
v3pt, rq “ ´ 1
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
F0,1ps,
a
r2 ` ρ2 ` 2rρ cospθqqpr ` ρ cospθqqa
r2 ` ρ2 ` 2rρ cospθq (4.69)
which gives
v3pt, rq “ ´1
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2λ2psq
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2
` λpsq
2 ´ pr2 ´ ρ2qλpsq2α
λpsq2a1` 2pρ2 ` r2qλpsq2α´2 ` pρ2 ´ r2q2λpsq4α´4
¸
(4.70)
The main result of this section is a decomposition of v3 which will be useful in understanding its contribution
to the equation for λ:
Lemma 4.3.
v3pt, rq “ ´r
ż 8
t`6r
dsλ2psqps´ tq
ˆ
1
1` ps´ tq2 ´
1
λptq2´2α ` ps´ tq2
˙
` E5pt, rq (4.71)
where
|E5pt, rq| ď C
ˆ
sup
xět
|λ2pxq|
˙
¨ sup
xět
ˆ |λ1pxq|λptqα
λpxqα
˙
λptq1´2α
` Cr sup
xět
`|λ2pxq|λpxqα´1pλpxqα´1 ´ λptqα´1q˘λptq2´2α
` Cr sup
xět
|λ2pxq|
(4.72)
Proof.
v3pt, rq “ ´1
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2λ2psq
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2
` λpsq
2 ´ pr2 ´ ρ2qλpsq2α
λpsq2
a
1` 2pρ2 ` r2qλpsq2α´2 ` pρ2 ´ r2q2λpsq4α´4
¸
(4.73)
v3 is then decomposed as
v3pt, rq “ v3,1pt, rq ` v3,2pt, rq (4.74)
where
v3,1pt, rq “ ´1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqλ
2psq
˜
´1´ ρ2 ` r2a
p1` ρ2 ´ r2q2 ` 4r2
` λpsq
2 ´ pr2 ´ ρ2qλpsq2α
λpsq2a1` 2pρ2 ` r2qλpsq2α´2 ` pρ2 ´ r2q2λpsq4α´4
¸ (4.75)
v3,2 “ v3 ´ v3,1
Then, we record some pointwise estimates on v3,2. If
F3pr, ρ, λpsqq “ 1´ pr
2 ´ ρ2qλpsq2α´2a
1` 2pρ2 ` r2qλpsq2α´2 ` pρ2 ´ r2q2λpsq4α´4 “
1´ pr2 ´ ρ2qλpsq2α´2a
4r2λpsq2α´2 ` p1´ pr2 ´ ρ2qλpsq2α´2q2
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then,
v3,2pt, rq “ ´1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ2psq
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λptqq
¸
´ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ2psq pF3pr, ρ, λpsqq ´ F3pr, ρ, λptqqq
(4.76)
For the first line of (4.76), we have
| ´ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1s´ t
¸
λ2psq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λptqq
¸
|
ď C
r
ˆ
sup
xět
|λ2pxq|
˙ż 8
0
ρdρ| ´1´ ρ
2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` 1´ 1` F3pr, ρ, λptqq|
ż 8
t`ρ
˜
1aps´ tq2 ´ ρ2 ´ 1s´ t
¸
ds
ď C
r
ˆ
sup
xět
|λ2pxq|
˙˜ż 8
0
ρdρ
˜
1´ 1` ρ
2 ´ r2a
p´1´ ρ2 ` r2q2 ` 4r2
¸
`
ż 8
0
ρdρ p1´ F3pr, ρ, λptqqq
¸
ď Cr
ˆ
sup
xět
|λ2pxq|
˙
(4.77)
where we used the facts that
´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2 ě ´1
and
F3pr, ρ, λpsqq ď 1
To estimate the second line of (4.76), we first note that
F3pr, ρ, λpsqq ´ F3pr, ρ, λptqq “
ż 1
0
´4r2zσp1` pr2 ´ ρ2qz2σq
p1` 2pρ2 ` r2qz2σ ` pρ2 ´ r2q2z4σq3{2
`
λpsqα´1 ´ λptqα´1˘ dσ (4.78)
where
zσ “ σλpsqα´1 ` p1 ´ σqλptqα´1
First, we note that
1` 2pρ2 ` r2qz2 ` pρ2 ´ r2q2z4 “ 4ρ2z2 ` p1` pr2 ´ ρ2qz2q2 (4.79)
So,
| ´4r
2zσp1 ` pr2 ´ ρ2qz2σq
p1 ` 2pρ2 ` r2qz2σ ` pρ2 ´ r2q2z4σq3{2
`
λpsqα´1 ´ λptqα´1˘ | ď C r2|zσ| `λpsqα´1 ´ λptqα´1˘p1` 2pρ2 ` r2qz2σ ` pρ2 ´ r2q2z4σq (4.80)
Since λ is a decreasing function, and 0 ă α ă 1
8
, we have
λptqα´1 ď |zσ| “ |σλpsqα´1 ` p1´ σqλptqα´1| ď λpsqα´1, 0 ď σ ď 1, s ě t (4.81)
So,
|F3pr, ρ, λpsqq ´ F3pr, ρ, λptqq| ď C r
2λpsqα´1|λpsqα´1 ´ λptqα´1|
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q , s ě t (4.82)
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This gives
| ´ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ2psq pF3pr, ρ, λpsqq ´ F3pr, ρ, λptqqq |
ď Cr
ż 8
0
ρdρ
ż 8
ρ`t
ds
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
|λ2psq| λpsq
α´1|λpsqα´1 ´ λptqα´1|
p1 ` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q
ď Cr sup
xět
`|λ2pxq|λpxqα´1 |λpxqα´1 ´ λptqα´1|˘ ż 8
0
ρdρ
p1 ` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q
(4.83)
Then, if 2r ą λptq1´α, we haveż 8
0
ρdρ
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q ď C
˜ż λptq1´α
0
ρdρ`
ż 2r
λptq1´α
ρdρ
r2λptq2α´2 `
ż 8
2r
ρdρ
ρ4λptq4α´4
¸
ď Cλptq2´2α
(4.84)
On the other hand, if 2r ď λptq1´α, we haveż 8
0
ρdρ
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q ď
ż λptq1´α
0
ρdρ`
ż 8
λptq1´α
dρ
ρ3λptq4α´4
ď Cλptq2´2α
(4.85)
In total, we get
| ´ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ2psq pF3pr, ρ, λpsqq ´ F3pr, ρ, λptqqq |
ď Cr sup
xět
`|λ2pxq|λpxqα´1 |λpxqα´1 ´ λptqα´1|˘λptq2´2α (4.86)
It then suffices to study v3,1. Firstly, we have
| ´ 1
r
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tqλ
2psq
˜
´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
|
ď 1
r
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tq |λ
2psq| ¨ 2
ď Cr sup
xět
|λ2pxq|
(4.87)
Next, we have
´ 1
r
ż 8
t`6r
ds
ż s´t
0
ρdρ
ps´ tqλ
2psq
˜
´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
“ ´2r
ż 8
6r
dwλ2pt` wqw
¨˝
1
p1 ` w2q
´
r2
1`w2 ` 1`
b
p r2
1`w2 ` 1q2 ´ 4 r
2w2
p1`w2q2
¯
` ´1
pλpt` wq2´2α ` w2q
´
r2
λpt`wq2´2α`w2 ` 1`
b
p r2
λpt`wq2´2α`w2 ` 1q2 ´ 4r
2w2
pλpt`wq2´2α`w2q2
¯‚˛
(4.88)
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Using the fact that w “ s´ t ě 6r in the integral below, we get
´ 1
r
ż 8
t`6r
ds
ż s´t
0
ρdρ
ps´ tqλ
2psq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
“ ´2r
ż 8
6r
dwλ2pt` wqw
ˆ
1
2p1` w2q ´
1
2pλpt` wq2´2α ` w2q
˙
` E4
(4.89)
where
|E4| ď Cr sup
xět
|λ2pxq|
ż 8
6r
dw
r2w
w2
ˆ
1
1` w2 `
1
λpt ` wq2´2α ` w2
˙
ď Cr sup
xět
|λ2pxq|
(4.90)
So, it suffices to study
´ 2r
ż 8
6r
dwλ2pt` wqw
ˆ
1
2p1` w2q ´
1
2pλpt` wq2´2α ` w2q
˙
(4.91)
We will make one more reduction, which is to replace λpt`wq in the above expression with λptq. The error
in doing this replacement is
´ r
ż 8
t`6r
dsλ2psqps´ tq
ˆ
1
pλptq2´2α ` ps´ tq2q ´
1
pλpsq2´2α ` ps´ tq2q
˙
(4.92)
But, if
F4px, s´ tq “ 1
x2 ` ps´ tq2
then,
|F4pλpsq1´α, s´ tq ´ F4pλptq1´α, s´ tq| ď Cλptq
1´α
ps´ tq4 ¨ |λptq
1´α ´ λpsq1´α|
ď Cλptq
1´2α
ps´ tq3 ¨ supxět
ˆ |λ1pxq|λptqα
λpxqα
˙ (4.93)
where we use the fact that λ is a decreasing function. So,
| ´ r
ż 8
t`6r
dsλ2psqps´ tq
ˆ
1
pλptq2´2α ` ps´ tq2q ´
1
pλpsq2´2α ` ps´ tq2q
˙
|
ď Cr
ˆ
sup
xět
|λ2pxq|
˙
¨ sup
xět
ˆ |λ1pxq|λptqα
λpxqα
˙
λptq1´2α
ż 8
6r
dw
w
w3
ď C
ˆ
sup
xět
|λ2pxq|
˙
¨ sup
xět
ˆ |λ1pxq|λptqα
λpxqα
˙
λptq1´2α
(4.94)
This finally gives (4.71).
4.5 The linear error terms for large r
Despite the decay of
1´cosp2Q1p rλptq qq
r2
for large r, we will still need to add another correction which improves
the linear error terms of v1, v2, v3, as well as F0,2 “ ´F0,1` 2λ
2ptqr
1`r2 `B2tQ 1λptq , for large r. The addition of this
correction will not change the leading order contribution of these error terms to the modulation equation,
but, will improve the overall error term of the final ansatz for large r. Let χě1 P C8pRq satisfy
χě1pxq “
#
1, x ě 2
0, x ă 1
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and
0 ď χě1pxq ď 1, x P R
Then, we recall that N has been defined just before (4.1), let
v4,cpt, rq “ χě1p 2r
logN ptq q
˜˜
cosp2Q1p rλptq qq ´ 1
r2
¸
pv1 ` v2 ` v3q ` F0,2pt, rq
¸
and define v4 as the solution to
´Bttv4 ` Brrv4 ` 1
r
Brv4 ´ v4
r2
“ v4,cpt, rq
with 0 Cauchy data at infinity. In other words, we have
v4pt, rq “
ż 8
t
v4,spt, rqds (4.95)
where v4,s solves $’&’%
´Bttv4,s ` Brrv4,s ` 1r Brv4,s ´ v4,sr2 “ 0
v4,sps, rq “ 0
Btv4,sps, rq “ v4,cps, rq
(4.96)
So,
v4,spt, rq “ Brw4,spt, rq
where
u4,spt, yq “ w4,spt, |y|q
and u4,s : rT0,8q ˆ R2 Ñ R solves $’&’%
Bttu4,s ´∆u4,s “ 0
u4,sps, xq “ 0
Btu4,sps, xq “ ´
ş8
|x| v4,cps, qqdq
(4.97)
We get, for s ě t,
u4,spt, xq “ 1
2π
ż
Bs´tpxq
´ş8
|y| v4,cps, qqdq
¯
a
ps´ tq2 ´ |y ´ x|2 dy “
1
2π
ż
Bs´tp0q
´ş8
|z`x| v4,cps, qqdq
¯
a
ps´ tq2 ´ |z|2 dz (4.98)
We use polar coordinates in the z variable, with origin 0, and polar axis xˆ for x ‰ 0. Then, we obtain,
apriori for r ‰ 0,
v4pt, rq “ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
v4,cps,
a
r2 ` 2rρ cospθq ` ρ2qa
r2 ` 2rρ cospθq ` ρ2 pr ` ρ cospθqq (4.99)
If we let
Gps, r, ρq “
ż 2π
0
dθ
v4,cps,
a
r2 ` 2rρ cospθq ` ρ2qa
r2 ` 2rρ cospθq ` ρ2 pr ` ρ cospθqq
s ě t, r ě 0, s´ t ě ρ ě 0
(4.100)
Then,
Gps, 0, ρq “ 0
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and
Gps, r, ρq “ r
ż 1
0
B2Gps, rβ, ρqdβ
“ r
ż 1
0
dβ
ż 2π
0
dθ
ˆ
B2v4,cps,
a
β2r2 ` 2βrρ cospθq ` ρ2q pβr ` ρ cospθqq
2
β2r2 ` 2βrρ cospθq ` ρ2
´ v4,cps,
a
β2r2 ` 2βrρ cospθq ` ρ2q pβr ` ρ cospθqq
2
pβ2r2 ` 2βrρ cospθq ` ρ2q3{2 `
v4,cps,
a
β2r2 ` 2βrρ cospθq ` ρ2qa
β2r2 ` 2βrρ cospθq ` ρ2
¸
(4.101)
So, v4pt, ¨q is (for instance) continuous on r0,8q and we have, for all r ě 0 (including r “ 0)
v4pt, rq “ ´r
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 1
0
B2Gps, rβ, ρqdβ (4.102)
We will use this formula to prove estimates on v4, but this will be done later on, once we futher restrict the
class of functions λ under consideration (which will be done once we introduce an iteration space in which
to solve the eventual equation for λ).
4.6 The nonlinear error terms involving v1, v2, v3, v4
Let
fv5 “ v1 ` v2 ` v3 ` v4
and
N2pfv5qpt, rq “
sinp2Q 1
λptq
prqq
2r2
pcosp2fv5q ´ 1q `
cosp2Q 1
λptq
prqq
2r2
psinp2fv5q ´ 2fv5q
Then, we consider v5, defined as the solution with 0 Cauchy data at infinity, to the problem
´ Bttv5 ` Brrv5 ` 1
r
Brv5 ´ v5
r2
“ N2pfv5qpt, rq (4.103)
Following the same steps used to obtain (4.102), we obtain the analogous formula for v5:
v5pt, rq “ ´r
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 1
0
B2G5ps, rβ, ρqdβ (4.104)
where
G5ps, r, ρq “ r
ż 1
0
B2G5ps, rβ, ρqdβ
“ r
ż 1
0
dβ
ż 2π
0
dθ
ˆ
B2N2pfv5qps,
a
β2r2 ` 2βrρ cospθq ` ρ2q pβr ` ρ cospθqq
2
β2r2 ` 2βrρ cospθq ` ρ2
´ N2pfv5qps,
a
β2r2 ` 2βrρ cospθq ` ρ2q pβr ` ρ cospθqq
2
pβ2r2 ` 2βrρ cospθq ` ρ2q3{2 `
N2pfv5qps,
a
β2r2 ` 2βrρ cospθq ` ρ2qa
β2r2 ` 2βrρ cospθq ` ρ2
¸
(4.105)
As was the case for v4, we will prove estimates on v5 later on, once we further restrict the class of functions
λ under consideration.
4.7 The equation resulting from uansatz
If we substitute u “ Q 1
λptq
` v1 ` v2 ` v3 ` v4 ` v5 ` v6 into the wave maps equation
´Bttu` Brru` 1
r
Bru´ sinp2uq
2r2
“ 0
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and use the equations solved by v1, v2, v3, v4, v5, then, we obtain
´ Bttv6 ` Brrv6 ` 1
r
Brv6 ´
cosp2Q 1
λptq
q
r2
v6
“ F0,2pt, rq `Npv6q ` L1pv6q `N2pv5q
` sinp2pv1 ` v2 ` v3 ` v4qq
2r2
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯
`
ˆ
cosp2pv1 ` v2 ` v3 ` v4qq ´ 1
2r2
˙´
sinp2Q 1
λptq
` 2v5q ´ sinp2Q 1
λptq
q
¯
`
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
pv1 ` v2 ` v3 ` v4 ` v5q
´ χě1p 2r
logN ptq q
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
pv1 ` v2 ` v3q ´ χě1p 2r
logN ptq qF0,2pt, rq
(4.106)
where
Npfq “
ˆ
sinp2fq ´ 2f
2r2
˙
cosp2Q 1
λptq
q `
ˆ
cosp2fq ´ 1
2r2
˙
sinp2pQ 1
λptq
` v1 ` v2 ` v3 ` v4 ` v5qq
L1pfq “ sinp2fq
2r2
cosp2Q 1
λptq
qpcosp2pv1`v2`v3`v4`v5qq´1q´ sinp2fq
2r2
sinp2Q 1
λptq
q sinp2pv1`v2`v3`v4`v5qq
N2pfq “
sinp2Q 1
λptq
q
2r2
pcosp2fq ´ 1q `
cosp2Q 1
λptq
q
2r2
psinp2fq ´ 2fq
F0,2pt, rq “ ´F0,1pt, rq ` 2λ
2ptqr
1` r2 ` B
2
tQ 1
λptq
Note that we do not combine the terms involving χě1 with analogous terms having coefficient 1 because
the terms involving χě1 will turn out to have a subleading contribution to the modulation equation for λ.
When we solve the final equation, after choosing λ, we will of course make use of the fact that 1 ´ χě1pxq
is supported on the set x ď 2.
We can re-write the right-hand side of (4.106) as F ` F3 where
F “ F4 ` F5 ` F6
with
F4pt, rq “ F0,2pt, rq `
˜
cosp2Q 1
λptq
q ´ 1
r2
¸ˆ
v1 ` v2 ` v3 `
ˆ
1´ χě1p4r
t
q
˙
pv4 ` v5q
˙
´ χě1p 2r
logN ptq q
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
pv1 ` v2 ` v3q ´ χě1p 2r
logN ptq qF0,2pt, rq
(4.107)
F5pt, rq “ N2pv5q ` sinp2pv1 ` v2 ` v3 ` v4qq
2r2
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯
`
ˆ
cosp2pv1 ` v2 ` v3 ` v4qq ´ 1
2r2
˙´
sinp2Q 1
λptq
` 2v5q ´ sinp2Q 1
λptq
q
¯ (4.108)
F6pt, rq “ χě1p4r
t
q
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
pv4pt, rq ` v5pt, rqq (4.109)
and
F3 “ Npv6q ` L1pv6q
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4.8 Choosing λptq
λ will be chosen so that the term
F4pt, rq “ F0,2pt, rq `
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸ˆ
v1 ` v2 ` v3 `
ˆ
1´ χě1p4r
t
q
˙
pv4 ` v5q
˙
´ χě1p 2r
logN ptq q
˜
F0,2pt, rq ` pv1pt, rq ` v2pt, rq ` v3pt, rqq
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸¸ (4.110)
which appears on the right-hand side of (4.106), is orthogonal to φ0
´
¨
λptq
¯
. We will start by studying the
relevant inner products of the v1, v2 and v3 terms above.
4.8.1 The inner product of the (rescaled) v1 linear error term with φ0
In this section, we will prove
Lemma 4.4.
x
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v1|r“Rλptq, φ0y “
´16
λptq3
ż 8
t
dsλ2psqKps´ t, λptqq ` ´16
λptq3
ż 8
t
dsλ2psqK1ps´ t, λptqq
(4.111)
where ż 8
t
|Kps´ t, λptqq|ds ď Cλptq2 (4.112)
|K1px, λptqq| ď Cλptq
2x
1` x2 (4.113)ż 8
t
|K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq |ds ď Cλptq
2 (4.114)
|K1ps´ t, λptqq ´ λptq
2
4ps´ tq | ď
Cλptq2p1 ` λptq2q
ps´ tqp1` ps´ tq2q , s´ t ě 1 (4.115)
Proof. We have
x
pcosp2Q 1
λptq
q ´ 1q
r2
v1
ˇˇˇˇ
ˇ
r“Rλptq
, φ0y “ ´1
λptq2
ż 8
0
v1pt, Rλptqq 8p1 `R2q2
2R
1`R2RdR
“ ´ 16
λptq2
ż 8
0
v1pt, Rλptqq R
2
p1`R2q3 dR
(4.116)
´ 16
λptq2
ż 8
0
v1pt, Rλptqq R
2
p1`R2q3 dR
“ ´ 16
λptq3
ż 8
t
dsλ2psq
ż 8
0
dR
R
p1 `R2q3
ż s´t
0
ρdρaps´ tq2 ´ ρ2
˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
“ ´ 16
λptq3
ż 8
t
dsλ2psq
ż 8
0
dR
R
p1 `R2q3
ż s´t
0
ρdρ
s´ t
˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
´ 16
λptq3
ż 8
t
dsλ2psq
ż 8
0
dR
R
p1`R2q3
ż s´t
0
ρdρ
˜
1a
ps´ tq2 ´ ρ2 ´
1
s´ t
¸˜
1` R
2λptq2 ´ 1´ ρ2a
pR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
(4.117)
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The last line of (4.117) is of the form
´ 16
λptq3
ż 8
t
dsλ2psqKps´ t, λptqq (4.118)
where
Kpx, λptqq “
ż 8
0
dR
R
p1`R2q3
ż x
0
ρdρ
˜
1a
x2 ´ ρ2 ´
1
x
¸˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
ě 0
(4.119)
andż 8
t
Kps´ t, λptqqds
“
ż 8
t
ds
ż 8
0
dR
R
p1`R2q3
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1s´ t
¸˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
“
ż 8
0
ρdρ
ż 8
0
dR
R
p1`R2q3
ż 8
ρ`t
ds
˜
1a
ps´ tq2 ´ ρ2 ´
1
s´ t
¸˜
1` R
2λptq2 ´ 1´ ρ2a
pR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
“
ż 8
0
ρdρ
ż 8
0
dR
R
p1`R2q3
˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
logp2q
“
ż 8
0
dR
R
p1`R2q3 logp2qR
2λptq2
“ logp2q
4
λptq2
(4.120)
Hence, it remains to calculate
´ 16
λptq3
ż 8
t
dsλ2psq
ż 8
0
dR
R
p1`R2q3
ż s´t
0
ρdρ
s´ t
˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
“ ´ 16
λptq3
ż 8
t
dsλ2psq
ż 8
0
dR
R
p1 `R2q3
˜
r2 ´appr ` s´ tq2 ` 1q ppr ´ s` tq2 ` 1q ` ps´ tq2 ` 1
2ps´ tq
¸
|r“Rλptq
“ ´ 16
λptq3
ż 8
t
dsλ2psqK1ps´ t, λptqq
(4.121)
where
K1pw, λptqq “
ż 8
0
RdR
p1`R2q3
˜
R2λptq2 ` w2 ` 1´ap1`R2λptq2 ` w2q2 ´ 4R2λptq2w2
2w
¸
“ wλptq
2
`
λptq2 ` w2 ` 1˘
4py2 ` 4w2q `
wλptq4 log
´
λptq2
´a
y2 ` 4w2 ´ y
¯¯
2 py2 ` 4w2q3{2
´ wλptq4
log
´
4w2 ` y2 ´ λptq2y ` `w2 ` 1˘ay2 ` 4w2¯
2 py2 ` 4w2q3{2
(4.122)
where
y “ λptq2 ` w2 ´ 1 (4.123)
and, for the first line of (4.122), we used the fact that
ppr ` wq2 ` 1qppr ´ wq2 ` 1q “ pr2 ` w2 ` 1q2 ´ 4r2w2 (4.124)
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Now, we will prove a pointwise estimate on K1. Using (4.124), we have
0 ď K1pw, λptqq “
ż 8
0
RdR
2wp1`R2q3
˜
4R2λptq2w2
1`R2λptq2 ` w2 `ap1` pRλptq ` wq2qp1` pRλptq ´ wq2q
¸
ď C
ż 8
0
R3dR
p1`R2q3
λptq2w
1` w2 ď Cλptq
2 w
1` w2
(4.125)
So,
|K1px, λptqq| ď Cλptq2 x
1` x2 (4.126)
For use later on, we will also need to estimateż 8
t
ds|K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq | (4.127)
Note that K1pw, λptqq ě 0, by its definition as the integral of a non-negative function. We start withż t`1
t
ds|K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq | ď
ż t`1
t
dsK1ps´ t, λptq `
ż t`1
t
ds
λptq2
4p1` s´ tq
ď Cλptq2
(4.128)
where we used (4.126).
Now, we consider the region s´ t ě 1. Returning to (4.122), we see that
K1pw, λptqq “
ż 8
0
dR
R
p1`R2q3
R2λptq2
w
´
ż 8
0
dR
R
p1`R2q3
4R2λptq2
2w
ˆb
p´R2λptq2 ` w2 ` 1q2 ` 4R2λptq2 ´R2λptq2 ` w2 ` 1
˙ (4.129)
The right-hand side of the first line of (4.129) is equal toż 8
0
dR
R
p1`R2q3
R2λptq2
w
“ λptq
2
4w
So,
K1pw, λptqq ´ λptq
2
4w
“ ´
ż 8
0
RdR
p1`R2q3
4R2λptq2
2w
´a
p1` w2 ´R2λptq2q2 ` 4R2λptq2 ` 1` w2 ´R2λptq2
¯
(4.130)
First, we note that
1` w2 ´R2λptq2 ě Cp1 ` w2q, if Rλptq ď w
2
So, ż w
2λptq
0
RdR
p1`R2q3
4R2λptq2
2w
´ap1 ` w2 ´R2λptq2q2 ` 4R2λptq2 ` 1` w2 ´R2λptq2¯
ď C
ż 8
0
dR
R
p1`R2q3
R2λptq2
wp1 ` w2q ď
Cλptq2
wp1 ` w2q , w ě 1
(4.131)
Next,
1a
p1` w2 ´R2λptq2q2 ` 4R2λptq2 ` 1` w2 ´R2λptq2 “
1` w2 ´R2λptq2 ´ap1` w2 ´R2λptq2q2 ` 4R2λptq2
´4R2λptq2
(4.132)
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and
|1` w
2 ´R2λptq2 ´ap1` w2 ´R2λptq2q2 ` 4R2λptq2
´4R2λptq2 | ď C
R2λptq2
R2λptq2 ď C,
if Rλptq ą w
2
, w ě 1
(4.133)
So, ż 8
w
2λptq
RdR
p1`R2q3
4R2λptq2
2w
´ap1` w2 ´R2λptq2q2 ` 4R2λptq2 ` 1` w2 ´R2λptq2¯
ď
ż 8
w
2λptq
dR
R5
R2λptq2
w
ď Cλptq
4
w3
, w ě 1
(4.134)
Combining these, we get
|K1pw, λptqq ´ λptq
2
4w
| ď Cλptq
2p1` λptq2q
wp1 ` w2q , w ě 1 (4.135)
So,ż 8
t`1
ds|K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq | ď C
ż 8
t`1
ds
λptq2
4
ˆ
1
s´ t ´
1
1` s´ t
˙
` C
ż 8
t`1
ds
Cλptq2p1 ` λptq2q
ps´ tqp1` ps´ tq2q
ď Cλptq2p1 ` λptq2q
(4.136)
Recalling (4.2), we conclude ż 8
t
ds|K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq | ď Cλptq
2 (4.137)
4.8.2 The inner product of the (rescaled) v2 linear error term with φ0
Lemma 4.5. For all b ą 0, we haveż 8
0
RdR
ˆ
cosp2Q1pRqq ´ 1
R2λptq2
˙
φ0pRqv2pt, Rλptqq “ 4b
λptqt2 logbptq ` Ev2,ippt, λptqq (4.138)
where
|Ev2,ippt, λptqq| ď
C
λptqt2 logb`1ptq (4.139)
Proof. We start with the case b ‰ 1. Using our formula for v2, we getż 8
0
RdR
ˆ
cosp2Q1pRqq ´ 1
R2λptq2
˙
φ0pRqv2pt, Rλptqq “ ´2cb
ż 8
0
ξ2dξ sinptξq
χď 1
4
pξq
logb´1p1
ξ
qK1pξλptqq (4.140)
where K1 denotes the modified Bessel function of the second kind. (This follows, for instance, from equation
(6.532 4) of the table of integrals [8]). Recalling that
K1pxq “ 1
x
`Opx logpxqq, xÑ 0
we can integrate by parts two times, and get
´2cb
ż 8
0
ξ2dξ sinptξq
χď 1
4
pξq
logb´1p1
ξ
qK1pξλptqq “ 2cb
ż 8
0
dξ
sinptξq
t2
B2ξ
˜
ξ2
χď 1
4
pξq
logb´1p1
ξ
qK1pξλptqq
¸
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Let
Fbpξq “ B2ξ
˜
ξ2
χď 1
4
pξq
logb´1p1
ξ
qK1pξλptqq
¸
Note that
Fbpξq “ χď 1
4
pξqB2ξ
˜
ξ2
K1pξλptqq
logb´1p1
ξ
q
¸
` ψv2pξ, λptqq (4.141)
where
ψv2 P C8c pr
1
8
,
1
4
sq
So, integration by parts (for instance, once) gives
|2cb
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq| ď
C
t3λptq
To study
2cb
ż 8
0
dξχď 1
4
pξqsinptξq
t2
B2ξ
˜
ξ2
K1pξλptqq
logb´1p1
ξ
q
¸
we can use the asymptotics of K1 to write
B2ξ
˜
ξ2
K1pξλptqq
logb´1p1
ξ
q
¸
“ B2ξ
˜
ξ
λptq logb´1p1
ξ
q
¸
` Fv2pξ, λptqq, ξ ď
1
4
(4.142)
where
Fv2pξ, yq “
ξ2y2 log
´
1
ξ
¯´
´3 log
´
1
ξ
¯
´ 2b` 2
¯
K0pyξq ` pb´ 1q
´
log
´
1
ξ
¯
` b
¯
pξyK1pyξq ´ 1q
ξy logb`1p1
ξ
q
`
ξ3y3 log2
´
1
ξ
¯
K1pyξq
logb`1p1
ξ
qξy , ξ ď
1
4
(4.143)
Using the simple estimates, valid for all x ą 0,
| ´ 1` xK1pxq| ď Cx2p| logpxq| ` 1q
|K0pxq| ď Cp| logpxq| ` 1q
|xK1pxq| ď C
(4.144)
we get, for any λptq ą 0,
|Fv2pξ, λptqq| ď C
ξλptq
logb´1p1
ξ
q p| logpξq| ` | logpλptqq|q , ξ ď
1
4
Similarly, we have
BξFv2pξ, yq “
pb´ 1q
´
´ log2
´
1
ξ
¯
` b2 ` b
¯
log´b´2
´
1
ξ
¯
pξyK1pyξq ´ 1q
ξ2y
` y
´
ξy log
´
1
ξ
¯´
4 log
´
1
ξ
¯
` 3b´ 3
¯
K1pyξq
¯
logb`1
´
1
ξ
¯
´ yK0pyξq
´
6pb´ 1q log
´
1
ξ
¯
` 3pb´ 1qb` log2
´
1
ξ
¯ `
ξ2y2 ` 3˘¯
logb`1p1
ξ
q
(4.145)
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Again, using (4.144), we get, for all λptq ą 0,
|BξFv2pξ, λptqq| ď
Cλptq p| logpξq| ` | logpλptqq|q
logb´1p1
ξ
q
`
1` λptq2ξ2˘ , ξ ď 1
4
So, we can integrate by parts (for instance) once, and recall (4.2), to get
|2cb
ż 8
0
dξχď 1
4
pξqsinptξq
t2
Fv2 pξ, λptqq| ď
Cλptq| logpλptqq|
t3
Next, we need to consider
2cb
ż 8
0
dξχď 1
4
pξqsinptξq
t2
B2ξ
˜
ξ
λptq logb´1p1
ξ
q
¸
“ 2cb
λptq
ż 1{2
0
dξχď 1
4
pξqsinptξq
t2
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸
From one integration by parts we see that
| 2cb
λptq
ż 1{2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
t2
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸
| ď C
t3λptq
So, we need only consider
2cb
λptq
ż 1{2
0
dξ
sinptξq
t2
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸
“ 2cb
λptq
ż t{2
0
du
sinpuq
t2
˜
b´ 1
u logbp t
u
q `
bpb´ 1q
u logb`1p t
u
q
¸
(4.146)
Let us start by studying, for a ą 0, ż t{2
0
du
sinpuq
u logapt{uq
Let
fpzq “ e
iz
z logapt{zq
where we use the principal branch of log and p¨qa Then, f is analytic on (for instance) D given by
D “ Czpp´8, 0s Y r2t{3,8qq
For 0 ă ǫ ď 1
2
, consider the contour Ct,ǫ in D given by:
Ct,ǫ “ t t
2
eiθ|0 ď θ ď π
2
u Y tiy|ǫ ď y ď t
2
u Y tǫeiθ|0 ď θ ď π
2
u Y rǫ, t{2s
traversed in the counter-clockwise direction. By Cauchy’s residue theorem,ż
Ct,ǫ
fpzqdz “ 0
On the other hand,ż
Ct,ǫ
fpzqdz “
ż π
2
0
idθ
e
it
2
cospθqe´
t
2
sinpθq
logap2e´iθq ´
ż t{2
ǫ
dy
e´y
y logap t
iy
q ´
ż π
2
0
idθ
eiǫe
iθ
logap te´iθ
ǫ
q `
ż t{2
ǫ
eiu
u logapt{uqdu
So,ż t{2
ǫ
sinpuq
u logapt{uqdu “ Im
˜ż t{2
ǫ
dy
e´y
y logap t
iy
q
¸
` Im
˜ż π
2
0
idθ
eiǫe
iθ
logap te´iθ
ǫ
q
¸
´ Im
˜ż π
2
0
idθ
e
it
2
cospθqe´
t
2
sinpθq
logap2e´iθq
¸
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Letting ǫÑ 0, we haveż t{2
0
sinpuq
u logapt{uqdu “ limǫÑ0 Im
˜ż t{2
ǫ
dy
e´y
y logap t
iy
q
¸
´ Im
˜ż π
2
0
idθ
e
it
2
cospθqe´
t
2
sinpθq
logap2e´iθq
¸
(4.147)
Note that
Im
˜ż t{2
ǫ
dy
e´y
y logap t
iy
q
¸
“
ż t{2
ǫ
dy
e´y sinpa tan´1p π
2plogptq´logpyqqqq
ypplogptq ´ logpyqq2 ` π2
4
qa{2
So,
lim
ǫÑ0
Im
˜ż t{2
ǫ
dy
e´y
y logap t
iy
q
¸
“
ż t{2
0
dy
e´y sinpa tan´1p π
2plogptq´logpyqq qq
ypplogptq ´ logpyqq2 ` π2
4
qa{2 (4.148)
We have
e´y sinpa tan´1p π
2plogptq´logpyqq qq
ypplogptq ´ logpyqq2 ` π2
4
qa{2 “ a
π
2
e´y
y loga`1pt{yq ` Err, 0 ď y ď t{2
where
|Err| ď C e
´y
y
1
log3`apt{yq , 0 ď y ď t{2
So, ż t{2
0
dy
e´y sinpa tan´1p π
2plogptq´logpyqq qq
ypplogptq ´ logpyqq2 ` π2
4
qa{2 “ a
π
2
ż t{2
0
dy
e´y
y loga`1pt{yq `
ż t{2
0
dyErr (4.149)
Let us start by consideringż 1
0
dy
y
e´y
loga`1pt{yq “
ż 1
0
dy
y loga`1pt{yq `
ż 1
0
dy
pe´y ´ 1q
y loga`1p t
y
q (4.150)
Treating each term individually, we have:ż 1
0
dy
y loga`1pt{yq “
1
a logaptq
|
ż 1
0
dy
pe´y ´ 1q
y loga`1p t
y
q | ď
C
loga`1ptq
ż 1
0
dy
|e´y ´ 1|
y
ď C
loga`1ptq (4.151)
where we used the fact that
y ÞÑ 1
loga`1p t
y
q , is increasing on p0, 1s
So, ż 1
0
dy
y
e´y
loga`1pt{yq “
1
a logaptq `O
ˆ
1
loga`1ptq
˙
Also, ż ?t
1
dy
y
e´y
plogptq ´ logpyqqa`1 ď 2
a`1
ż ?t
1
dy
y
e´y
loga`1ptq “ Op
1
loga`1ptq q
Finally, ż t{2
?
t
dy
y
e´y
plogptq ´ logpyqqa`1 ď
1?
t
ż t{2
?
t
dy
e´y
loga`1p2q “ Op
e´
?
t
?
t
q
So, ż t{2
0
dy
y
e´y
loga`1pt{yq “
1
a logaptq `O
ˆ
1
loga`1ptq
˙
(4.152)
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Treating the Err term in (4.149) in the same way as was used to obtain (4.152), we haveż t{2
0
dy
e´y sinpa tan´1p π
2plogptq´logpyqqqq
ypplogptq ´ logpyqq2 ` π2
4
qa{2 “ a
π
2
ˆ
1
a logaptq `O
ˆ
1
loga`1ptq
˙˙
`O
ˆ
1
loga`2ptq
˙
“ π
2 logaptq `O
ˆ
1
loga`1ptq
˙ (4.153)
Lastly, let us estimate
| ´ Im
˜ż π
2
0
idθ
e
it
2
cospθqe´
t
2
sinpθq
logap2e´iθq
¸
| ď C
ż π
2
0
dθ
e´
t
2
sinpθq
logap2q ď C
ż π
2
0
dθe´
t
2
2
π
θ “ O
ˆ
1
t
˙
(4.154)
So, (4.147) can be written as ż t{2
0
sinpuq
u logapt{uqdu “
π
2 logaptq `O
ˆ
1
loga`1ptq
˙
(4.155)
Since (4.147) is valid for all a ą 0, we can repeat the identical steps done in this section for the case b “ 1,
and apply the above result to (4.146) (and its analog for b “ 1), thereby obtaining, for all b ą 0:ż 8
0
RdR
ˆ
cosp2Q1pRqq ´ 1
R2λptq2
˙
φ0pRqv2pt, Rλptqq “ 4b
λptqt2 logbptq ` Ev2,ippt, λptqq (4.156)
where, for b ‰ 1:
Ev2,ippt, λptqq “ 2cb
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq ` 2cb
ż 8
0
dξχď 1
4
pξqsinptξq
t2
Fv2pξ, λptqq
` 2 cb
λptq
ż 1
2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
t2
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸
` 2cb
λptq
˜ż t
2
0
du sinpuqpb ´ 1q
t2u logbp t
u
q ´
pb´ 1qπ
2t2 logbptq `
ż t
2
0
du
sinpuqbpb´ 1q
t2u logb`1p t
u
q
¸ (4.157)
When b “ 1, Ev2,ip has the same form as (4.157), except the second and third lines changed to
2c1
λptq
ż 1
2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
ξt2
˜
´ 1
log2p1
ξ
q ´
1
logp1
ξ
q
¸
` 2c1
λptq
˜ż 1
2
0
dξ
sinptξq
ξt2
˜
´1
logp1
ξ
q ´
1
log2p1
ξ
q
¸
` π
2t2 logptq
¸ (4.158)
For all b ą 0,
|Ev2,ippt, λptqq| ď
C
λptqt2 logb`1ptq
4.8.3 Pointwise estimates on BitBjrv2
Lemma 4.6. For any b ą 0, there exists C ą 0 such that
For 0 ď j ď 2, 0 ď k ď 1, j ` k ď 2,
BjtBkr v2pt, rq “
BjtBkr
`´br
t2
˘
logbptq ` EBjtBkr v2pt, rq (4.159)
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where
|EBjtBkr v2pt, rq| ď CB
j
t Bkr
ˆ
r
t2 logb`1ptq
˙
` CBjt Bkr
ˆ
r2
t3 logbptq
˙
, r ď t
2
For 0 ď j ď 2, 0 ď k ď 2, j ` k ď 2,
|BjtBkr v2pt, rq| ď
C?
r
, r ě t
2
(4.160)
For 0 ď j ď 1, 0 ď k ď 1, j ` k ď 2,
|Bjt Bkr v2pt, rq| ď
C logprq
|t´ r|1`j`k , r ě
t
2
, r ‰ t (4.161)
Finally, we also have the estimates
|B2rv2pt, rq| ď
#
Cr
t4 logbptq , r ď t2
C logprq
|t´r|3 ,
t
2
ă r ‰ t (4.162)
Proof. In the course of proving these estimates, we will occasionally make use of the following formula, which
can be found, for example, in Appendix B of [5]: for n ą ´ 1
2
Jnpxq “ 1
Γpn` 1
2
q?π
´x
2
¯n ż π
0
cospx cospθqq sin2npθqdθ (4.163)
Similarly, we will need, Lemma 8.1 of [5], which states
J d´2
2
pxq “
`
x
2
˘ d´2
2
π
d´1
2
Re
´
e´ixΦ d´2
2
pxq
¯
, x ą 0 (4.164)
where
|Φpkqd´2
2
|pxq ď Ckx´
pd´1q
2
´k
We will first prove the lemma for the case b ‰ 1, and then remark what the identical procedures give, for
the case b “ 1.
We will start with the region 0 ď r ď t
2
, and use (4.163) for n “ 1 in the formula for v2:
v2pt, rq “ cb
ż 8
0
dξ sinptξqJ1prξq
χď 1
4
pξq
logb´1p1
ξ
q
“ cb
π
ż π
0
sin2pθqdθ
ż 8
0
dξ sinptξqrξ cosprξ cospθqq
χď 1
4
pξq
logb´1p1
ξ
q
“ cb
2π
ż π
0
sin2pθqdθ
ż 8
0
dξrξ psinpξpt` r cospθqqq ` sinpξpt´ r cospθqqqq
χď 1
4
pξq
logb´1p1
ξ
q
(4.165)
Integrating by parts twice, we get
v2pt, rq “ ´cbr
2π
ż π
0
sin2pθqdθ
ż 8
0
dξB2ξ
˜
ξχď 1
4
pξq
logb´1p1
ξ
q
¸ˆ
sinpξt`q
t2`
` sinpξt´q
t2´
˙
(4.166)
where
t`{´ “ t˘ r cospθq (4.167)
We divide the terms analogously to how similar terms were treated in the previous subsection. In particular,
we have
v2pt, rq “ ´cbr
2π
ż π
0
sin2pθqdθ
ż 8
0
dξ
˜
χď 1
4
pξq
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸
` ψpξq
¸ˆ
sinpξt`q
t2`
` sinpξt´q
t2´
˙
(4.168)
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where ψ P C8c pr 18 , 14 sq. So, we can integrate by parts (for example, once) to treat the ψ term:
|´cbr
2π
ż π
0
sin2pθqdθ
ż 8
0
dξψpξq
ˆ
sinpξt`q
t2`
` sinpξt´q
t2´
˙
| ď Cr
ż π
0
dθ
ż 8
0
|ψ1pξq|dξ
t3
ď Cr
t3
, r ď t
2
(4.169)
where we use
1
|t˘| ď
C
t
, r ď t
2
Then, it remains to study
´cbr
2π
ż π
0
sin2pθqdθ
ż 8
0
dξ
˜
χď 1
4
pξq
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸¸ˆ
sinpξt`q
t2`
` sinpξt´q
t2´
˙
“ ´cbr
2π
ż π
0
sin2pθqdθ
ż 1
2
0
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸ˆ
sinpξt`q
t2`
` sinpξt´q
t2´
˙
` ´cbr
2π
ż π
0
sin2pθqdθ
ż 1
2
0
´
χď 1
4
pξq ´ 1
¯˜ b ´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸ˆ
sinpξt`q
t2`
` sinpξt´q
t2´
˙
(4.170)
We start with the second line of (4.170). Since all other terms will use the identical argument, we first
consider the term involving 1
logbptq and t`, namely
´cbr
2π
ż π
0
sin2pθqdθ
˜
pb´ 1q
ż t`
2
0
du sinpuq
u logbp t`
u
qt2`
¸
“ ´cbr
2π
ż π
0
sin2pθqdθpb ´ 1q
˜
π
2 logbpt`qt2`
` Errpt, r, θq
¸
(4.171)
where
|Errpt, r, θq| ď C
t2` log
b`1pt`q
and we use our calculation of (4.147) from the previous subsection. To treat this last integral, we start with
the first term:
´cbr
2π
¨ pb ´ 1qπ
2
ż π
0
sin2pθqdθ
logbpt`qt2`
“ ´cbrpb ´ 1q
4
1
t2 logbptq
ż π
0
sin2pθqdθ
p1` r cospθq
t
q2
1ˆ
1` logp1`
r cospθq
t
q
logptq
˙b
“ ´cbrpb ´ 1q
4
ˆ
π
2t2 logbptq ` Ev2,1pt, rq
˙
, r ď t
2
(4.172)
with
|Ev2,1pt, rq| ď C
r
t3 logbptq , r ď
t
2
For the second term of (4.171), we have
|´cbr
2π
ż π
0
sin2pθqdθpb ´ 1qErrpt, r, θq| ď Cr
ż π
0
dθ
t2 logb`1ptq
ď Cr
t2 logb`1ptq , r ď
t
2
(4.173)
where we used
1
t2` log
b`1pt`q
ď C
t2 logb`1ptq , r ď
t
2
(4.174)
37
Combining these, we get
´cbr
2π
ż π
0
sin2pθqdθ
˜
pb ´ 1q
ż t`
2
0
du sinpuq
u logbp t`
u
qt2`
¸
“ ´br
2t2 logbptq ` Ev2,2pt, rq, r ď
t
2
(4.175)
|Ev2,2pt, rq| ď C
ˆ
r2
t3 logbptq ` C
r
t2 logb`1ptq
˙
, r ď t
2
We use the identical procedure to treat all the other terms in the second line of (4.170), and get
´cbr
2π
ż π
0
sin2pθqdθ
ż 1
2
0
dξ
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸ˆ
sinpξt`q
t2`
` sinpξt´q
t2´
˙
“ ´br
t2 logbptq ` Ev2,3pt, rq
(4.176)
with
|Ev2,3pt, rq| ď C
ˆ
r
t2 logb`1ptq `
r2
t3 logbptq
˙
, r ď t
2
Finally, for the third line of (4.170), we integrate by parts, identically to how a similar term was treated in
the last subsection, and get
|´cbr
2π
ż π
0
sin2pθqdθ
ż 1
2
0
´
χď 1
4
pξq ´ 1
¯˜ b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸ˆ
sinpξt`q
t2`
` sinpξt´q
t2´
˙
| ď Cr
t3
, r ď t
2
(4.177)
This completes the proof of (4.159) (for v2).
We will need two more estimates on v2. One is given by using the simple estimate
|J1pxq| ď C?
x
which yields
|v2pt, rq| ď C?
r
(4.178)
We will obtain another estimate in the region r ě t
2
, by first decomposing v2 as follows:
v2pt, rq “ cb
ż 8
0
dξ sinptξqJ1prξq
χď 1
4
pξq
logb´1p1
ξ
q
“ cb
ż 8
0
dξχď1prξq sinptξqJ1prξq
χď 1
4
pξq
logb´1p1
ξ
q ` cb
ż 8
0
dξ p1´ χď1prξqq sinptξqJ1prξq
χď 1
4
pξq
logb´1p1
ξ
q
(4.179)
where χď1 P C8c pr0,8qq, 0 ď χď1 ď 1,
χď1pxq “
#
1, x ď 1
2
0, x ě 1
and χď1 is otherwise arbitrary.
We start with the second line of (4.179). Using the simple estimate
|J1pxq| ď Cx
38
we get
|
ż 8
0
dξχď1prξq sinptξqJ1prξq
χď 1
4
pξq
logb´1p1
ξ
q | ď Cr
ż 8
0
dξχď1prξqξ
χď 1
4
pξq
logb´1p1
ξ
q
ď C
r logb´1prq , r ě
t
2
ą 4
(4.180)
We need only estimate the remaining integral in (4.179), namely,ż 8
0
dξ p1´ χď1prξqq sinptξqJ1prξq
χď 1
4
pξq
logb´1p1
ξ
q (4.181)
Note that this integral vanishes if r ă 2, by the support properties of χď1 and χď 1
4
. We use (4.164), for
d “ 4. Then, for r ą 4, we have
|
ż 8
0
dξ p1´ χď1prξqq sinptξqJ1prξq
χď 1
4
pξq
logb´1p1
ξ
q | “ |Re
˜ż 8
0
dξ p1´ χď1prξqq sinptξq rξ
2π3{2
e´irξΦ1prξq
χď 1
4
pξq
logb´1p1
ξ
q
¸
|
ď C|t´ r|
ż 8
0
dξ|Bξ
˜
p1´ χď1prξqq rξΦ1prξq
χď 1
4
pξq
logb´1p1
ξ
q
¸
|
(4.182)
Note that ż 8
0
dξ|χ1ď1prξq|r|rξΦ1prξq|
|χď 1
4
pξq|
logb´1p1
ξ
q ď Cr
ż 1{r
0
dξ
logb´1p1
ξ
q
ď C
logb´1prq , r ě
t
2
(4.183)
where we used the support properties of χ and symbol property of Φ1.
Next, ż 8
0
dξ p1´ χď1prξqq |BξprξΦ1prξqq|
|χď 1
4
pξq|
logb´1p1
ξ
q ď Cr
ż 8
0
dξ
p1´ χď1prξqq
prξq3{2
|χď 1
4
pξq|
logb´1p1
ξ
q
ď C?
r
ż 1
4
1
2r
dξ
ξ3{2 logb´1p1
ξ
q
ď C
logb´1prq , r ě
t
2
(4.184)
Finally, we use the same procedure to getż 8
0
dξ p1´ χď1prξqq |rξΦ1prξq||Bξ
˜
χď 1
4
pξq
logb´1p1
ξ
q
¸
| ď C?
r
ż 1
4
1
2r
dξ
˜ |χ1ď 1
4
pξq|
?
ξ logb´1p1
ξ
q `
1
ξ3{2 logbp1
ξ
q
¸
ď C
logbprq , r ě
t
2
(4.185)
Returning to (4.182), we get, for r ě t
2
,
C
|t´ r|
ż 8
0
dξ|Bξ
˜
p1´ χď1prξqq rξφprξq
χď 1
4
pξq
logb´1p1
ξ
q
¸
| ď C|t´ r| logb´1prq (4.186)
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Note that, if t
2
ď r, then, |t´ r| ď r, so
C
r logb´1prq ď
C
|t´ r| logb´1prq , r ě
t
2
, r ‰ t
So, we can combine the previous two estimates to conclude (4.161), thereby concluding the proof of the v2
estimates (in the case b ‰ 1).
We now proceed to prove the similar statements about Brv2. We have
Brv2pt, rq “ cb
2
ż 8
0
sinptξqξ pJ0prξq ´ J2prξqq
χď 1
4
pξq
logb´1p1
ξ
qdξ (4.187)
and start by treating the J0 term. Using (4.163) for n “ 0, we have
cb
2
ż 8
0
sinptξqξJ0prξq
χď 1
4
pξq
logb´1p1
ξ
qdξ “
cb
4π
ż π
0
dθ
ż 8
0
dξ psinpξt`q ` sinpξt´qq
ξχď 1
4
pξq
logb´1p1
ξ
q
“ ´cb
4π
ż π
0
dθ
ż 8
0
dξ
ˆ
sinpξt`q
t2`
` sinpξt´q
t2´
˙
B2ξ
˜
ξχď 1
4
pξq
logb´1p1
ξ
q
¸ (4.188)
We follow the identical procedure used to prove (4.159) for v2, the only major difference being an extra
sin2pθq in the θ integral in the v2 case. We get
cb
2
ż 8
0
sinptξqξJ0prξq
χď 1
4
pξq
logb´1p1
ξ
qdξ “
´b
t2 logbptq ` EBrv2,1pt, rq (4.189)
where
|EBrv2pt, rq| ď
Cr
t3 logbptq `
C
t2 logb`1ptq , r ď
t
2
Now, we treat the J2 term, again using (4.163), this time for n “ 2.
´ cb
2
ż 8
0
dξ sinptξqξJ2prξq
χď 1
4
pξq
logb´1p1
ξ
q
“ ´cbr
2
6π
ż 8
0
dξ sinptξqξ3
ż π
0
cosprξ cospθqq sin4pθqdθ
χď 1
4
pξq
logb´1p1
ξ
q
“ ´cbr
2
12π
ż π
0
sin4pθqdθ
ż 8
0
dξ psinpξpt` r cospθqqq ` sinpξpt ´ r cospθqqqq
ξ3χď 1
4
pξq
logb´1p1
ξ
q
“ ´cbr
2
12π
ż π
0
sin4pθqdθ
ż 8
0
dξ
ˆ
sinpξpt ` r cospθqqq
pt` r cospθqq4 `
sinpξpt´ r cospθqqq
pt´ r cospθqq4
˙
B4ξ
˜
ξ3χď 1
4
pξq
logb´1p1
ξ
q
¸
(4.190)
Note that
B4ξ
˜
ξ3χď 1
4
pξq
logb´1p1
ξ
q
¸
“ χď 1
4
pξq
˜
11bpb´ 1q
ξ logb`1p1
ξ
q `
6pb´ 1q
ξ logbp1
ξ
q `
bpb´ 1qpb` 1qpb` 2q
ξ logb`3p1
ξ
q `
6bpb´ 1qpb` 1q
ξ logb`2p1
ξ
q
¸
` ψpξq
(4.191)
where
ψ P C8c pr
1
8
,
1
4
sq
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We treat the ψ term in the same way as in the v2 estimate, and use the same argument as in the v2 estimate
to handle the other terms. In total, we get
| ´ cb
2
ż 8
0
dξ sinptξqξJ2prξq
χď 1
4
pξq
logb´1p1
ξ
q | ď
Cr2
t4 logbptq , r ď
t
2
(4.192)
Combining our results, we then get (4.159) for Brv2.
Now, we study the region r ě t
2
. Again using the simple estimate
|J 11pxq| ď
C?
x
we get
|Brv2pt, rq| ď C?
r
(4.193)
Then, we decompose
Brv2pt, rq “ Ir ` IIr (4.194)
with
Ir “ cb
2
ż 8
0
dξ sinptξqξχď1prξq pJ0prξq ´ J2prξqq
χď 1
4
pξq
logb´1p1
ξ
q (4.195)
Using the simple estimate
|Jkpxq| ď C, k “ 0, 2
we get
|Ir| ď |cb
2
ż 8
0
sinptξqχď1prξqξ pJ0prξq ´ J2prξqq
χď 1
4
pξq
logb´1p1
ξ
qdξ|
ď C
ż mint 1
r
, 1
4
u
0
ξdξ
logb´1p1
ξ
q ď
C
r2 logb´1prq , r ě
t
2
ě 4
(4.196)
It remains to estimate IIr. We write
IIr “ IIr,0 ` IIr,2
with
IIr,0 “ cb
2
ż 8
0
sinptξq p1´ χď1prξqq ξJ0prξq
χď 1
4
pξq
logb´1p1
ξ
qdξ
IIr,2 “ ´cb
2
ż 8
0
sinptξq p1´ χď1prξqq ξJ2prξq
χď 1
4
pξq
logb´1p1
ξ
qdξ
Again using (4.164) for d “ 2, we get
|IIr,0| ď C
ż 8
0
|B2ξ
˜
p1´ χď1prξqq ξΦ0prξq
χď 1
4
pξq
logb´1p1
ξ
q
¸
| dξpt´ rq2 ď
C
pt´ rq2
ż 8
0
1trξě 1
2
u1tξď 1
4
u?
rξ3{2 logb´1p1
ξ
qdξ
ď Cpt´ rq2
ż 1
4
1
2r
dξ?
rξ3{2 logb´1p1
ξ
q ď
C
pt´ rq2
1?
r
ż 1
4
1
2r
dξ
ξ3{2 logb´1p1
ξ
q
ď Cpt´ rq2 logb´1prq , r ě
t
2
(4.197)
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For IIr,2, we use (4.164) for d “ 6. Using the same argument as for IIr,0, we get
|IIr,2| ď C
ż 8
0
|B2ξ
˜
p1´ χď1prξqq ξprξq2Φ2prξq
χď 1
4
pξq
logb´1p1
ξ
q
¸
| dξpt´ rq2
ď Cpt´ rq2 logb´1prq , r ě
t
2
(4.198)
Combining these, we have
|IIr| ď Cpt´ rq2 logb´1prq , r ě
t
2
Using the same reasoning as was used to prove the analogous estimate for v2, if r ě t2 , r ‰ t, we have
1
r2 logb´1prq ď
C
pt´ rq2 logb´1prq (4.199)
which gives (4.161) for Brv2.
Next, we study Btv2, in the region 0 ď r ď t2 . Using (4.163), we have
Btv2pt, rq “ cb
ż 8
0
dξ cosptξq
ξJ1prξqχď 1
4
pξq
logb´1p1
ξ
q
“ cb
π
ż π
0
sin2pθqdθ
ż 8
0
dξξ cosptξqrξ cosprξ cospθqq
χď 1
4
pξq
logb´1p1
ξ
q
“ cbr
π
ż π
0
sin2pθqdθ
ż 8
0
dξξ2
2
pcospξpt` r cospθqqq ` cospξpt ´ r cospθqqqq
χď 1
4
pξq
logb´1p1
ξ
q
“ cbr
2π
ż π
0
sin2pθqdθ
ż 8
0
dξ
ˆ
sinpξpt` r cospθqqq
pt` r cospθqq3 `
sinpξpt ´ r cospθqqq
pt´ r cospθqq3
˙
B3ξ
˜
ξ2χď 1
4
pξq
logb´1p1
ξ
q
¸
(4.200)
We note that
B3ξ
˜
ξ2
logb´1p1
ξ
qχď 14 pξq
¸
“
˜
pb´ 1qbpb` 1q
ξ logb`2p1
ξ
q `
3bpb´ 1q
ξ logb`1p1
ξ
q `
2pb´ 1q
ξ logbp1
ξ
q
¸
χď 1
4
pξq ` ψpξq (4.201)
where
ψ P C8c pr
1
8
,
1
4
sq
The integral to estimate is therefore of exactly the same form as that treated in estimating v2, and repeating
this procedure gives (4.159) for Btv2. For the region r ě t2 , we can again use
|J1pxq| ď C?
x
to get
|Btv2pt, rq| ď C?
r
(4.202)
We now consider the region r ě t
2
. First, let us write
Btv2pt, rq “ Itpt, rq ` IItpt, rq (4.203)
where
It “ cb
ż 8
0
χď1prξqξ cosptξqJ1prξq
χď 1
4
pξq
logb´1p1
ξ
qdξ
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IIt “ cb
ż 8
0
p1´ χď1prξqq ξ cosptξqJ1prξq
χď 1
4
pξq
logb´1p1
ξ
qdξ
Then, we use
|J1pxq| ď Cx
to get
|It| ď C
ż mint 1
r
, 1
4
u
0
rξ2
logb´1p1
ξ
qdξ ď
C
r2 logb´1prq , r ě 4 (4.204)
As usual, we use (4.164) with d “ 4 to get
IIt “ cb
4π3{2
Re
˜ż 8
0
p1´ χď1prξqq ξ
´
eipt´rqξ ` e´ipt`rqξ
¯ rξΦ1prξqχď 1
4
pξq
logb´1p1
ξ
q dξ
¸
(4.205)
and this gives
|IIt| ď C
ż 8
0
1
|t´ r|2 |B
2
ξ
˜ p1´ χď1prξqq ξ2rΦ1prξqχď 1
4
pξq
logb´1p1
ξ
q
¸
|dξ (4.206)
But, comparing this expression with (4.197), we see that the only difference is
Φ0prξq is replaced by Φ1prξq ¨ rξ
Comparing the symbol-type estimates on Φd which follow (4.164), we can use the same procedure used to
treat (4.197) to get
|IIt| ď Cpt´ rq2 logb´1prq , r ě
t
2
(4.207)
This gives (4.161) for Btv2.
Next, we obtain estimates on B2rv2, using the same procedure as above. In particular, we use
J21 pxq “
1
4
pJ3pxq ´ 3J1pxqq (4.208)
to get
B2rv2pt, rq “
cb
4
ż 8
0
sinptξqξ2 p´3J1prξq ` J3prξqq
χď 1
4
pξq
logb´1p1
ξ
qdξ (4.209)
Then, we use (4.163) for Jk, k “ 1, 3. For the term involving Jk, for k “ 1 or k “ 3, we integrate by parts
k ` 3 times in ξ and get:
B2rv2pt, rq “
´3cbr
8π
ż π
0
dθ sin2pθq
ż 8
0
ˆ
sinpξpt` r cospθqqq
pt` r cospθqq4 `
sinppt´ r cospθqqξq
pt´ r cospθqq4
˙
B4ξ
˜
ξ3χď 1
4
pξq
logb´1p1
ξ
q
¸
dξ
´ cbr
3
120π
ż π
0
dθ sin6pθq
ż 8
0
ˆ
sinpξpt ` r cospθqqq
pt` r cospθqq6 `
sinpξpt´ r cospθqqq
pt´ r cospθqq6
˙
B6ξ
˜
ξ5χď 1
4
pξq
logb´1p1
ξ
q
¸
dξ
(4.210)
We will not need as precise of a description of B2rv2 here, since such a description for small r will be
obtained later using the equation solved by v2. So, we use the identical procedure used for Brv2, and get
|B2rv2pt, rq| ď
Cr
t4 logbptq , r ď
t
2
(4.211)
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For the larger r estimates, we can again use
|Jkpxq| ď C?
x
, k “ 1, 3
to get
|B2rv2pt, rq| ď C
ż 8
0
ξ2?
rξ
χď 1
4
pξq
logb´1p1
ξ
qdξ ď
C?
r
(4.212)
Lastly, for another estimate for large r, we first split B2rv2 as follows
B2rv2pt, rq “ Irr ` IIrr (4.213)
and
Irr “ cb
4
ż 8
0
sinptξqξ2χď1prξq p´3J1prξq ` J3prξqq
χď 1
4
pξq
logb´1p1
ξ
qdξ (4.214)
IIrr “ cb
4
ż 8
0
sinptξqξ2 p1´ χď1prξqq p´3J1prξq ` J3prξqq
χď 1
4
pξq
logb´1p1
ξ
qdξ (4.215)
which give
|Irr| ď C
ż mint 1
r
, 1
4
u
0
ξ2rξ
logb´1p1
ξ
qdξ ď
C
r3 logb´1prq , r ě 4 (4.216)
Next, we again use (4.164) for Jk, k “ 1, 3, and integrate by parts 3 times, to get
|IIrr| ď
ÿ
kPt1,3u
C
|t´ r|3
ż 8
0
|B3ξ
˜
ξ2χď 1
4
pξq
logb´1p1
ξ
q prξq
kΦkprξq p1´ χď1prξqq
¸
|dξ
ď C|t´ r|3
ż 8
0
˜
1trξě 1
2
u1tξď 1
4
u?
rξ3{2 logb´1p1
ξ
q `
c
r
ξ
1t1ěrξě 1
2
u1tξď 1
4
u
logb´1p1
ξ
q
¸
dξ
ď C|t´ r|3 logb´1prq , r ą
t
2
(4.217)
Combining the above estimates, we get (4.162)
Next, we study B2t v2 in the region r ď t2 . We proceed just as for v2:
B2t v2pt, rq “
´cb
2π
ż π
0
sin2pθqdθ
ż 8
0
dξr
ˆ
sinpξt`q
t4`
` sinpξt´q
t4´
˙
B4ξ
˜
χď 1
4
pξq ¨ ξ3
logb´1p1
ξ
q
¸
(4.218)
We then use
B4ξ
˜
χď 1
4
pξq ¨ ξ3
logb´1p1
ξ
q
¸
“ χď 1
4
pξq
¨˝
6b
`
b2 ´ 1˘
ξ logb`2
´
1
ξ
¯ ` pb´ 1qbpb` 1qpb` 2q
ξ logb`3
´
1
ξ
¯ ` 11pb´ 1qb
ξ logb`1
´
1
ξ
¯ ` 6pb´ 1q
ξ logb
´
1
ξ
¯‚˛` ψpξq
, ψ P C8c pr
1
8
,
1
4
sq
(4.219)
The integral is of the same form as that considered during the v2 estimates, and we get (4.159) for B2t v2.
(Note that any other estimates on B2t v2 which we may need can be obtained using the other estimates of the
lemma, and the equation solved by v2).
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Finally, we will need a similar formula for Btrv2: We have
Btrv2pt, rq “ cb
2
ż 8
0
cosptξqξ2pJ0prξq ´ J2prξqq
χď 1
4
pξqdξ
logb´1p1
ξ
q (4.220)
Applying (4.163), the J0 term is
cb
4π
ż π
0
dθ
ż 8
0
dξ
ˆ
sinpξt`q
t3`
` sinpξt´q
t3´
˙
B3ξ
˜
ξ2χď 1
4
pξq
logb´1p1
ξ
q
¸
(4.221)
Comparing this to the analogous integral treated while studying Btv2, we get
cb
4π
ż π
0
dθ
ż 8
0
dξ
ˆ
sinpξt`q
t3`
` sinpξt´q
t3´
˙
B3ξ
˜
ξ2χď 1
4
pξq
logb´1p1
ξ
q
¸
“ 2b
t3 logbptq ` EB12v2,1pt, rq
(4.222)
where
|EB12v2,1pt, rq| ď C
ˆ
r
t4 logbptq `
1
t3 logb`1ptq
˙
, r ď t
2
For the J2 term, we use (4.163), and get
cb
2
ż 8
0
cosptξqξ2p´J2prξqq
χď 1
4
pξqdξ
logb´1p1
ξ
q
“ cbr
2
12π
ż π
0
sin4pθqdθ
ż 8
0
ˆ
sinpξt`q
t5`
` sinpξt´q
t5´
˙
B5ξ
˜
ξ4χď 1
4
pξq
logb´1p1
ξ
q
¸
dξ
(4.223)
we then treat this integral in exactly the same was as the J0 term, and get
|cb
2
ż 8
0
cosptξqξ2p´J2prξqq
χď 1
4
pξqdξ
logb´1p1
ξ
q | ď
Cr2
t5 logbptq , r ď
t
2
(4.224)
This gives (4.159) for Btrv2.
Finally, (4.160) is proven for B2t v2 and Btrv2, and (4.161) is proven for Btrv2 in exactly the same way as
for the other derivatives.
The identical procedure shows that (4.159) is still true for b “ 1. In the region r ě t
2
, (4.160) is still
true for b “ 1, and for the second estimate in the region r ě t
2
, we get
for 0 ď j ď 1, 0 ď k ď 1, j ` k ď 2
|Bjt Bkr v2pt, rq| ď
C
|t´ r|1`j`k logplogprqq, t ‰ r ě
t
2
, b “ 1 (4.225)
(Note the difference with the case b ‰ 1, which had C|t´r|1`j`k logb´1prq on the right hand side). In any case,
(4.161) is true for all b ą 0 (for simplicity, we use logprq instead of
#
log1´bprq, b ‰ 1
logplogprqq, b “ 1 in (4.161)).
4.8.4 The inner product of the (rescaled) v3 linear error term
Lemma 4.7.ż 8
0
ˆ
cosp2Q1pRqq ´ 1
R2λptq2
˙
v3pt, Rλptqqφ0pRqRdR
“ 16
λptq
ż 8
t
K3ps´ t, λptqqλ2psqds`
ż 8
0
ˆ
cosp2Q1pRqq ´ 1
R2λptq2
˙
E5pt, Rλptqqφ0pRqRdR
(4.226)
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where E5 is as in (4.71),
K3pw, λptqq “
ˆ
w
1` w2 ´
w
λptq2´2α ` w2
˙
w4
4pw2 ` 36λptq2q2 (4.227)
and ż 8
0
|K3pw, λptqq ´K3,0pw, λptqq|dw ď C (4.228)
where
K3,0pw, λptqq “ ´ 1
4pλptq1´α ` wqp1 ` wq3
Proof. We start withż 8
0
ˆ
cosp2Q1pRqq ´ 1
R2λptq2
˙
v3pt, Rλptqqφ0pRqRdR
“ 16
λptq
ż 8
0
R3
p1 `R2q3
ż 8
t`6Rλptq
dsλ2psq
ˆ
s´ t
1` ps´ tq2 ´
ps´ tq
λptq2´2α ` ps´ tq2
˙
`
ż 8
0
ˆ
cosp2Q1pRqq ´ 1
R2λptq2
˙
E5pt, Rλptqqφ0pRqRdR
(4.229)
where we recall the decomposition (4.71).
We study the second line of (4.229) in more detail, since the third line is as in the lemma statement.
16
λptq
ż 8
0
R3
p1`R2q3
ż 8
t`6Rλptq
dsλ2psq
ˆ
s´ t
1` ps´ tq2 ´
ps´ tq
λptq2´2α ` ps´ tq2
˙
“ 16
λptq
ż 8
t
K3ps´ t, λptqqλ2psqds
(4.230)
where
K3pw, λptqq “
ˆ
w
1` w2 ´
w
λptq2´2α ` w2
˙
w4
4pw2 ` 36λptq2q2 (4.231)
We now estimate ż 8
0
|K3pw, λptqq ´K3,0pw, λptqq|dw (4.232)
where
K3,0pw, λptqq “ ´ 1
4pλptq1´α ` wqp1 ` wq3
We start with ż λptq1´α
0
|K3pw, λptqq|dw `
ż λptq1´α
0
dw
4pλptq1´α ` wqp1 ` wq3
ď C
ż λptq1´α
0
wdw
p1` w2q ` C
ż λptq1´α
0
wdw
λptq2´2α ` C
ż λptq1´α
0
dw
λptq1´α
ď C
(4.233)
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Next, ż 1
2
λptq1´α
|K3pw, λptqq ` 1
4pλptq1´α ` wqp1 ` wq3 |dw
ď
ż 1
2
λptq1´α
|w
ˆ
1
1` w2 ´
1
λptq2´2α ` w2
˙ˆ
w4
4pw2 ` 36λptq2q2 ´
1
4
˙
|dw
`
ż 1
2
λptq1´α
|w
4
ˆ
1
1` w2 ´
1
λptq2´2α ` w2
˙
` 1
4pλptq1´α ` wq |dw
`
ż 1
2
λptq1´α
| ´1
4pλptq1´α ` wq `
1
4pλptq1´α ` wqp1 ` wq3 |dw
(4.234)
For the second line of (4.234), we haveż 1
2
λptq1´α
|w
ˆ
1
1` w2 ´
1
λptq2´2α ` w2
˙ˆ
w4
4pw2 ` 36λptq2q2 ´
1
4
˙
|dw
ď C
ż 1
2
λptq1´α
w
ˆ
1
λptq2´2α ` w2 ´
1
1` w2
˙
λptq2
w2
dw
ď Cλptq2α| logpλptq2´2αq| ď C
(4.235)
For the third line of (4.234), we haveż 1
2
λptq1´α
|w
4
ˆ
1
1` w2 ´
1
λptq2´2α ` w2
˙
` 1
4pλptq1´α ` wq |dw
ď
ż 1
2
λptq1´α
wdw
4p1` w2q `
ż 1
2
λptq1´α
dw| 1
λptq1´α ` w ´
w
λptq2´2α ` w2 |
ď C
(4.236)
Finally, the last line of (4.234) is estimated as follows:ż 1
2
λptq1´α
| ´1
4pλptq1´α ` wq `
1
4pλptq1´α ` wqp1 ` wq3 |dw
ď C
ż 1
2
λptq1´α
wdw
pλptq1´α ` wq
ď C
(4.237)
Then, we consider ż 8
1
2
dw|K3pw, λptqq ` 1
4pλptq1´α ` wqp1 ` wq3 |
ď
ż 8
1
2
dw|K3pw, λptqq| `
ż 8
1
2
dw
pλptq1´α ` wqp1 ` wq3
ď C
ż 8
1
2
dw
w|λptq2´2α ´ 1|
w4
` C
ď C
(4.238)
Combining the above, we get thatż 8
0
|K3pw, λptqq ´K3,0pw, λptqq|dw ď C (4.239)
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4.8.5 Leading behavior of λ and set-up of the modulation equation
From the previous subsections, we have
xF4pt, ¨λptqq, φ0y
“ ´16
λptq3
ż 8
t
dsλ2psqK1ps´ t, λptqq ` 4b
λptqt2 logbptq `
4α logpλptqqλ2ptq
λptq `
16
λptq
ż 8
t
dsλ2psqK3,0ps´ t, λptqq
` E0,1pλptq, λ1ptq, λ2ptqq ` 16
λptq
ż 8
t
dsλ2psq pK3ps´ t, λptqq ´K3,0ps´ t, λptqqq
` ´16
λptq3
ż 8
t
dsλ2psqKps´ t, λptqq ` Ev2,ippt, λptqq
` x
˜
cosp2Q 1
λptq
q ´ 1
r2
¸ˆ
pv4 ` v5q
ˆ
1´ χě1p4r
t
q
˙
` E5 ´ χě1p 2r
logN ptq q pv1 ` v2 ` v3q
˙
|r“Rλptq, φ0y
´ xχě1p 2r
logN ptq qF0,2pt, rq|r“Rλptq, φ0y
(4.240)
where
E0,1pλptq, λ1ptq, λ2ptqq “ 2λ
1ptq2
λptq2 `
2λ2ptq
λptq ´
4αλ2ptq logpλptqq
λptq
ˆ
1
´1` λptq2α ` 1
˙
(4.241)
So, the equation resulting from
xF4ptq, φ0p ¨
λptq qy “ 0
is:
´ 4
ż 8
t
λ2psq
1` s´ tds`
4b
t2 logbptq ` 4α logpλptqqλ
2ptq ´ 4
ż 8
t
λ2psq
pλptq1´α ` s´ tqp1 ` s´ tq3 ds
“ ´λptqE0,1pλptq, λ1ptq, λ2ptqq ´ 16
ż 8
t
λ2psq pK3ps´ t, λptqq ´K3,0ps´ t, λptqqq ds
` 16
λptq2
ż 8
t
Kps´ t, λptqqλ2psqds´ λptqEv2,ippt, λptqq `
16
λptq2
ż 8
t
dsλ2psq
ˆ
K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq
˙
´ λptqx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸ˆ
pv4 ` v5q
ˆ
1´ χě1p4r
t
q
˙
` E5 ´ χě1p 2r
logN ptq q pv1 ` v2 ` v3q
˙
|r“Rλptq, φ0y
` λptqxχě1p 2r
logN ptq qF0,2pt, rq|r“Rλptq, φ0y
:“ Gpt, λptqq
(4.242)
The key point is that there is leading order cancellation between the four terms on the first line of (4.242)
when we substitute λ “ λ0 into these terms, where
λ0ptq “ 1
logbptq `
ż 8
t
ż 8
t1
´b2 logplogpt2qq
t22 log
b`2pt2q
dt2dt1 :“ λ0,0 ` λ0,1
In order to show this cancellation, we first let λptq “ λ0ptq ` eptq, and re-write the equation for e in the
following way:
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´ 4
ż 8
t
λ20,0psq
1` s´ tds`
4b
t2 logbptq
´ 4
ż 8
t
λ20,1psq
1` s´ tds` 4α logpλ0,0ptqqλ
2
0,0ptq ´ 4
ż 8
t
λ20,0psqds
pλ0,0ptq1´α ` s´ tqp1` s´ tq3
´ 4
ż 8
t
e2psqds
1` s´ t ` 4α logpλ0ptqqe
2ptq ´ 4
ż 8
t
e2psqds
pλ0ptq1´α ` s´ tqp1 ` s´ tq3
` 4αplogpλptqq ´ logpλ0,0ptqqqλ20,0ptq ` 4α logpλptqq
`
λ20ptq ´ λ20,0ptq
˘` 4αe2ptq plogpλptqq ´ logpλ0ptqqq
´ 4
ż 8
t
e2psqds
p1` s´ tq3
ˆ
1
λptq1´α ` s´ t ´
1
λ0ptq1´α ` s´ t
˙
´ 4
ż 8
t
pλ20psq ´ λ20,0psqqds
pλ0,0ptq1´α ` s´ tqp1` s´ tq3 ´ 4
ż 8
t
λ20psqds
p1 ` s´ tq3
ˆ
1
pλptq1´α ` s´ tq ´
1
pλ0,0ptq1´α ` s´ tq
˙
“ Gpt, λptqq
(4.243)
Now, we will show that the terms in each of the first two lines of (4.243) cancel to leading order.
´4
ż 8
t
ds
λ20,0psq
1` s´ t “ ´4
ż 2t
t
ds
λ20,0psq
1` s´ t ´ 4
ż 8
2t
ds
λ20,0psq
1` s´ t
“ ´4λ20,0ptq
ż 2t
t
ds
1` s´ t ´ 4
ż 2t
t
ds
λ20,0psq ´ λ20,0ptq
1` s´ t ´ 4
ż 8
2t
ds
λ20,0psq
1` s´ t
“ ´ 4b
t2 logb`1ptq logp1` tq `Op
1
t2 logb`1ptq q ` Err
(4.244)
where
|Err| ď 4
ż 2t
t
ds
||λ30,0||L8pt,2tqps´ tq
1` s´ t `
4
1` t
ż 8
2t
ds|λ20,0psq|
ď C
t2 logb`1ptq
(4.245)
So, we get
´ 4
ż 8
t
ds
λ20,0psq
1` s´ t “ ´
4b
t2 logbptq ` Eλ0,0 (4.246)
where
|Eλ0,0 | ď
C
t2 logb`1ptq
Next, we have
´4
ż 8
t
λ20,0pxqdx
pλ0,0ptq1´α ` x´ tqp1 ` x´ tq3 “ ´4
ż 8
t
b
x2 logb`1pxq
dx
pλ0,0ptq1´α ` x´ tqp1 ` x´ tq3 ` Ev3,ip
(4.247)
where
|Ev3,ip | ď C
ż 8
t
dx
x2 logb`2pxqpλ0,0ptq1´α ` x´ tqp1 ` x´ tq3
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Then, we have
| ´ 4b
ż t`λ0,0ptq1´α
t
dx
x2 logb`1pxqpλ0,0ptq1´α ` x´ tqp1` x´ tq3
|
ď C
ż t`λ0,0ptq1´α
t
dx
x2 logb`1pxq
1
λ0,0ptq1´α
ď C
t2 logb`1ptq
(4.248)
The second term to consider is
´ 4b
ż t`logpα´1qbptq` 1
2
t`logpα´1qbptq
1
x2 logb`1pxq
1
plogpα´1qbptq ` x´ tq
dx
p1 ` x´ tq3
“ ´4b
t2 logb`1ptq
ż t`logpα´1qbptq` 1
2
t`logpα´1qbptq
dx
plogpα´1qbptq ` x´ tq
´ 4b
ż t`logpα´1qbptq` 1
2
t`logpα´1qbptq
ˆ
1
x2 logb`1pxq ´
1
t2 logb`1ptq
˙
1
plogpα´1qbptq ` x´ tq
dx
´ 4b
ż t`logpα´1qbptq` 1
2
t`logpα´1qbptq
dx
x2 logb`1pxq
1
plogpα´1qbptq ` x´ tq
ˆ
1
p1` x´ tq3 ´ 1
˙
(4.249)
The second line of (4.249) is treated as follows:
´4b
t2 logb`1ptq
ż t`logpα´1qbptq` 1
2
t`logpα´1qbptq
dx
plogpα´1qbptq ` x´ tq
|
“ ´4b
t2 logb`1ptq
ˆ
logp2 logpα´1qbptq ` 1
2
q ´ logp2 logpα´1qbptqq
˙
“ 4b
2pα´ 1q logplogptqq
t2 logb`1ptq ` Ev3,ip,1b
(4.250)
where
|Ev3,ip,1b| ď
C
t2 logb`1ptq
The third line of (4.249) is estimated by:
| ´ 4b
ż t`logpα´1qbptq` 1
2
t`logpα´1qbptq
ˆ
1
x2 logb`1pxq ´
1
t2 logb`1ptq
˙
1
plogpα´1qbptq ` x´ tq
dx|
ď C
t3 logb`1ptq
ż t`logpα´1qbptq` 1
2
t`logpα´1qbptq
px´ tqdx
plogpα´1qbptq ` x´ tq
ď C
t3 logb`1ptq
(4.251)
The last line of (4.249) is estimated by
| ´ 4b
ż t`logpα´1qbptq` 1
2
t`logpα´1qbptq
dx
x2 logb`1pxq
1
plogpα´1qbptq ` x´ tq
ˆ
1
p1` x´ tq3 ´ 1
˙
|
ď C
ż t`logpα´1qbptq` 1
2
t`logpα´1qbptq
dx
x2 logb`1pxq
x´ t
plogpα´1qbptq ` x´ tq
ď C
t2 logb`1ptq
(4.252)
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The thrid term to consider is
| ´ 4b
ż 8
t`logpα´1qbptq` 1
2
1
x2 logb`1pxq
1
plogpα´1qbptq ` x´ tq
dx
p1 ` x´ tq3 |
ď C
t2 logb`1ptq
ż 8
t`logpα´1qbptq` 1
2
dx
px ´ tq4
ď C
t2 logb`1ptq
(4.253)
Then, we estimate Ev3,ip:
|Ev3,ip| ď
C
t2 logb`2ptq
ż 8
t
dx
plogpα´1qbptq ` x´ tqp1` x´ tq3
ď C logplogptqq
t2 logb`2ptq
(4.254)
In total, we have
´ 4
ż 8
t
λ20,0pxqdx
plogpα´1qbptq ` x´ tqp1` x´ tq3
“ Ev3,ip,f `
4b2pα´ 1q logplogptqq
t2 logb`1ptq (4.255)
where
|Ev3,ip,f | ď
C
t2 logb`1ptq
By the same procedure used to study the analogous term involving λ0,0, we have
´ 4
ż 8
t
λ20,1psqds
1` s´ t “
4b2 logplogptqq
t2 logb`1ptq ` Ev3,ip,01 (4.256)
where
|Ev3,ip,01| ď
C logplogptqq
t2 logb`2ptq
Combining the above, we can show the cancellation, to leading order, of the terms on each of the first two
lines of (4.243):
´ 4
ż 8
t
λ20,0psq
1` s´ tds`
4b
t2 logbptq “ Eλ0,0 (4.257)
with
|Eλ0,0 | ď
C
t2 logb`1ptq
and
´ 4
ż 8
t
λ20,1psq
1` s´ tds` 4α logpλ0,0ptqqλ
2
0,0ptq ´ 4
ż 8
t
λ20,0psqds
pλ0,0ptq1´α ` s´ tqp1` s´ tq3
“ Ev3,ip,01 ` Ev3,ip,f ` Eλ0,1
(4.258)
with
Eλ0,1 ptq “ 4α logpλ0,0ptqq
ˆ
λ20,0ptq ´
b
t2 logb`1ptq
˙
|Ev3,ip,01| ` |Ev3,ip,f | ` |Eλ0,1 | ď
C
t2 logb`1ptq
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We recall that we are considering (4.242) for t P rT0,8q, with T0 satisfying (4.1).
The equation for e can be written as follows:
´ 4
ż 8
t
e2psqds
logpλ0psqqp1 ` s´ tq ` 4αe
2ptq ´ 4
ż 8
t
e2psqds
logpλ0psqqpλ0ptq1´α ` s´ tqp1` s´ tq3
“ 1
logpλ0ptqq
`´Eλ0,0 ´ Ev3,ip,01 ´ Ev3,ip,f ´ Eλ0,1˘
` 1
logpλ0ptqq
`
Gpt, λptqq ´ 4αplogpλptqq ´ logpλ0,0ptqqqλ20,0ptq ´ 4α logpλptqq
`
λ20ptq ´ λ20,0ptq
˘˘
` 1
logpλ0ptqq
`´4αe2ptq plogpλptqq ´ logpλ0ptqqq˘
` 1
logpλ0ptqq
ˆ
4
ż 8
t
e2psqds
p1` s´ tq3
ˆ
1
λptq1´α ` s´ t ´
1
λ0ptq1´α ` s´ t
˙˙
` 4
logpλ0ptqq
ż 8
t
pλ20psq ´ λ20,0psqqds
pλ0,0ptq1´α ` s´ tqp1 ` s´ tq3
` 4
logpλ0ptqq
ż 8
t
λ20psqds
p1` s´ tq3
ˆ
1
pλptq1´α ` s´ tq ´
1
pλ0,0ptq1´α ` s´ tq
˙
` 4
ż 8
t
e2psq
ˆ
1
logpλ0ptqq ´
1
logpλ0psqq
˙
1
p1` s´ tqds
` 4
ż 8
t
e2psq
ˆ
1
logpλ0ptqq ´
1
logpλ0psqq
˙
1
pλ0ptq1´α ` s´ tqp1 ` s´ tq3 ds
:“ RHSpe, tq
(4.259)
In order to study this equation, let us first consider the problem of solving an equation of the form
´
ż 8
t
ypsq
logpλ0psqq
ˆ
1
1` s´ t `
1
pλ0ptq1´α ` s´ tqp1 ` s´ tq3
˙
ds` αyptq “ F ptq, t ě T0
where
F P CprT0,8qq, |F pxq| ď C
x2
(4.260)
If
xptq “ yp´tq, Hptq “ F p´tq
α
, t ď ´T0
then our equation becomes
´
ż t
´8
xpsq
α logpλ0p´sqq
ˆ
1
1´ s` t `
1
pλ0p´tq1´α ´ s` tqp1´ s` tq3
˙
ds` xptq “ Hptq, t ď ´T0
which can be written as ż
J
xpsqKpt, sqds` xptq “ Hptq, t P J (4.261)
where
J “ p´8,´T0s
and, for pt, sq P J2,
Kpt, sq “ ´ 1ď0ps´ tq
α logpλ0p´sqq
ˆ
1
1´ s` t `
1
pλ0p´tq1´α ´ s` tqp1 ´ s` tq3
˙
“ 1ď0ps´ tq
α| logpλ0p´sqq|
ˆ
1
1´ s` t `
1
pλ0p´tq1´α ´ s` tqp1´ s` tq3
˙ (4.262)
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Note that Kpt, sq “ 0 when s ą t, so K is a (non-negative) Volterra kernel on J2.
Moreover, K is of type L8loc on J . To see this, it suffices to consider C “ ra, ds Ă J a compact subin-
terval, g P L1pCq, f P L8pCq with ||g||L1pCq ď 1, ||f ||L8pCq ď 1 and estimateż
C
ż
C
|gptq||Kpt, sq||fpsq|dsdt ď
ż
C
|gptq|
2α
ˆż t
a
ds
1´ s` t `
1
λ0p´tq1´α
ż t
´8
ds
p1´ s` tq3
˙
dt
ď
logp1` d´ aq ` 1
2λ0p´aq1´α
2α
(4.263)
where we used the facts (which follow from (4.1) and (4.2))
t ÞÑ 1
λ0p´tq1´α is decreasing,
1
| logpλ0p´tqq| ď
1
2
, t P J
Moreover, if s ď u ď v ď t, and pt, v, u, sq P J4, then,
Kpv, sqKpt, uq ď Kpt, sqKpv, uq (4.264)
To verify this, let us note that, by the given conditions on s, u, v, t, we have
1 “ 1ď0ps´ vq “ 1ď0pu´ tq “ 1ď0ps´ tq “ 1ď0pu´ vq
and
Kpt, sq “ 1ď0ps´ tq
α| logpλ0p´sqq|kpt, sq
for
kpt, sq “ 1
1´ s` t `
1
pλ0p´tq1´α ´ s` tqp1 ´ s` tq3
So, it suffices to show that
B2
BsBt logpkpt, sqq ď 0, s ď t
Then, we note that
logpkpt, sqq “ logp 1
1 ´ s` t q ` log
ˆ
1` 1pλ0p´tq1´α ´ s` tqp1 ´ s` tq2
˙
and we have
Bst log
ˆ
1` 1pλ0p´tq1´α ´ s` tqp1´ s` tq2
˙
“
˜
´ `2p1´ s` tqpλ0p´tq1´α ´ s` tq ` p1´ s` tq2p´λ10p´tqp1 ´ αqλ0p´tq´α ` 1q˘
pp1 ´ s` tq2pλ0p´tq1´α ´ s` tq ` 1q2
¸
¨
ˆ
2
1´ s` t `
1
pλ0p´tq1´α ´ s` tq
˙
`
ˆ
1
p1´ s` tq2pλ0p´tq1´α ´ s` tq ` 1
˙ˆ ´2
p1 ´ s` tq2 ´
p´p1´ αqλ0p´tq´αλ10p´tq ` 1q
pλ0p´tq1´α ´ s` tq2
˙
ď 0
(4.265)
where we recall α ď 1
4
and λ10pxq ď 0, x ě T0. This completes the verification of (4.264).
Now, by Theorem 8.6 (sec. 9.8, pg. 259) of [4], K has a non-negative resolvent, r, which is locally of
type L8 on J2. Recall that the resolvent kernel, r, satisfies (a.e) the equations
r `K ˚ r “ K, r ` r ˚K “ K (4.266)
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where the ˚ operation, (as defined in [4], Definition 2.3) between two measureable functions on J2, or between
a measureable function on J2 and one on J (when the integrands are integrable) is
pa ˚ bqpt, sq “
ż
J
apt, uqbpu, sqdu
pa ˚ fqptq “
ż
J
apt, uqfpuqdu
(4.267)
In fact, we also have
Kpt, sq
Kpu, sq ď 2, s ď u ď t (4.268)
because
Kpt, sq
Kpu, sq “
1
1´s`t ` 1pλ0p´tq1´α´s`tqp1´s`tq3
1
1´s`u ` 1pλ0p´uq1´α´s`uqp1´s`uq3
ď 1´ s` u
1´ s` t `
pλ0p´uq1´α ´ s` uqp1´ s` uq3
pλ0p´tq1´α ´ s` tqp1 ´ s` tq3
ď 2, s ď u ď t
(4.269)
Hence, by Theorem 8.5(sec. 9.8, pg. 258) of [4] r is in fact a non-negative Volterra kernel of type L8, and
we have the estimate ż t
´8
rpt, uqdu ď 2, a.e. t P J (4.270)
By our assumptions on F , H satisfies the property that (e.g)
Hp¨q p¨q2 P L8pJq (4.271)
Then, we have a solution to (4.261) (a.e.) given by the formula
x “ H ´ pr ˚Hq (4.272)
To see this, we first note that (4.261) is
K ˚ x` x “ H
Then,
K ˚ pr ˚Hq “ pK ˚ rq ˚H
by Fubini’s theorem. Fubini’s theorem is applicable becauseż
J
ż
J
|Kpt, uq||rpu, sq||Hpsq|dsdu “
ż t
´8
ż u
´8
|Kpt, uq||rpu, sq||Hpsq|dsdu
ď ||Hp¨q p¨q2 ||L8pJq
ż t
´8
ż u
´8
Kpt, uqrpu, sq
s2
dsdu ď ||Hp¨q p¨q2 ||L8pJq
ż t
´8
ż u
´8
Kpt, uq
u2
rpu, sqdsdu
ď 2||Hp¨q p¨q2 ||L8pJq
ż t
´8
Kpt, uq
u2
du ď 2||Hp¨q p¨q
2 ||L8pJq
α| logpλ0pT0qq|
ˆ
1` 1
λ0p´tq1´α
˙ż t
´8
du
u2
ď 2||Hp¨q p¨q
2 ||L8pJq
α| logpλ0pT0qq|
ˆ
1` 1
λ0p´tq1´α
˙
1
|t| , t P J
(4.273)
by (4.270), (4.271), and inspection of the formula for K. Now, substituting
x “ H ´ pr ˚Hq
using Fubini’s theorem as above, and using the resolvent equation
r `K ˚ r “ K
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we see that (4.272) is a solution to (4.261).
But, this means that we have a solution to the equation
αyptq “ F ptq `
ż 8
t
ypsq
logpλ0psqq
ˆ
1
1` s´ t `
1
pλ0ptq1´α ` s´ tqp1` s´ tq3
˙
ds, a.e. t ě T0 (4.274)
Since we are considering this equation for F satisfying (4.260) the right-hand side of the equation above is
a continuous function of t. So, y agrees with a continuous function a.e., and hence, we may extend y given
a.e. by (4.272) to a continuous function of t P rT0,8q.
(4.272), written in terms of y reads
yptq “ F ptq
α
´
ż 8
t
F psq
α
rp´t,´sqds (4.275)
and (4.270) implies that ż 8
t
rp´t,´zqdz ď 2, a.e. t ě T0 (4.276)
Now, we are finally ready to solve (4.259). Consider the complete, normed vector space pX, || ¨ ||Xq given by
X “ tf P C2prT0,8qq|||f ||X ă 8u
where
||f ||X “ suptěT0
´
|fptq|b logbptq
a
logplogptqq ` |f 1ptq|t logb`1ptq
a
logplogptqq ` |f2ptq|t2 logb`1ptq
a
logplogptqq
¯
(4.277)
We quickly remark that all previous manipulations done on vk, including estimates and representations of
inner products, are valid for all λ “ λ0 ` e, e P B1p0q Ă X , since (4.2) is valid for all λ of this form. For
e P B1p0q Ă X , RHSpe, tq is a continuous function of t P rT0,8q. We will now estimate RHSpe, tq for an
arbitrary e P B1p0q Ă X . The estimate we will obtain will then allow us to define a map, T , on B1p0q Ă X ,
and prove some properties about it, using the discussion above. Eventually, we will show that T has a fixed
point.
We start by estimating all the terms of RHSpe, tq, except for the one involving G, for e P B1p0q Ă X .
From our previous calculations, we have
|Eλ0,0 | ` |Ev3,ip,01| ` |Ev3,ip,f | ` |Eλ0,1 | ď
C
t2 logb`1ptq (4.278)
So, the first line of RHSpe, tq is bounded above in absolute value by
C
logplogptqqt2 logb`1ptq
Next, we note that
λ0,1ptq “
ż 8
t
ż 8
t1
´b2 logplogpt2qq
t22 log
b`2pt2q
dt2dt1 “ ´b
2 logplogptqq
pb` 1q logb`1ptq `O
ˆ
1
logb`1ptq
˙
(4.279)
Then, using the fact that e P B1p0q Ă X , we get that the terms in the second line of RHSpe, tq, except for
the one depending on G is bounded above in absolute value by
C
plogplogptqqq3{2t2 logb`1ptq
Similarly, the third, fourth, fifth, sixth, seventh, and eighth lines of RHSpe, tq are bounded above in absolute
value (respectively) by
C
plogplogptqqq2t2 logb`1ptq `
C
plogplogptqqq2 logb`1ptqt2 `
C logplogptqq
t2 logb`2ptq `
C
plogplogptqqq3{2t2 logb`1ptq
` C
t2 logb`2ptqplogplogptqq5{2 `
C
plogplogptqq5{2t3 logb`2ptq
(4.280)
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Now, we proceed to estimate the terms from G. In the below expressions, we note that λptq “ λ0ptq`eptq,
and e P B1p0q Ă X is arbitrary. Recalling the definition of E0,1, we have
|λptqE0,1pλptq, λ1ptq, λ2ptqq| ď C
t2 logb`1ptq (4.281)
Then, from (4.228), we have
| ´ 16
ż 8
t
λ2psq pK3ps´ t, λptqq ´K3,0ps´ t, λptqqq ds| ď C
t2 logb`1ptq (4.282)
From (4.139), we have
|λptqEv2,ippt, λptqq| ď
C
t2 logb`1ptq (4.283)
Using (4.120) and (4.114), we get
| 16
λptq2
ż 8
t
dsλ2psqKps´ t, λptqq| ď C
t2 logb`1ptq
| 16
λptq2
ż 8
t
dxλ2pxq
ˆ
K1px´ t, λptqq ´ λptq
2
4p1` x´ tq
˙
| ď C
t2 logb`1ptq
(4.284)
In order to proceed, we will use some pointwise estimates on v3, v4 and v5.
4.8.6 Pointwise estimates on v3, Bjrv3
Here, we will prove two simple pointwise estimate on v3 which do not directly follow from (4.71). As with
all of our work from now on, every estimate is valid for any λ of the form
λptq “ λ0ptq ` eptq, e P B1p0q Ă X
Lemma 4.8. We have the following pointwise estimates on Bjrv3, j “ 0, 1, 2:
|v3pt, rq| ď Cr logplogptqq
t2 logb`1ptq (4.285)
|v3pt, rq| ď C
r
ż 8
t
ds|λ2psq|ps´ tq (4.286)
|Brv3pt, rq| ď C
t2 logbptq (4.287)
Proof. We again make the decomposition
v3 “ v3,1 ` v3,2
and use the same estimates on v3,2 proven while obtaining (4.71), to get
|v3,2pt, rq| ď Cr
t2 logb`1ptq (4.288)
For v3,1, whose definition is (4.75), we have
|v3,1pt, rq| ď Cr
t2 logb`1ptq ` Cr
ż 8
6r
dw|λ2pt` wq|w| 1pλpt ` wq2´2α ` w2q ´
1
1` w2 | (4.289)
In order to estimate this integral, we use the fact that λ1pxq ď 0, x ě T0, and getż 1
0
dww
|λ2pt` wq|
pλpt ` wq2´2α ` w2q ď
C
t2 logb`1ptq
1
logp2α´2qbptq
ż 1
0
wdw
1` w2λptq2α´2
ď C logplogptqq
t2 logb`1ptq
(4.290)
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Also, ż 1
0
wdw|λ2pt` wq|
1` w2 ď
C
t2 logb`1ptq (4.291)
On the other hand, if w ě 1, then,
| 1pλpt` wq2´2α ` w2q ´
1
1` w2 | ď
C
w4
(4.292)
which gives ż 8
1
dw|λ2pt` wq|w| 1pλpt ` wq2´2α ` w2q ´
1
1` w2 | ď
C
t2 logb`1ptq (4.293)
In total, we get
|v3,1pt, rq| ď Cr logplogptqq
t2 logb`1ptq (4.294)
which gives (4.285). For the second pointwise estimate on v3 in the lemma, we use
|v3pt, rq| ď 1
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2 |λ2psq| ¨ 2
ď C
r
ż 8
t
ds|λ2psq|ps´ tq
(4.295)
We now prove the estimate on Brv3 in the lemma statement. We recall the definition of v3
v3pt, rq “ ´1
r
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2λ
2psq
˜
´1´ ρ2 ` r2a
p1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
(4.296)
Then, we make a decomposition analogous to v3 “ v3,1 ` v3,2, used previously, and treat each term
seperately:
|
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ2psq
r
Br
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2
¸
|
ď C
ˆ
sup
xět
|λ2pxq|
˙ż 8
0
ρdρ
ˆ
1` ρ2 ` r2
p4r2 ` p1` ρ2 ´ r2q2q3{2
˙
ď C sup
xět
|λ2pxq|
(4.297)
|
ż 8
t
ds
ż s´t
0
ρdρ
˜
1a
ps´ tq2 ´ ρ2 ´
1
ps´ tq
¸
λ2psq
r
Br pF3pr, ρ, λpsqqq |
ď C sup
xět
`|λ2pxq|λpxq4α´4˘ ż 8
0
ρdρ
pρ2 ` r2 ` λptq2´2αq
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q3{2
ď C sup
xět
`|λ2pxq|λpxq4α´4˘λptq4´4α
(4.298)
where we used
|BrF3|
r
ď Cppρ
2 ` r2qλpsq4α´4 ` λpsq2α´2q
p1` 2pρ2 ` r2qλpsq2α´2 ` pρ2 ´ r2q2λpsq4α´4q3{2 (4.299)
Next, we have the term where the r derivative acts on the 1
r
factored out of the integrals in (4.296). For
this term, we simply note that
1
r2
ż 8
t
ds
ż s´t
0
ρdρλ2psqaps´ tq2 ´ ρ2
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
“ ´v3pt, rq
r
(4.300)
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Then, using (4.285), we have
| 1
r2
ż 8
t
ds
ż s´t
0
ρdρλ2psqa
ps´ tq2 ´ ρ2
˜
´1´ ρ2 ` r2a
p1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
|
ď C logplogptqq
t2 logb`1ptq
(4.301)
The last term to estimate is
´
ż 8
t
ds
ps´ tq
ż s´t
0
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` r2a
p1 ` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
(4.302)
If s´ t ď 1
2
, we start with
|
ż s´t
0
ρdρ
r
Br
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2
¸
|
“ | ´1´ r
2 ` ps´ tq2a
4ps´ tq2 ` p1 ` r2 ´ ps´ tq2q2 ` 1|
“ 4ps´ tq
2a
4ps´ tq2 ` p1 ` r2 ´ ps´ tq2q2p1` r2 ´ ps´ tq2 `
a
p1` r2 ´ ps´ tq2q2 ` 4ps´ tq2q
ď Cps´ tq2, s´ t ď 1
2
(4.303)
This gives
| ´
ż t` 1
2
t
ds
ps´ tq
ż s´t
0
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` rap1` ρ2 ´ r2q2 ` 4r2
¸
|
ď C
t2 logb`1ptq
(4.304)
On the other hand, we have
| ´
ż 8
t` 1
2
ds
ps´ tq
ż s´t
0
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` rap1` ρ2 ´ r2q2 ` 4r2
¸
|
ď
ż 8
t` 1
2
ds
ps´ tq |λ
2psq| ¨ 2
ď C sup
xět
`
x|λ2pxq|˘ logptq
t
(4.305)
Now, we have to treat the F3 related terms. We start by recalling (4.299).
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Then, we use a slightly different procedure:
| ´
ż 8
t
ds
ps´ tq
ż s´t
0
ρdρ
λ2psq
r
Br pF3pr, ρ, λpsqqq |
ď C
ż 8
0
ρdρ
ż 8
ρ`t
ds|λ2psq|
ps´ tq
pρ2 ` r2 ` λpsq2´2αqλpsq4α´4
p1` 2pρ2 ` r2qλpsq2α´2 ` pρ2 ´ r2q2λpsq4α´4q3{2
ď C
ż 8
0
ρdρ
ż 8
ρ`t
ds|λ2psq|
ps´ tq
pρ2 ` r2 ` λptq2´2αqλpsq4α´4
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q3{2
ď C
ż 8
0
ρdρpρ2 ` r2 ` λptq2´2αq
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q3{2
1
logp4α´4qbptqt logb`1ptq
ż 8
ρ`t
ds
sps´ tq
ď C
ż t
0
ρdρpρ2 ` r2 ` λptq2´2αq
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q3{2
logp1` t
ρ
q
logp4α´4qbptqt2 logb`1ptq
` C
ż 8
t
ρdρpρ2 ` r2 ` λptq2´2αq
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q3{2
1
logp4α´4qbptqt2 logb`1ptq
(4.306)
We finally consider two subsets of the region r ď t seperately:ż λptq1´α
0
ρdρpρ2 ` r2 ` λptq2´2αq
p1 ` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q3{2
plogptq ` | logpρq|q
logp4α´4qbptqt2 logb`1ptq
ď C
ż λptq1´α
0
ρdρλptq2´2αplogptq ` | logpρq|q
p1 ` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q1{2
1
logp4α´4qbptqt2 logb`1ptq
ď C
t2 logbptq
(4.307)
Then, ż t
λptq1´α
ρdρpρ2 ` r2 ` λptq2´2αq
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q3{2
plogptq ` | logpρq|q
logp4α´4qbptqt2 logb`1ptq
ď C logptq
t2 logp4α´4qbptq logb`1ptq
ż 8
0
ρdρpρ2 ` r2 ` λptq2´2αq
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q3{2
ď C
t2 logbptq
(4.308)
The final integral to estimate is thenż 8
t
ρdρpρ2 ` r2 ` λptq2´2αq
p1` 2pρ2 ` r2qλptq2α´2 ` pρ2 ´ r2q2λptq4α´4q3{2
1
logp4α´4qbptqt2 logb`1ptq
ď C
t2 logb`1ptq
(4.309)
This gives (4.287).
4.8.7 Pointwise estimates on v4, Brv4
In this section, we prove
Lemma 4.9. For all λ of the form
λptq “ λ0ptq ` eptq, e P B1p0q Ă X
we have the pointwise estimates
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|v4pt, rq| ď
$&%
Cr
t2 log3b`2N´1ptq , r ď t2
C?
rt log
3N
2
`3b´1ptq
, r ą t
2
(4.310)
|Brv4pt, rq| ď
$&%
C
t2 log3b`2N´1ptq , r ď t2
C?
rt log
3b´1` 5N
2 ptq
, r ě t
2
(4.311)
and
|Btv4pt, rq| ď C?
rt log3b´1`
5N
2 ptq
, r ě t
2
(4.312)
We also have the L2 estimates
||Btv4||L2prdrq ` ||Brv4||L2prdrq ` ||
v4
r
||L2prdrq ď
C
t log2N`3bptq (4.313)
Proof. We start by considering v4pt, rq, for t2 ą r ą 0. In order to ease notation, let x P R2 be defined by
x “ re1. Then, we recall (4.102) and get
v4pt, rq “ ´r
2π
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0q
dApyqaps´ tq2 ´ |y|2
˜
B2v4,cps, |βx` y|q ppβx ` yq ¨ xˆq2
|βx` y|2
´ v4,cps, |βx` y|q ppβx ` yq ¨ xˆq
2
|βx` y|3
`v4,cps, |βx` y|q|βx` y|
˙ (4.314)
Note that, for |x| ď t
2
, 0 ă β ă 1, and |y| ď s´ t, we have
s´ |βx` y| ě t
2
(4.315)
This means that, for the purposes of estimating v4 in the region r ď t2 , we can use (4.161) to estimate v2,
for all r ě t
2
. We then combine this with the estimates for v1, v3, and F0,2, to get
|v4,cpt, rq| ď C|χě1p 2r
logN ptq q|
#
1
t2r3 log3bptq , r ď t2
logprq
log2bptqr4|t´r| `
log2bαptq
t2r3 log3b`1ptq , r ě t2
(4.316)
and similarly, for the derivatives, we have
|Brv4,cpt, rq| ď Cχě1p 2r
logN ptq q
#
1
r4t2 log3bptq , r ď t2
logprq
log2bptqr4pt´rq2 ` 1log3bptqt2r4 , r ě t2
`
C|χ1p 2r
logN ptq q|
log5N`2bptq
r
t2 logbptq
(4.317)
Then, we get
|v4pt, rq| ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyqa
ps´ tq2 ´ |y|2 |B2v4,cps, |βx` y|q|
` Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyqaps´ tq2 ´ |y|2 |v4,cps, |βx` y|q||βx ` y|
` Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyqaps´ tq2 ´ |y|2 |B2v4,cps, |βx ` y|q|
` Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyqaps´ tq2 ´ |y|2 |v4,cps, |βx` y|q|βx` y|
(4.318)
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Each line of (4.318) is then further split into two terms, based on the decomposition
1a
ps´ tq2 ´ |y|2 “
1
s´ t `
˜
1a
ps´ tq2 ´ |y|2 ´
1
s´ t
¸
and estimated seperately. For the first term of the first line, we have
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
ps´ tq |B2v4,cps, |βx` y|q|
ď Cr
ż 1
0
dβ
ż t` 1
2
t
ds
ż
Bs´tp0q
dApyq
ps´ tq
1
log4N psqs2 log3bpsq ` Cr
ż 1
0
dβ
ż 8
t` 1
2
ds
ps´ tq
ż
B s
2
p´βxq
dApyq1t|βx`y|ělogN psqu
|βx` y|4s2 log3bpsq
ď Cr
ż 1
0
dβ
ż t` 1
2
t
ds
ps´ tq
s2 log3b`4N psq ` Cr
ż 1
0
dβ
ż 8
t` 1
2
ds
ps´ tq
ż
B s
2
p0q
dApzq1t|z|ělogN psqu
|z|4s2 log3bpsq
ď Cr
t2 log3b`4N ptq ` Cr
ż 1
0
dβ
ż 8
t` 1
2
ds
ps´ tq
ż s
2
logN psq
ρdρ
ż 2π
0
dθ
ρ4s2 log3bpsq
ď Cr
log3b`2N´1ptqt2
(4.319)
where we used
|χ1p |βx`y|
logN psq q||βx ` y|
log5N`3bpsqs2 ď C
1t|βx`y|ělogN psqu
|βx ` y|4 log3bpsqs2
Next, we estimate
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
˜
1aps´ tq2 ´ |y|2 ´ 1ps´ tq
¸
|Brv4,cps, |βx` y|q|
ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0q
dApyq
˜
1aps´ tq2 ´ |y|2 ´ 1ps´ tq
¸
1
log2N psq
1
plog2N ptq ` |βx ` y|2qs2 log3bpsq
ď Cr
ż 1
0
dβ
ż 8
0
ρdρ
ż 2π
0
dθ
log2N ptq
1
plog2N ptq ` β2r2 ` ρ2 ` 2βrρ cospθqq
1
log3bptq
ż 8
ρ`t
ds
s2
˜
1a
ps´ tq2 ´ ρ2 ´
1
ps´ tq
¸
ď Cr
ż 1
0
dβ
ż 8
0
ρdρ
ż 2π
0
dθ
log2N`3bptq
1
plog2N ptq ` β2r2 ` ρ2 ` 2βrρ cospθqq
1
pρ` tq2
ď Cr
log2N`3bptq
ż 1
0
dβ
ż 8
0
ρdρ
pρ` tq2
1b
plog2N ptq ` pβr ` ρq2qplog2N ptq ` pβr ´ ρq2q
ď Cr
log2N`3bptq
ż 1
0
dβ
ż t
0
ρdρ
pρ` tq2
1b
plog2N ptq ` pβr ` ρq2qplog2N ptq ` pβr ´ ρq2q
` Cr
log2N`3bptq
ż 1
0
dβ
ż 8
t
ρdρ
ρ4
ď Crplogp2` r
2q ` logp2 ` t2qq
t2 log2N`3bptq
ď Cr
t2 log2N`3b´1ptq , r ď
t
2
(4.320)
where, we used the fact that
ρ ě t, r ď t
2
ùñ |βr ´ ρ| “ ρ´ βr ě ρ
2
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Next, we estimate
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
ps´ tq
|v4,cps, |βx ` y|q|
|βx` y|
ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
ps´ tq
χě1p |βx`y|logN psq q
log3bpsqs2|βx ` y|4
(4.321)
The last line in the above equation has already been estimated above, and we get
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
ps´ tq
|v4,cps, |βx ` y|q|
|βx` y| ď
Cr
t2 log3b`2N´1ptq (4.322)
Next, we have
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
˜
1a
ps´ tq2 ´ |y|2 ´
1
ps´ tq
¸
|v4,cps, |βx ` y|q|
|βx` y|
ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
˜
1aps´ tq2 ´ |y|2 ´ 1ps´ tq
¸
χě1p |βx`y|logN psq q
|βx ` y|4s2 log3bpsq
(4.323)
The last line in the above equation has also been estimated above. Next, we recall that
r ď t
2
, |y| ď s´ t ùñ s´ |βx` y| ě t
2
and consider
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyq
ps´ tq |B2v4,cps, |βx` y|q| (4.324)
We first treat the portion of the integral when s´ t ď 1
2
:
r
ż 1
0
dβ
ż t` 1
2
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyq
ps´ tq |B2v4,cps, |βx ` y|q|
ď Cr
ż 1
0
dβ
ż t` 1
2
t
ds
ż
Bs´tp0q
dApyq
ps´ tq
ˆ
1
log2b´1psqs4t2 `
1
log3bpsqs6
˙
ď Cr
t6 log2b´1ptq
(4.325)
We next consider the region s´ t ě 1
2
, and get
r
ż 1
0
dβ
ż 8
t` 1
2
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyq
ps´ tq |B2v4,cps, |βx` y|q|
ď Cr
ż 1
0
dβ
ż 8
t` 1
2
ds
ps´ tq
ż
pB s
2
p0qqc
dApzq
ˆ
logp|z|q
log2bpsq|z|4t2 `
1
log3bpsqs2|z|4
˙
ď Cr
ż 8
t` 1
2
ds
ps´ tq
1
s2t2 log2b´1psq
ď Cr
t4 log2b´2ptq
(4.326)
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Next, we have
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyq
˜
1aps´ tq2 ´ |y|2 ´ 1ps´ tq
¸
|B2v4,cps, |βx ` y|q|
ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0q
dApyq
˜
1aps´ tq2 ´ |y|2 ´ 1ps´ tq
¸
1
s2
logpsq
pt2 ` |βx` y|2qt2 log2bpsq
ď Cr
ż 1
0
dβ
ż 8
0
ρdρ
ż 2π
0
dθ
pρ` tqt3 log2b´1ptqpt2 ` β2r2 ` ρ2 ` 2βrρ cospθqq
(4.327)
We can then treat the last line of the above equation in the same way as we treated (4.320). This results in
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyq
˜
1aps´ tq2 ´ |y|2 ´ 1ps´ tq
¸
|B2v4,cps, |βx ` y|q|
ď Cr
t4 log2b´2ptq
(4.328)
Next, we have
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyq
ps´ tq |
v4,cps, |βx ` y|q
|βx` y| | (4.329)
The contribution to the integral from the region s ´ t ď 1
2
is treated in an identical manner as above, and
we estimate the other contribution, using the same procedure as used above:
r
ż 1
0
dβ
ż 8
t` 1
2
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyq
ps´ tq
|v4,cps, |βx` y|q|
|βx` y|
ď Cr
ż 1
0
dβ
ż 8
t` 1
2
ds
ps´ tq
ż 8
s
2
ρdρ
ż 2π
0
dθ
˜
1
t log2b´1psqρ5 `
log2bαpsq
s2ρ4 log3b`1psq
¸
ď Cr
ż 8
t` 1
2
ds
ps´ tqts3 log2b´1psq ` Cr
ż 8
t` 1
2
log2bα´3b´1psqds
ps´ tqs4
ď Cr
t4 log2b´2ptq
(4.330)
The last term to estimate is
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyq
˜
1a
ps´ tq2 ´ |y|2 ´
1
ps´ tq
¸
|v4,cps, |βx ` y|q|
|βx` y|
ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0q
dApyq
˜
1aps´ tq2 ´ |y|2 ´ 1ps´ tq
¸˜
logpsq
log2bpsqs5t `
log2bαpsq
s6 log3b`1psq
¸
ď Cr
ż 8
0
ρdρ
ż 8
ρ`t
ds
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸˜
1
pρ` tq4t2 log2b´1ptq `
log2bα´3b´1ptq
pρ` tq6
¸
ď Cr
t4 log2b´1ptq
(4.331)
Combining these estimates, we conclude that
|v4pt, rq| ď Cr
t2 log3b`2N´1ptq , r ď
t
2
(4.332)
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Next, we estimate Brv4, starting with the region r ď t2 . We recall the function G defined in (4.100):
Gps, r, ρq “
ż 2π
0
dθ
v4,cps,
a
r2 ` 2rρ cospθq ` ρ2qa
r2 ` 2rρ cospθq ` ρ2 pr ` ρ cospθqq
s ě t, r ě 0, s´ t ě ρ ě 0
(4.333)
and start with
v4pt, rq “ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2Gps, r, ρq (4.334)
Note that, when we estimated v4 in the region r ď t2 , we used
Gps, r, ρq “ r
ż 1
0
B2Gps, rβ, ρqdβ
Now, we have
Brv4pt, rq “ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2 B2Gps, r, ρq (4.335)
Therefore, the identical procedure gives the estimate
|Brv4pt, rq| ď C
t2 log3b`2N´1ptq , r ď
t
2
(4.336)
Now, we treat the region r ě t
2
. Here, we use a different combination of the v2 estimates in the various
regions, to obtain
|v4,cpt, rq| ď C|χě1p 2r
logN ptq q|
$’’&’’%
1
r3t2 log3bptq , r ď t2
logprq
log2bptqr4|t´r| `
log2bαptq
t2r3 log3b`1ptq ,
t
2
ď r ď t´?t, r ą t`?t
1
log2bptqr9{2 , t´
?
t ď r ď t`?t
(4.337)
and
|Brv4,cpt, rq| ď
C|χ1p 2r
logN ptq q|
log2b`N ptqr4
ˆ
r
t2 logbptq
˙
`
Cχě1p 2rlogN ptqq
r4 log2bptq
$’’&’%
1
t2 logbptq , r ď t2
1
t2 logbptq `
logprq
pt´rq2 ,
t
2
ď r ď t´ t1{4, or r ě t` t1{4
1?
r
, t´ t1{4 ď r ď t` t1{4
(4.338)
Next, we will use a different representation formula for v4 to estimate v4 and Brv4 in the region r ě t2 .
In particular, we have
v4pt, rq “
ż 8
t
dx
ż 8
0
dξJ1prξq sinppt´ xqξqyv4,cpx, ξq (4.339)
So, it suffices to estimate yv4,c. To do this, we consider seperately the regions
1
ξ
ě t`
?
t, t`
?
t ě 1
ξ
ě t´
?
t, t´
?
t ě 1
ξ
ě t
2
,
t
2
ě 1
ξ
ě logN ptq (4.340)
Then, for example, in the case 1
ξ
ě t`?t, we have
ż 8
0
J1prξqrv4,cpt, rqdr “
5ÿ
k“1
ż
Ik
J1prξqrv4,cpt, rqdr (4.341)
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where
I1 “ r1
ξ
,8q, I2 “ rt`
?
t,
1
ξ
s, I3 “ rt´
?
t, t`
?
ts, I4 “ r t
2
, t´
?
ts, I5 “ r0, t
2
s (4.342)
and we use
|J1pxq| ď
#
Cx, 0 ă x ă 1
C?
x
, x ą 1
and (4.337). The analogous decomposition is done for all cases of ξ mentioned above.
This procedure results in
| {v4,cpt, ξq| ď
$’’’’’&’’’’’%
Cξ logptqplogptq`| logpξq|q
t2 log2bptq `
Cξ2| logpξq|¨| logp1´tξq|
t log2bptq , ξ ď 1t`?t
Cξ
t2 log2b´2ptq ,
1
t`?t ď ξ ď 1t´?t
Cξ log2ptq
t2 log2bptq ,
1
t´?t ď ξ ď 2t
Cξp| logpξq|`logplogptqqq
t2 log3bptq ` C?ξt7{2 log2b´2ptq , 2t ď ξ ď 1logN ptq
(4.343)
Rather than recording pointwise estimates on yv4,cpt, ξq in the region 1ξ ď logN ptq, we use the following
argument to infer an integral estimate on yv4,cpt, ξq. From (4.337) and (4.338),
||
ˆ
Br ` 1
r
˙
v4,cpt, rq||L2prdrq ď ||Brv4,cpt, rq||L2prdrq ` ||v4,cpt, rq
r
||L2prdrq
ď C
t2 log3b`3N ptq
(4.344)
On the other hand,ż 8
0
J0prξq
ˆ
Brv4,cpt, rq ` v4,cpt, rq
r
˙
rdr “ ´
ż 8
0
v4,cpt, rqJ 10prξqξrdr “ ξ
ż 8
0
v4,cpt, rqJ1prξqrdr
“ ξyv4,cpt, ξq (4.345)
where the vanishing of the boundary terms arising from integration by parts is justified by (4.337).
By the L2 isometry property of the Hankel transform of order 0, this implies
C
t2 log3b`3N ptq ě ||Brv4,cpt, rq `
v4,cpt, rq
r
||L2prdrq “ ||ξyv4,cpt, ξq||L2pξdξq (4.346)
Then, we use
|J1pxq| ` |J 11pxq| ď
C?
x
in the formulae
v4pt, rq “
ż 8
t
dx
ż 8
0
dξJ1prξq sinppt´ xqξqyv4,cpx, ξq (4.347)
and
Brv4pt, rq “
ż 8
t
dx
ż 8
0
dξξJ 11prξq sinppt´ xqξqyv4,cpx, ξq (4.348)
(Note that the differentiation under the integral sign is justified by the pointwise estimates on yv4,c, as well
as (4.346)).
Thus, we get
|v4pt, rq| ď C
ż 8
t
dx?
r
ż 1
logN pxq
0
dξ
|yv4,cpx, ξq|?
ξ
` C
ż 8
t
dx?
r
ż 8
1
logN pxq
dξ
|yv4,cpx, ξq|?
ξ
¨ ξ
3{2
ξ3{2
ď C
ż 8
t
dx?
r
ż 1
logN pxq
0
dξ
|yv4,cpx, ξq|?
ξ
` C
ż 8
t
dx?
r
˜ż 8
1
logN pxq
dξ
ξ4
¸1{2
||ξyv4,cpx, ξq||L2pξdξq
(4.349)
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and
|Brv4pt, rq| ď C
ż 8
t
dx?
r
ż 1
logN pxq
0
dξ|yv4,cpx, ξq|aξ ` C ż 8
t
dx?
r
ż 8
1
logN pxq
dξ|yv4,cpx, ξq|aξ ¨ ξ
ξ
ď C
ż 8
t
dx?
r
ż 1
logN pxq
0
dξ|yv4,cpx, ξq|aξ ` C ż 8
t
dx?
r
˜ż 8
1
logN pxq
dξ
ξ2
¸1{2
||ξyv4,cpx, ξq||L2pξdξq
(4.350)
Using our pointwise estimates on yv4,c, as well as (4.346), we get
|v4pt, rq| ď C?
rt log
3N
2
`3b´1ptq
, r ě t
2
(4.351)
and
|Brv4pt, rq| ď C?
rt log3b´1`
5N
2 ptq
, r ě t
2
(4.352)
In addition, we have
Brv4pt, rq ` v4pt, rq
r
“
ż 8
t
dx
ż 8
0
ξdξJ0prξq sinppt´ xqξqyv4,cpx, ξq (4.353)
First using Minkowski’s inequality, then the L2 isometry property of the Hankel transform of order 0,
and then that of the Hankel transform of order 1, we get
||Brv4pt, rq ` v4pt, rq
r
||L2prdrq ď
ż 8
t
dx||
ż 8
0
ξdξJ0prξq sinppt´ xqξqyv4,cpx, ξq||L2prdrq
ď
ż 8
t
dx|| sinppt´ xqξqyv4,cpx, ξq||L2pξdξq ď ż 8
t
dx||yv4,cpx, ξq||L2pξdξq
ď
ż 8
t
dx||v4,cpxq||L2prdrq ď
ż 8
t
dx
C
log2N`3bpxqx2
ď C
t log2N`3bptq
(4.354)
where we used (4.337). Note that this is simply the energy estimate for the equation solved by v4. Next, we
note that the pointwise estimates established for v4 imply that
v4pt, 0q “ 0, lim
rÑ8 v4pt, rq “ 0
So,
||
ˆ
Br ` 1
r
˙
v4||2L2prdrq “
ż 8
0
ˆ
pBrv4q2 ` Brpv
2
4q
r
` v
2
4
r2
˙
rdr
“ ||Brv4||2L2prdrq ` ||
v4
r
||2L2prdrq
(4.355)
We now treat Btv4:
Btv4pt, rq “
ż 8
t
dx
ż 8
0
dξJ1prξq cosppt´ xqξqξyv4,cpx, ξq (4.356)
where the differentiation under the integral sign is again justified by the pointwise estimates on yv4,c and
(4.346).
This gives
|Btv4pt, rq| ď C?
r
ż 8
t
dx
ż 8
0
dξ
a
ξ|yv4,cpx, ξq| (4.357)
66
So, the same exact procedure used for Brv4 pointwise estimates in the region r ě t2 also applies to Btv4.
Finally,
||Btv4pt, rq||L2prdrq ď
ż 8
t
dx||
ż 8
0
ξdξJ1prξq cosppt´ xqξqyv4,cpx, ξq||L2prdrq
ď
ż 8
t
dx|| cosppt´ xqξqyv4,cpx, ξq||L2pξdξq ď ż 8
t
dx||yv4,cpx, ξq||L2pξdξq
ď
ż 8
t
dx||v4,cpxq||L2prdrq ď
ż 8
t
dx
C
log2N`3bpxqx2
ď C
t log2N`3bptq
(4.358)
This completes the proof of the lemma.
4.8.8 Pointwise estimates on v5
Lemma 4.10. For all λ of the form
λptq “ λ0ptq ` eptq, e P B1p0q Ă X
we have the pointwise estimates
|v5pt, rq| ď
$&%
Cr
t7{2 log3b´3`
5N
2 ptq
, r ď t
2
C log4ptq?
rt3{2 , r ą t2
(4.359)
|Brv5pt, rq| ď
$&%
C
t7{2 log3b´3`
5N
2 ptq
, r ď t
2
C log3ptq?
rt3{2 , r ą t2
(4.360)
|Btv5pt, rq| ď C log
3ptq?
rt3{2
, r ą t
2
(4.361)
In addition, we have the L2 estimates
||Btv5||L2prdrq ` ||Brv5||L2prdrq ` ||
v5
r
||L2prdrq ď C
log3ptq
t7{4
(4.362)
Proof. We start with the region t
2
ą r ą 0. In order to ease notation, let x P R2 be defined by x “ re1.
Then,
v5pt, rq “ ´r
2π
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0q
dApyqa
ps´ tq2 ´ |y|2
˜
B2N2pfv5qps, |βx` y|q ppβx ` yq ¨ xˆq2
|βx` y|2
´ N2pfv5qps, |βx` y|q ppβx ` yq ¨ xˆq
2
|βx` y|3
`N2pfv5qps, |βx` y|q|βx` y|
˙ (4.363)
We then decompose
v5pt, rq “ v5,1pt, rq ` v5,2pt, rq
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where
v5,1pt, rq “ ´r
2π
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyqa
ps´ tq2 ´ |y|2
˜
B2N2pfv5qps, |βx ` y|q ppβx` yq ¨ xˆq2
|βx ` y|2
´ N2pfv5qps, |βx ` y|q ppβx` yq ¨ xˆq
2
|βx ` y|3
`N2pfv5qps, |βx ` y|q|βx` y|
˙
(4.364)
and
v5,2pt, rq “ v5pt, rq ´ v5,1pt, rq (4.365)
Finally, we use the pointwise estimates on v1, v2, v3, v4 to record pointwise estimates on N2pfv5q: We start
with
|N2pfqpt, rq| ď Crpfpt, rqq
2
λptqp1 ` r2
λptq2 qr2
` C |fpt, rq|
3
r2
(4.366)
The first set of estimates we will require on N2pfv5q concern the regions r ď t2 , and t ą r ą t2 . In the region
r ď t
2
, we get
|N2pfv5qpt, rq| ď
Cr
pλptq2 ` r2qt4 log3bptq `
Cr
t6 log3bptq , r ď
t
2
(4.367)
In the region t ą r ą t
2
, we use (4.161) to estimate v2 in the region t ą r ě t2 , exactly as was done while
studying v4, and we get
|N2pfv5qpt, rq| ď
C log3prq
r2|t´ r|3 `
Cλptq
r7{2t5{2 log3N`6b´2ptq , t ą r ě
t
2
(4.368)
Next, we consider BrN2pfv5q:
|BrpN2pfqqpt, rq| ď Cpfpt, rqq
2
r2λptq
´
1` r2
λptq2
¯ ` C|fpt, rqBrfpt, rq|
λptqr
´
1` r2
λptq2
¯ ` C|fpt, rq|3
r3
` C|fpt, rq
2Brfpt, rq|
r2
(4.369)
We again treat the regions t ą r ą t
2
and r ď t
2
. We get
|BrN2pfv5qpt, rq| ď
C
t4 log3bptqpλptq2 ` r2q `
C
t6 log3bptq , r ď
t
2
(4.370)
|BrN2pfv5qpt, rq| ď
C
r3t3 log4N`7b´2ptq `
Cλptq logprq
r3t3{2|t´ r| log3b´1` 5N2 ptq
` C log
2prq
r2t3{2pt´ rq2 log3b´1` 5N2 ptq
` C log
3prq
r2pt´ rq4 , t ą r ě
t
2
(4.371)
where we used
1
r
ď 1|t´ r| , r ě
t
2
So,
|v5,1pt, rq| ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyqa
ps´ tq2 ´ |y|2
¨˝
1
s4 logbpsq
´
1` |βx`y|2
λpsq2
¯ ` 1
s6 log3bpsq
‚˛
(4.372)
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We treat several terms comprising (4.372) sperately. First, we have
r
ż 1
0
dβ
ż t` 1
2
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
ps´ tq
1
s4 logbpsq
´
1` |βx`y|2
λpsq2
¯
ď Cr
ż 1
0
dβ
ż t` 1
2
t
ds
ż s´t
0
ρdρ
ps´ tq
ż 2π
0
dθ
s4 logbpsq
ď Cr
t4 logbptq
(4.373)
Next,
r
ż 1
0
dβ
ż 8
t` 1
2
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
ps´ tq
1
s4 logbpsq
´
1` |βx`y|2
λpsq2
¯
ď Cr
ż 1
0
dβ
ż 8
t` 1
2
ds
ps´ tq
ż s´t
0
ρdρ
ż 2π
0
dθ
s2pρ` tq2 logbpsqp1` β2r2 ` ρ2 ` 2βrρ cospθqq
ď Cr
ż 1
0
dβ
ż 8
t` 1
2
ds
plogp2` r2β2q ` logp2` t2qq
ps´ tqs2 logbpsqt2
ď Cr
t4 logb´2ptq , r ď
t
2
(4.374)
where we used the same procedure that we used in (4.320).
The third term to consider is
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyq
˜
1aps´ tq2 ´ |y|2 ´ 1ps´ tq
¸¨˝
1
s4 logbpsq
´
1` |βx`y|2
λpsq2
¯‚˛
ď Cr
ż 1
0
dβ
ż 8
0
ρdρ
pρ` tq2
ż 2π
0
dθ
p1` β2r2 ` ρ2 ` 2βrρ cospθqq
ż 8
ρ`t
ds
˜
1a
ps´ tq2 ´ ρ2 ´
1
ps´ tq
¸
1
s2 logbpsq
ď Cr
ż 1
0
dβ
ˆ
logp2` r2β2q ` logp2` t2q
t2
˙
1
t2 logbptq
ď Cr
t4 logb´1ptq , r ď
t
2
(4.375)
Finally, the last term to consider is
r
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´βxq
dApyqaps´ tq2 ´ |y|2 1s6 log3bpsq
ď Cr
ż 1
0
dβ
ż 8
t
ds
1
s6 log3bpsq
ż s´t
0
ρdρ
ż 2π
0
dθa
ps´ tq2 ´ ρ2
ď Cr
ż 8
t
ds
ps´ tq
s6 log3bpsq
ď Cr
t4 log3bptq
(4.376)
Combining the above estimates, we conclude:
|v5,1pt, rq| ď C r
t4 logb´2ptq , r ď
t
2
(4.377)
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Next, we treat v5,2.
v5,2pt, rq “ ´r
2π
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyqa
ps´ tq2 ´ |y|2
˜
B2N2pfqps, |βx ` y|q ppβx` yq ¨ xˆq2
|βx` y|2
´ N2pfqps, |βx ` y|q ppβx ` yq ¨ xˆq
2
|βx` y|3
`N2pfqps, |βx ` y|q|βx` y|
˙
(4.378)
So,
|v5,2pt, rq|
ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyqaps´ tq2 ´ |y|2
ˆ
|B2N2pfqps, |βx` y|q| ` |N2pfqps, |βx` y|q||βx` y|
˙
ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´βxqqc
dApyqaps´ tq2 ´ |y|2 integrandv5,2ps, |βx` y|q
(4.379)
where
integrandv5,2ps, |βx ` y|q “
1
|βx ` y|3s3 log4N`7b´2psq `
λpsq logp|βx` y|q
|βx` y|3|s´ |βx` y||s3{2 log3b´1` 5N2 psq
` log
2p|βx ` y|q
|βx ` y|2s3{2ps´ |βx` y|q2 log3b´1` 5N2 psq
` log
3p|βx` y|q
|βx` y|2ps´ |βx` y|q4
(4.380)
Exactly as in the case of v4, we note that, for z P Bs´tpβxq X pB s
2
p0qqc, we have
|z| “ |z ´ βx` βx| ď |z ´ βx| ` r ă s´ t` r ď s´ t
2
(4.381)
So,
s´ |z| ě t
2
(4.382)
We use this estimate for every term in integrandv5,2 , except for the term
log3p|βx`y|q
|βx`y|2ps´|βx`y|q4 ď C log
3psq
s2t3ps´|βx`y|q .
Then,
|v5,2pt, rq|
ď Cr
ż 1
0
dβ
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
˜
log2psq
s7{2t2 log3b´1`
5N
2 psq
` log
3psq
s3t3
¸
` Cr
ż 1
0
dβ
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
log3psq
s2t3ps´aβ2r2 ` ρ2 ` 2βrρ cospθqq
ď Cr
t7{2 log3b´3`
5N
2 ptq
` Cr
ż 1
0
dβ
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
log3psq
s2t3ps´aβ2r2 ` ρ2 ` 2βrρ cospθqq
(4.383)
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We need only continue to estimate the last line of (4.383).
r
ż 1
0
dβ
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ
log3psq
s2t3ps´
a
β2r2 ` ρ2 ` 2βrρ cospθqq
ď Cr
ż 1
0
dβ
ż 8
0
ρdρ
ż 2π
0
dθ
t3
ż 8
t`ρ
dsaps´ tq2 ´ ρ2 log
3psq
s2
1
ps´aρ2 ` 2ρβr cospθq ` β2r2q
ď Cr
ż 1
0
dβ
ż 8
0
ρdρ
ż 2π
0
dθ
t3
ż 8
t`ρ
ds?
s´ t` ρ
1?
s´ t´ ρ
log3psq
s2
1
ps´aρ2 ` 2ρβr cospθq ` β2r2q
ď Cr
ż 1
0
dβ
ż 8
0
ρdρ
ż 2π
0
dθ
t3
1?
ρ
log3pt` ρq
pt` ρq2
ż 8
t`ρ
ds?
s´ t´ ρ
1
ps´aρ2 ` 2ρβr cospθq ` β2r2q
ď Cr
ż 1
0
dβ
ż 8
0
?
ρ log3pt` ρq
pt` ρq2 dρ
ż 2π
0
dθ
t3
1?
t
ď C r log
3ptq
t4
(4.384)
So, we get
|v5,2pt, rq| ď Cr
t7{2 log3b´3`
5N
2 ptq
, r ď t
2
(4.385)
In total, we have
|v5pt, rq| ď Cr
t7{2 log3b´3`
5N
2 ptq
, r ď t
2
(4.386)
Exactly as for Brv4, we have
|Brv5pt, rq| ď C
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ˜
|B2N2pfv5qps,
a
r2 ` ρ2 ` 2rρ cospθqq| ` |N2pfv5qps,
a
r2 ` ρ2 ` 2rρ cospθqq|a
r2 ` ρ2 ` 2rρ cospθq
¸
(4.387)
As was also the case for v4, the integrals appearing in (4.387) were already estimated above. So, we get
|Brv5pt, rq| ď C
t7{2 log3b´3`
5N
2 ptq
, r ď t
2
(4.388)
We will now prove estimates on v5pt, rq and Brv5 in the region r ě t2 . For the next steps, we will use slightly
different combinations of the estimates (4.161) and (4.160) for v2 in various subsets of the region r ě t2 , in
order to estimate N2pfv5q, resulting in
|N2pfv5qpt, rq| ď
$’&’’%
Cr
pλptq2`r2qt4 log3bptq ` Crt6 log3bptq , r ď t2
C log3prq
r2|t´r|3 ` Cr7{2t5{2 log3N`7b´2ptq , t2 ď r ď t´
?
t or r ě t`?t
C
r7{2 , t´
?
t ď r ď t`?t
(4.389)
We will also need estimates on BrN2pfv5q. To obtain these, we use (4.159) in the region r ď t2 . In the region
r ą t
2
, we use (4.160) in the region t ´ ?t ď r ď t ` ?t, and (4.161) in the regions t
2
ă r ă t ´ ?t and
r ą t ` ?t for v2. For Brv2, we use (4.160) in the region t ´ t1{4 ď r ď t ` t1{4 and (4.161) in the regions
t
2
ď r ď t´ t1{4 and t` t1{4 ď r. Then, we get
|BrN2pfv5qpt, rq| ď
C
t4 log3bptqpλptq2 ` r2q `
C
t6 log3bptq , r ď
t
2
(4.390)
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|BrN2pfv5qpt, rq| ď
C
r3t3 log4N`7b´2ptq `
C logprq
r3|t´ r|t3{2 log4b´1` 5N2 ptq
` C log
2prq
r2t3{2pt´ rq2 log3b´1` 5N2 ptq
` C log
3prq
r2pt´ rq4 , t´
?
t ą r ą t
2
or r ą t`
?
t
(4.391)
|BrN2pfv5qpt, rq| ď
#
C logprq
r3pt´rq2 , t´
?
t ď r ď t´ t1{4, or t` t1{4 ď r ď t`?t
C
r7{2 , t´ t1{4 ď r ď t` t1{4
(4.392)
Then, we have
v5pt, rq “
ż 8
t
ds
ż 8
0
dξJ1prξq sinppt´ sqξq {N2pfv5qps, ξq (4.393)
and we will prove estimates on {N2pfv5qpt, ξq, for 1ξ ě 1. We consider seperately the cases
1
ξ
ě t`
?
t, t´
?
t ď 1
ξ
ď t`
?
t,
t
2
ď 1
ξ
ď t´
?
t, 1 ď 1
ξ
ď t
2
and proceed in exactly the same manner as was done for yv4,c.
This results in
| {N2pfv5qpt, ξq| ď Cξt `log3ptq ` | logpξq|3˘ , 1ξ ě t`?t (4.394)
| {N2pfv5qpt, ξq| ď C log3ptqt2 , t´?t ď 1ξ ď t`?t (4.395)
| {N2pfv5qpt, ξq| ď C log3ptqt2 , t2 ď 1ξ ď t´?t (4.396)
| {N2pfv5qpt, ξq| ď C
ξt4 log3bptq `
C
ξ3t6 log3bptq `
C log3ptq?
ξt5{2
, 1 ď 1
ξ
ď t
2
(4.397)
For the region 1
ξ
ă 1, we again use the following argument:
From (4.389) and the BrN2pfv5q estimates which follow it,
||
ˆ
Br ` 1
r
˙
N2pfv5qpt, rq||L2prdrq ď ||BrN2pfv5qpt, rq||L2prdrq ` ||
N2pfv5qpt, rq
r
||L2prdrq
ď C logptq
t23{8
(4.398)
Then, the same procedure used for v4,c gives
C logptq
t23{8
ě ||BrN2pfv5qpt, rq `
N2pfv5qpt, rq
r
||L2prdrq “ ||ξ {N2pfv5qpt, ξq||L2pξdξq (4.399)
Now, we return to
v5pt, rq “
ż 8
t
ds
ż 8
0
dξJ1prξq sinppt´ sqξq {N2pfv5qps, ξq (4.400)
use
|J1pxq| ď C?
x
and the same procedure used for v4:
|v5pt, rq| ď C?
r
ż 8
t
ds
ż 1
0
dξ?
ξ
| {N2pfv5qps, ξq| ` C?r
ż 8
t
ds
ˆż 8
1
dξ
ξ4
˙1{2
||ξ {N2pfv5qps, ξq||L2pξdξq
ď C?
r
log4ptq
t3{2
(4.401)
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Next, the pointwise estimates on {N2pfv5q, as well as (4.399) justify the following differentiation under
the integral sign:
Brv5pt, rq “
ż 8
t
ds
ż 8
0
dξξJ 11prξq sinppt´ sqξq {N2pfv5qps, ξq (4.402)
and we also have
|J 11pxq| ď
C?
x
So,
|Brv5pt, rq| ď C?
r
ż 8
t
ds
ż 1
0
dξ
a
ξ| {N2pfv5qps, ξq| ` C?r
ż 8
t
ds||ξ {N2pfv5qpsq||L2pξdξq
ď C log
3ptq?
rt3{2
(4.403)
For Btv5, we can similarly differentiate under the integral sign to get
Btv5pt, rq “
ż 8
t
dx
ż 8
0
dξJ1prξq cosppt´ xqξqξ {N2pfv5qpx, ξq (4.404)
so, the same argument used for Brv5 also applies to Btv5.
Finally, the same procedure used for the energy estimates for v4 also applies here, to give
||Btv5||L2prdrq ` ||
ˆ
Br ` 1
r
˙
v5||L2prdrq ď
ż 8
t
||N2pfv5qpx, rq||L2prdrqdx
ď C log
3ptq
t7{4
(4.405)
(We again have
||
ˆ
Br ` 1
r
˙
v5||2L2prdrq “ ||Brv5||2L2prdrq ` ||
v5
r
||2L2prdrq
by the same argument used while studying v4).
4.8.9 Solving the modulation equation
The main result of this section is
Proposition 4.1. There exists T3 ą 0 such that, for all T0 ě T3, there exists λ P C2prT0,8qq which solves
(4.242). Moreover,
λptq “ λ0ptq ` e0ptq, ||e0||X ď 1 (4.406)
(|| ¨ ||X was defined in (4.277)).
Proof. We use our pointwise estimates on vk, E5 to get
| ´ λptqx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v4
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y| ď
C
λptq
ż t
2λptq
0
R2
p1`R2q3 |v4pt, Rλptqq|dR
ď C
t2 log3b`2N´1ptq
(4.407)
| ´ λptqx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v5
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y| ď
C
t7{2 log3b´3`
5N
2 ptq
(4.408)
| ´ λptqx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
E5|r“Rλptq, φ0y| ď C
t2 logb`1ptq (4.409)
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| ´ λptqx
˜˜
cosp2Q 1
λptq
q ´ 1
r2
¸
pv1 ` v2 ` v3q ` F0,2
¸
χě1p 2r
logN ptq q|r“Rλptq, φ0y|
ď Cλptq
ż 8
0
|v4,cpt, Rλptqq|φ0pRqRdR ď C
t2 log3b`2N ptq
(4.410)
Combining the above with our previous estimates, there exists a constant D1 ą 0 such that
|Gpt, λptqq| ď D1
t2 logb`1ptq , λ “ λ0 ` e, e P B1p0q Ă X
Then, combining this with the estimate of all the terms comprising RHS except for G, we get, for a constant
D2 independent of e, T0:
|RHSpe, tq| ď D2
logplogptqqt2 logb`1ptq , e P B1p0q Ă X (4.411)
Let T0,2 ą ee900 be such that the following three inequalities are true:
1a
logplogpT0,2qq
ď 1
100
¨ α
3D2
(4.412)
pb ` 1q
logpT0,2q `
1
2 logpT0,2q logplogpT0,2qq ď
1
100
(4.413)
1
2b logplogpT0,2qq `
b
logpT0,2q `
b
2pb` 1q logpT0,2q logplogpT0,2qq ď
1
100
(4.414)
Finally, there exists T0,3 ą 700` 700b, such that
log700`700bpT0,3q
T0.3
ă 1
2
From now on, we will work under the additional restriction that
T0 ě 2ee1000pb`1q ` T0,1 ` T0,2 ` T0,3
(Recall that (4.1) was, up to now, the only constraint on T0). From the discussion preceeding (4.275), and
our estimates on RHSpe, tq above, for e P B1p0q Ă X , the map
x ÞÑ RHSpe, xq
4α
´
ż 8
x
RHSpe, zq
4α
rp´x,´zqdz, a.e. x P rT0,8q
a priori defined only almost everywhere, admits a continuous extension to rT0,8q. Then, we define T on
B1p0q Ă X by
T pfqptq “
ż 8
t
dq1
ż 8
q1
dq2Sf pq2q
where we define Sf by (the above mentioned continuous extension of)
Sf pxq “ RHSpf, xq
4α
´
ż 8
x
RHSpf, zq
4α
rp´x,´zqdz
By definition of T , we have
T peq2ptq “ Septq “ RHSpe, tq
4α
´
ż 8
t
RHSpe, zq
4α
rp´t,´zqdz
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Using (4.276), we get
|T peq2ptq| ď 3D2
α logplogptqqt2 logb`1ptq
ď 1
100
a
logplogptqqt2 logb`1ptq , e P B1p0q Ă X
(4.415)
Next, we have
T peq1ptq “ ´
ż 8
t
T peq2pxqdx
|T peq1ptq| ď 1
100
ż 8
t
dxa
logplogpxqqx2 logb`1pxq
(4.416)
Then, we note thatż 8
t
dxa
logplogpxqqx2 logb`1pxq “
1
t logb`1ptqalogplogptqq ´ pb ` 1q
ż 8
t
dx
x2 logb`2pxqalogplogpxqq
´ 1
2
ż 8
t
dx
x2
1
logb`2pxqplogplogpxqqq3{2
“ 1
t logb`1ptqalogplogptqq ` Eint,1
(4.417)
where
|Eint,1| ď pb ` 1q
t logb`2ptq
a
logplogptqq `
1
2t logb`2ptqplogplogptqqq3{2
ď 1
100
1
t logb`1ptq
a
logplogptqq , t ě T0
(4.418)
which gives
|T peq1ptq| ď 1
100
ˆ
1` 1
100
˙˜
1
t logb`1ptqalogplogptqq
¸
, t ě T0 (4.419)
Similarly,
T peqptq “
ż 8
t
dx1
ż 8
x1
dx2T pfq2px2q (4.420)
Then we use ż 8
t
dx1
ż 8
x1
dx2a
logplogpx2qqx22 logb`1px2q
“ 1
b logbptqalogplogptqq ` Eint,2 (4.421)
where
|Eint,2| ď 1
2b2plogplogptqqq3{2 logbptq `
1a
logplogptqq logb`1ptq `
1
2pb` 1qplogplogptqqq3{2 logb`1ptq
ď 1
100
1
b logbptq
a
logplogptqq , t ě T0
(4.422)
to get
|T peqptq| ď 1
100
ˆ
1` 1
100
˙
1
b logbptq
a
logplogptqq , t ě T0 (4.423)
Then, we conclude that T peq P B1p0q for e P B1p0q.
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Now, we will show that T is a contraction on the space B1p0q Ă X . We start by estimating, for e1, e2 P
B1p0q Ă X , the expression
RHSpλ1ptq, tq ´RHSpλ2ptq, tq (4.424)
where
λiptq “ λ0ptq ` eiptq, i “ 1, 2
We start with the terms of RHS which don’t involve G:
|´4αλ
2
0ptq plogpλ1ptqq ´ logpλ2ptqqq
logpλ0ptqq | ď
C
t2 logb`1ptq logplogptqq
|λ1ptq ´ λ2ptq|
λ0,0ptq
ď C||e1 ´ e2||X
t2 logb`1ptqplogplogptqqq3{2
(4.425)
| ´4α
logpλ0ptqq
`
e21ptq plogpλ1ptqq ´ logpλ0ptqqq ´ e22ptq plogpλ2ptqq ´ logpλ0ptqqq
˘ |
ď C
logplogptqq
ˆ
|e21ptq ´ e22ptq| logp
λ0ptq ` e1ptq
λ0ptq q ` |e
2
2ptq| plogpλ1ptqq ´ logpλ2ptqqq
˙
ď C ||e1 ´ e2||X
t2 logb`1ptqplogplogptqqq2
(4.426)
| 4
logpλ0ptqq
ˆż 8
t
pe21psq ´ e22psqq
p1` s´ tq3
ˆ
1
λ1ptq1´α ` s´ t ´
1
λ0ptq1´α ` s´ t
˙
ds
`
ż 8
t
e22psq
p1` s´ tq3
ˆ
1
λ1ptq1´α ` s´ t ´
1
λ2ptq1´α ` s´ t
˙
ds
˙
|
ď C ||e1 ´ e2||Xplogplogptqqq2t2 logb`1ptq
(4.427)
1
logplogptqq
ż 8
t
ds
s2 logb`1psqp1` s´ tq3 |
1
λ1ptq1´α ` s´ t ´
1
λ2ptq1´α ` s´ t | ď
C||e1 ´ e2||X
plogplogptqqq3{2t2 logb`1ptq
(4.428)
ż 8
t
|e21psq ´ e22psq||
1
logpλ0ptqq ´
1
logpλ0psqq |
ds
1` s´ t ď
C||e1 ´ e2||X
t2 logb`2ptqplogplogptqqq5{2 (4.429)
ż 8
t
|e21psq ´ e22psq||
1
logpλ0ptqq ´
1
logpλ0psqq |
ds
pλ0ptq1´α ` s´ tqp1 ` s´ tq3
ď C||e1 ´ e2||X
t3 logb`2ptqplogplogptqqq5{2
(4.430)
We now proceed to study each term appearing in the expression
Gpt, λ1ptqq ´Gpt, λ2ptqq
By writing
λ1ptqE0,1pλ1ptq, λ11ptq, λ21ptqq ´ λ2ptqE0,1pλ2ptq, λ12ptq, λ22ptqq
“
ż 1
0
DF0,0,1pλσq ¨ pλ1ptq ´ λ2ptq, λ11ptq ´ λ12ptq, λ21ptq ´ λ22ptqqdσ
(4.431)
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where
F0,0,1px, y, zq “ xE0,1px, y, zq, λσ “ σpλ1ptq, λ11ptq, λ21ptqq ` p1 ´ σqpλ2ptq, λ12ptq, λ22ptqq
we get
λ1ptqE0,1pλ1ptq, λ11ptq, λ21ptqq ´ λ2ptqE0,1pλ2ptq, λ12ptq, λ22ptqq
ď C||e1 ´ e2||X
t2 logb`1ptqalogplogptqq (4.432)
Next, we consider
K3pw, λ1ptqq ´K3,0pw, λ1ptqq ´ pK3pw, λ2ptqq ´K3,0pw, λ2ptqqq
“ w
5
4p1` w2q
ˆ
1
pw2 ` 36λ1ptq2q2 ´
1
pw2 ` 36λ2ptq2q2
˙
´ 1
4
ˆ
w5
pλ1ptq2´2α ` w2qpw2 ` 36λ1ptq2q2 ´
w5
pλ2ptq2´2α ` w2qpw2 ` 36λ1ptq2q2
` w
5
pλ2ptq2´2α ` w2qpw2 ` 36λ1ptq2q2 ´
w5
pλ2ptq2´2α ` w2qpw2 ` 36λ2ptq2q2
´ 1pλ1ptq1´α ` wqp1 ` wq3 `
1
pλ2ptq1´α ` wqp1 ` wq3
˙
(4.433)
So, ż 8
t
|K3ps´ t, λ1ptqq ´K3,0ps´ t, λ1ptqq ´ pK3ps´ t, λ2ptqq ´K3,0ps´ t, λ2ptqqq |ds
ď C||e1 ´ e2||X
logbptq
a
logplogptqq ` C
||e1 ´ e2||Xa
logplogptqq `
C||e1 ´ e2||X
logbαptq
a
logplogptqq `
C||e1 ´ e2||Xa
logplogptqq
ď C||e1 ´ e2||Xa
logplogptqq
(4.434)
From this, we get
|
ż 8
t
dsλ21psq pK3ps´ t, λ1ptqq ´K3,0ps´ t, λ1ptqqq ´
ż 8
t
dsλ22psq pK3ps´ t, λ2ptqq ´K3,0ps´ t, λ2ptqqq |
ď C
ż 8
t
|e21psq ´ e22psq||K3ps´ t, λ1ptqq ´K3,0ps´ t, λ1ptqq|ds
` C
ż 8
t
|λ22psq||K3ps´ t, λ1ptqq ´K3,0ps´ t, λ1ptqq ´ pK3ps´ t, λ2ptqq ´K3,0ps´ t, λ2ptqqq |
ď C ||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
ż 8
t
|K3ps´ t, λ1ptqq ´K3,0ps´ t, λ1ptqq|ds
` C
t2 logb`1ptq
ż 8
t
|K3ps´ t, λ1ptqq ´K3,0ps´ t, λ1ptqq ´ pK3ps´ t, λ2ptqq ´K3,0ps´ t, λ2ptqqq |
ď C ||e1 ´ e2||X
t2 logb`1ptqalogplogptqq ` C||e1 ´ e2||Xt2 logb`1ptqalogplogptqq
ď C||e1 ´ e2||X
t2 logb`1ptq
a
logplogptqq
(4.435)
(where we recall that
ş8
t
|K3ps´ t, λ1ptqq ´K3,0ps´ t, λ1ptqq|ds was previously estimated).
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Next, let us consider the following term which appears in the expression
Gpt, λ0ptq ` e1ptqq ´Gpt, λ0ptq ` e2ptqq:
16
pλ0ptq ` e1ptqq2
ż 8
t
dxpλ20pxq ` e21pxqq
ˆ
K1px´ t, λ0ptq ` e1ptqq ´ pλ0ptq ` e1ptqq
2
4p1` x´ tq
˙
´ 16pλ0ptq ` e2ptqq2
ż 8
t
dxpλ20pxq ` e22pxqq
ˆ
K1px ´ t, λ0ptq ` e2ptqq ´ pλ0ptq ` e2ptqq
2
4p1` x´ tq
˙ (4.436)
which we re-write asˆ
16
pλ0ptq ` e1ptqq2 ´
16
pλ0ptq ` e2ptqq2
˙ż 8
t
dxpλ20pxq ` e21pxqq
ˆ
K1px´ t, λ0ptq ` e1ptqq ´ pλ0ptq ` e1ptqq
2
4p1` x´ tq
˙
` 16pλ0ptq ` e2ptqq2
ż 8
t
dxpe21pxq ´ e22pxqq
ˆ
K1px´ t, λ0ptq ` e1ptqq ´ pλ0ptq ` e1ptqq
2
4p1` x´ tq
˙
` 16pλ0ptq ` e2ptqq2
ż 8
t
dxpλ20pxq ` e22pxqq pL1px´ t, λ0ptq ` e1ptqq ´ L1px´ t, λ0ptq ` e2ptqqq
(4.437)
where
L1pw, zq “ K1pw, zq ´ z
2
4p1` wq
From (4.126) and (4.135) there exists C ą 0, independent of z such that
|K1pw, zq ´ z
2
4p1` wq | ď
Cz2
1` w2 , |z| ď
1
2
(Recall that, by the choice of T0, |λ0ptq ` fiptq| ď 12 , i “ 1, 2). Finally, let us note that
|Bz
ˆ
K1pw, zq ´ z
2
4p1` wq
˙
| ď Cz
1` w2 , w ě 0 (4.438)
Using the facts that
| 16pλ0ptq ` e1ptqq2 ´
16
pλ0ptq ` e2ptqq2 | ď C
log3bptq||e1 ´ e2||Xa
logplogptqq logbptq
and
|L1pw, z1q ´ L1pw, z2q| ď ||B2L1pw, sz1 ` p1 ´ sqz2q||L8s pr0,1sq|z1 ´ z2|
we get that the absolute value of (4.437) is bounded above by
C||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
Another term arising in
Gpt, λ0ptq ` e1ptqq ´Gpt, λ0ptq ` e2ptqq is
16
pλ0ptq ` e1ptqq2
ż 8
t
dxpλ20pxq ` e21pxqqKpx ´ t, λ0ptq ` e1ptqq
´ 16pλ0ptq ` e2ptqq2
ż 8
t
dxpλ20pxq ` e22pxqqKpx ´ t, λ0ptq ` e2ptqq
(4.439)
This can be split analogously to the previous term:
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ˆ
16
pλ0ptq ` e1ptqq2 ´
16
pλ0ptq ` e2ptqq2
˙ż 8
t
dxpλ20pxq ` e21pxqqKpx´ t, λ0ptq ` e1ptqq
` 16pλ0ptq ` e2ptqq2
ż 8
t
dxpe21pxq ´ e22pxqqKpx ´ t, λ0ptq ` e1ptqq
` 16pλ0ptq ` e2ptqq2
ż 8
t
dxpλ20pxq ` e22pxqq pKpx´ t, λ0 ` e1ptqq ´Kpx´ t, λ0ptq ` e2ptqqq
(4.440)
Note that
Kpx´ t, z1q ´Kpx´ t, z2q “ pz1 ´ z2q
ż 1
0
dqB2Kpx´ t, z2 ` qpz1 ´ z2qq (4.441)
So, ż 8
t
dx|Kpx´ t, z1q ´Kpx´ t, z2q| ď |z1 ´ z2|
ż 1
0
dq
ż 8
0
dw|B2Kpw, z2 ` pz1 ´ z2qqq| (4.442)
But, using the formula for K from the previous sections, we see that BzKpw, zq has a sign:
BzKpw, zq “
ż 8
0
dR
ż w
0
dρ
¨˚
˝ 4pR3z `p2 `R2z2 ` 1˘
pR2 ` 1q3
´
pp2 ´R2z2 ` 1q2 ` 4R2z2
¯3{2 ‹˛‚
˜
1a
w2 ´ ρ2 ´
1
w
¸
ě 0 (4.443)
So, to control the integral in (4.442), we can note the following: If
zq “ z2 ` pz1 ´ z2qq
thenż 1
0
dq
ż 8
0
dw|B2Kpw, zqq|
“
ż 1
0
dq
ż 8
0
dw
ż 8
0
dR
ż w
0
dρ
¨˚
˝ 4pR3zq `p2 `R2z2q ` 1˘
pR2 ` 1q3
´`
p2 ´R2z2q ` 1
˘2 ` 4R2z2q¯3{2
‹˛‚˜ 1a
w2 ´ ρ2 ´
1
w
¸
“
ż 1
0
dq
ż 8
0
dR
ż 8
0
dρ
ż 8
ρ
dw
¨˚
˝ 4pR3zq `p2 `R2z2q ` 1˘
pR2 ` 1q3
´`
p2 ´R2z2q ` 1
˘2 ` 4R2z2q¯3{2
‹˛‚˜ 1a
w2 ´ ρ2 ´
1
w
¸
“
ż 1
0
dq
ż 8
0
dR
ż 8
0
dρ
4pR3zq logp2q
`
p2 `R2z2q ` 1
˘
pR2 ` 1q3
´`
p2 ´R2z2q ` 1
˘2 ` 4R2z2q¯3{2
“
ż 1
0
dq
ż 8
0
dR
R3zq logp4q
pR2 ` 1q3
“
ż 1
0
dq
1
2
zq logp2q
“ 1
4
logp2qpz1 ` z2q
(4.444)
Using (4.120), we see that the absolute value of (4.440) is bounded above by
C||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
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Next, we will consider the terms involving Ev2,ip, starting with the case b ‰ 1. We recall
λptqEv2,ippt, λptqq “ 2cbλptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq ` 2cbλptq
ż 8
0
dξχď 1
4
pξqsinptξq
t2
Fv2pξ, λptqq
` 2cb
ż 1
2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
t2
˜
pb´ 1q
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸
` 2cb
˜ż t
2
0
du sinpuqpb´ 1q
t2u logbp t
u
q ´
pb ´ 1qπ
2t2 logbptq `
ż t
2
0
du sinpuqbpb´ 1q
t2u logb`1p t
u
q
¸ (4.445)
where Fv2 and ψv2 were defined in (4.142) and (4.141), respectively. Notice that the last two lines of (4.445)
are independent of λptq. So,
λ1ptqEv2,ippt, λ1ptqq ´ λ2ptqEv2,ippt, λ2ptqq
“ 2cbλ1ptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λ1ptqq ´ 2cbλ2ptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λ2ptqq
` 2cbλ1ptq
ż 8
0
dξχď 1
4
pξqsinptξq
t2
Fv2pξ, λ1ptqq ´ 2cbλ2ptq
ż 8
0
dξχď 1
4
pξqsinptξq
t2
Fv2pξ, λ2ptqq
(4.446)
First, we consider the second line of (4.446):
|2cbλ1ptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λ1ptqq ´ 2cbλ2ptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λ2ptqq|
ď |2cbpe1ptq ´ e2ptqq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λ1ptqq|
` |2cbλ2ptq
ż 8
0
dξ
sinptξq
t2
pψv2pξ, λ1ptqq ´ ψv2pξ, λ2ptqqq |
(4.447)
The second line of (4.447) is estimated as follows:
|2cbpe1ptq ´ e2ptqq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λ1ptqq|
ď C|e1ptq ´ e2ptq||
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λ1ptqq|
ď C |e1ptq ´ e2ptq|
t3λ1ptq
(4.448)
where we use the same procedure as used in the previous subsections to estimate the integral. For the third
line of (4.447), we first note that
ψv2pξ, λptqq “ 2χ1ď 1
4
pξqBξ
˜
ξ2K1pξλptqq
logb´1p1
ξ
q
¸
`
χ2ď 1
4
pξqξ2K1pξλptqq
logb`1p1
ξ
q (4.449)
Bξψv2pξ, λptqq “ 3χ2ď 1
4
pξqBξ
˜
ξ2K1pξλptqq
logb´1p1
ξ
q
¸
` 2χ1ď 1
4
pξqB2ξ
˜
ξ2K1pξλptqq
logb´1p1
ξ
q
¸
` χ3ď 1
4
pξqξ
2K1pξλptqq
logb´1p1
ξ
q
(4.450)
Then, we use
K 11pyq “ ´
ˆ
yK0pyq `K1pyq
y
˙
K21 pyq “ K1pyq `
K2pyq
y
K31 pyq “
´p3` y2q
y2
K2pyq
(4.451)
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and the estimates, for 0 ă x ă 1
2
and 1
8
ď ξ ď 1
4
,
|K1pξxq| ď C
ξx
, |K0pξxq| ď C| logpξxq|, |K2pξxq| ď C
ξ2x2
(4.452)
Since supp
´
χ
pjq
ď 1
4
¯
Ă r 1
8
, 1
4
s, we have
|B12ψv2pξ, yq| ď
C1r 1
8
, 1
4
spξq
ξy2 logs´1p1
ξ
q , 0 ă y ă
1
2
(4.453)
Note thatż 8
0
dξ
sinptξq
t2
pψv2pξ, λ1ptqq ´ ψv2pξ, λ2ptqqq “
ż 8
0
dξ
cosptξq
t3
Bξ pψv2pξ, λ1ptqq ´ ψv2pξ, λ2ptqqq (4.454)
and
|Bξ pψv2pξ, λ1ptqq ´ ψv2pξ, λ2ptqqq | ď sup
xPrλ0ptq
2
, 1
2
s
|B12ψv2pξ, xq||λ1ptq ´ λ2ptq| (4.455)
where we used the fact that, for ei P B1p0q Ă X, i “ 1, 2, we have
1
2
λ0ptq ă λiptq ă 2λ0ptq ă 1
2
, i “ 1, 2 (4.456)
Now, we use (4.453) to get
|
ż 8
0
dξ
cosptξq
t3
Bξ pψv2pξ, λ1ptqq ´ ψv2pξ, λ2ptqqq |
ď C
t3
ż 8
0
sup
xPrλ0ptq
2
, 1
2
s
|B12ψv2pξ, xq||λ1ptq ´ λ2ptq|
ď C |e1ptq ´ e2ptq|
t3
ż 8
0
dξ
1r 1
8
, 1
4
spξq
λ0ptq2ξ logs´1p1ξ q
ď C |e1ptq ´ e2ptq| log
2bptq
t3
(4.457)
We conclude that
|2cbpλ0ptq ` e2ptqq
ż 8
0
dξ
cosptξq
t3
pBξψv2pξ, λ1ptqq ´ Bξψv2pξ, λ2ptqqq |
ď C||e1 ´ e2||X
t3
a
logplogptqq
(4.458)
We now need to consider the third line of (4.446). Here, we use a similar procedure as above:
|2cbλ1ptq
ż 8
0
χď 1
4
pξqsinptξq
t2
Fv2pξ, λ1ptqq ´ 2cbλ2ptq
ż 8
0
dξχď 1
4
pξqsinptξq
t2
Fv2 pξ, λ2ptqq|
ď C| pe1ptq ´ e2ptqq
ż 8
0
dξχď 1
4
pξqsinptξq
t2
Fv2pξ, λ1ptqq|
` Cλ2ptq|
ż 8
0
dξ
χď 1
4
pξq sinptξq
t2
pFv2pξ, λ1ptqq ´ Fv2 pξ, λ2ptqqq |
(4.459)
For the second line of (4.459), we use the same procedure to estimate the integral as that used in previous
subsections, to get
| pe1ptq ´ e2ptqq
ż 8
0
dξχď 1
4
pξqsinptξq
t2
Fv2 pξ, λ1ptqq| ď C|e1ptq ´ e2ptq|
λ1ptq| logpλ1ptqq|
t3
(4.460)
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For the third line of (4.459), we first integrate by parts once to getż 8
0
dξ
χď 1
4
pξq sinptξq
t2
pFv2pξ, λ1ptqq ´ Fv2pξ, λ2ptqqq
“
ż 8
0
dξ
cosptξq
t3
´
χ1ď 1
4
pξq pFv2pξ, λ1ptqq ´ Fv2 pξ, λ2ptqqq ` χď 1
4
pξqBξ pFv2pξ, λ1ptqq ´ Fv2 pξ, λ2ptqqq
¯ (4.461)
Now, we recall that
Fv2pξ, yq “ B2ξ
˜
ξ2
logb´1p1
ξ
q
ˆ
K1pξyq ´ 1
ξy
˙¸
Using the same estimates on Kj as used to obtain (4.453), we get
|B2Fv2pξ, yq| ď
Cξp| logpξq| ` | logpyq|q
logb´1p1
ξ
q , 0 ă ξ ă
1
4
, 0 ă y ă 1
2
and
|B12Fv2pξ, yq| ď
Cp| logpξq| ` | logpyq|q
logb´1p1
ξ
q , 0 ă y ă
1
2
, 0 ă ξ ă 1
4
We then get
|Fv2pξ, λ2ptqq ´ Fv2pξ, λ1ptqq| ď
¨˝
sup
xPrλ0ptq
2
, 1
2
s
|B2Fv2pξ, xq|‚˛|λ1ptq ´ λ2ptq|
and
|B1Fv2pξ, λ2ptqq ´ B1Fv2 pξ, λ1ptqq| ď
¨˝
sup
xPrλ0ptq
2
, 1
2
s
|B12Fv2pξ, xq|‚˛|λ1ptq ´ λ2ptq|
Using the above estimates, we obtain,
|2cbλ2ptq
ż 8
0
dξχď 1
4
pξqsinptξq
t2
pFv2pξ, λ1ptqq ´ Fv2pξ, λ2ptqqq | ď C
|λ1ptq ´ λ2ptq|λ0ptq| logpλ0ptqq|
t3
ď C ||e1 ´ e2||X
a
logplogptqq
t3 log2bptq
(4.462)
The same procedure for the case b “ 1 yields the same estimates, since ψv2 and Fv2 have the same form for
all b.
Combining the above estimates then gives, for all b ą 0:
| ´ λ1ptqEv2,ippt, λ1ptqq ` λ2ptqEv2,ippt, λ2ptqq| ď
C||e1 ´ e2||X
t3
a
logplogptqq (4.463)
If
G2pt, λptqq “ ´λptqx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸ˆ
pv4 ` v5q
ˆ
1´ χě1p4r
t
q
˙
` E5 ´ χě1p 2r
logN ptq q pv1 ` v2 ` v3q
˙
|r“Rλptq, φ0y
Then, we need to estimate
G2pt, λ1ptqq ´G2pt, λ2ptqq
From now on, the fact that vk, k ‰ 2 depends on λptq is important, so we will denote these functions
by vλk to emphasize the dependence of these functions on λ.
We first note that
λptqx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v4
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y
“ 1
λptq
ż 8
0
˜
cosp2Q1p rλptq qq ´ 1
r2
¸
v4pt, rq
ˆ
1´ χě1p4r
t
q
˙
φ0p r
λptq qrdr
(4.464)
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so,
λ1ptqx
˜
cosp2Q 1
λ1ptq
q ´ 1
r2
¸
vλ14
ˆ
1´ χě1p4r
t
q
˙
|r“Rλ1ptq, φ0y
´
˜
λ2ptqx
˜
cosp2Q 1
λ2ptq
q ´ 1
r2
¸
vλ24
ˆ
1´ χě1p4r
t
q
˙
|r“Rλ2ptq, φ0y
¸
“ ´16
ż 8
0
ˆ
λ1ptq2
pr2 ` λ1ptq2q3 ´
λ2ptq2
pr2 ` λ2ptq2q3
˙
vλ14 pt, rq
ˆ
1´ χě1p4r
t
q
˙
r2dr
`
ż 8
0
˜
cosp2Q1p rλ2ptq q ´ 1
r2λ2ptq
¸
φ0p r
λ2ptq q
´
vλ14 ´ vλ24
¯
pt, rq
ˆ
1´ χě1p4r
t
q
˙
rdr
(4.465)
and we have the analogous formulae for all the other terms in G2. Using the pointwise estimates for
vi, E5, 1 ď i ď 5, we get
| ´ 16
ż 8
0
ˆ
λ1ptq2
pr2 ` λ1ptq2q3 ´
λ2ptq2
pr2 ` λ2ptq2q3
˙ˆ
pvλ14 ` vλ15 q
ˆ
1´ χě1p4r
t
q
˙
` Eλ15 ´ χě1p
2r
logN ptq q
´
vλ11 ` v2 ` vλ13
¯˙
r2dr|
ď C||e1 ´ e2||X
t2 log3b`2N´1ptqalogplogptqq ` C||e1 ´ e2||Xt7{2 log3b´3` 5N2 ptqalogplogptqq ` C||e1 ´ e2||Xt2 logb`1ptqalogplogptqq
` C||e1 ´ e2||X
t2 log3b`2N ptqalogplogptqq
ď C||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
(4.466)
In order to estimate the rest of the terms arising in G2pt, λ1q ´G2pt, λ2q, we must first prove estimates
on v3,1,2 defined by
v3,1,2 :“ vλ13 ´ vλ23
Lemma 4.11.
|v3,1,2pt, rq| ď
$&%
Cr||e1´e2||X
t2
?
logplogptqq logbptq , r ď
t
2
C||e1´e2||X
r logbptq
?
logplogptqq , r ą
t
2
(4.467)
Proof. Note that v3,1,2 solves the following equation with 0 Cauchy data at infinity:
´ Bttv3,1,2 ` Brrv3,1,2 ` 1
r
Brv3,1,2 ´ v3,1,2
r2
“ Fλ10,1pt, rq ´ Fλ20,1pt, rq (4.468)
With the definitions from the v3 subsection:
vλ3,1pt, rq “
´1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqλ
2psq
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
(4.469)
and
vλ3,2 “ vλ3 ´ vλ3,1 (4.470)
we then consider
vλ3,2,apt, rq :“
´1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ2psq
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` 1
¸
(4.471)
vλ3,2,bpt, rq :“
´1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ2psq p´1` F3pr, ρ, λpsqqq (4.472)
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and get
|vλ13,2,apt, rq ´ vλ23,2,apt, rq|
ď C
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
|λ21psq ´ λ22psq|
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` 1
¸
ď C
r
ż 8
0
ρdρ
˜
1` ´1´ ρ
2 ` r2ap1` ρ2 ´ r2q2 ` 4r2
¸ż 8
ρ`t
ds
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
||e1 ´ e2||X
s2 logb`1psqalogplogpsqq
(4.473)
which gives
|vλ13,2,apt, rq ´ vλ23,2,apt, rq| ď
Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq (4.474)
For v3,2,b, we have
vλ13,2,bpt, rq ´ vλ23,2,bpt, rq
“ ´1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1a
ps´ tq2 ´ ρ2 ´
1
ps´ tq
¸`
λ21psq ´ λ22psq
˘ p´1` F3pr, ρ, λ1psqq
` ´1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ22psq pF3pr, ρ, λ1psqq ´ F3pr, ρ, λ2psqqq
(4.475)
The first line on the right-hand side of (4.475) is treated identically to the analogous term arising in the
pointwise estimates for v3, and it is bounded above in absolute value by
Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
For the second line on the right-hand side of (4.475), we start with
|F3pr, ρ, z1q ´ F3pr, ρ, z2q| ď max
σPr0,1s
|B3F3pr, ρ, σz1 ` p1´ σqz2q||z1 ´ z2| (4.476)
we then note that
B3F3pr, ρ, zq “ ´4p´1` αqr
2z´3`2αp1 ` pr2 ´ ρ2qz2α´2q
pp1 ` pr2 ´ ρ2qz2α´2q2 ` 4ρ2z2α´2q3{2 (4.477)
so, for z “ σλ1psq ` p1´ σqλ2psq,
|B3F3pr, ρ, zq| ď Cr
2λ0,0psq2α´3
p1` p´ρ2 ` r2qλ0,0psq2α´2q2 ` 4ρ2λ0,0psq2α´2
ď Cr
2λ0,0psq2α´3
1` 2pρ2 ` r2qλ0,0ptq2α´2 ` pρ2 ´ r2q2λ0,0ptq4α´4
(4.478)
Then, we get
|´1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ22psq pF3pr, ρ, λ1psqq ´ F3pr, ρ, λ2psqqq |
ď C
r
ż 8
0
ρdρ
t2 logb`1ptq
r2||e1 ´ e2||X
logbp2α´3qptq logbptq
a
logplogptqq
1
p1` 2pρ2 ` r2qλ0,0ptq2α´2 ` pρ2 ´ r2q2λ0,0ptq4α´4q
(4.479)
The ρ integral appearing on the last line of the above estimate has been treated in the v3 pointwise estimates,
and, in total, we get
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|vλ13,2,bpt, rq ´ vλ23,2,bpt, rq| ď
Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq (4.480)
We similarly divide vλ13,1 ´ vλ23,1 into two parts. First, we consider
|´1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tq
`
λ21psq ´ λ22psq
˘˜ ´1´ ρ2 ` r2a
p1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λ1psqq
¸
|
ď C
r
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tq |λ
2
1psq ´ λ22psq|
` |
ż 8
t`6r
ds
r
ż s´t
0
ρdρ
ps´ tq
`
λ21psq ´ λ22psq
˘˜ ´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λ1psqq
¸
|
ď Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq ` II
(4.481)
where, using a procedure similar to the analogous term treated in the v3 pointwise estimates, we have
II “ | ´ 2r
ż 8
6r
dw
`
λ21pt` wq ´ λ22pt` wq
˘ ˆ w
2p1` w2q ´
w
2pλ1pt` wq2´2α ` w2q
˙
| ` EII (4.482)
with
|EII | ď Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
We already estimated the integral appearing in the above expression in (4.290) (except with the replacement
of λ2 with λ21 ´ λ22). Therefore, the same procedure used there shows
|II| ď Cr logplogptqq sup
xět
|λ21pxq ´ λ22pxq| `
Cr||e1 ´ e2||X
t2 logb`1ptq
a
logplogptqq
ď Cr logplogptqq||e1 ´ e2||X
t2 logb`1ptqalogplogptqq ` Cr||e1 ´ e2||Xt2 logb`1ptqalogplogptqq
(4.483)
Next, we consider the second part of vλ13,1 ´ vλ23,1:
|´1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqλ
2
2psq pF3pr, ρ, λ1psqq ´ F3pr, ρ, λ2psqqq |
ď C
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tq |λ
2
2psq|
r2pλ0,0psq2α´3q|λ1psq ´ λ2psq|
p1 ` 2pρ2 ` r2qλ0,0ptq2α´2 ` pρ2 ´ r2q2λ0,0ptq4α´4q
ď Cr
ż t`λ0,0ptq1´α
t
ds
ż s´t
0
ρdρ
ps´ tq |λ
2
2psq||e1psq ´ e2psq|λ0,0psq2α´3
` Cr
ż 8
t`λ0,0ptq1´α
ds
ps´ tq |λ
2
2psq|
||e1 ´ e2||Xλ0,0psq2α´3
logbpsqalogplogpsqq
ż 8
0
ρdρ
p1` 2pρ2 ` r2qλ0,0ptq2α´2 ` pρ2 ´ r2q2λ0,0ptq4α´4q
ď Cr
ż t`λ0,0ptq1´α
t
dsps´ tq|λ22psq||e1psq ´ e2psq|λ0,0psq2α´3 `
Cr||e1 ´ e2||X
logbptqalogplogptqq
ż 8
t`λ0,0ptq1´α
λ0,0psq2α´3λ0,0ptq2´2αds
ps´ tqs2 logb`1psq
ď Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq ` Cr||e1 ´ e2||Xt2alogplogptqq logbptq
ď Cr||e1 ´ e2||X
t2
a
logplogptqq logbptq
(4.484)
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Combining the above estimates, we get
|pvλ13 ´ vλ23 qpt, rq| ď
Cr||e1 ´ e2||X
t2
a
logplogptqq logbptq (4.485)
Next, we prove an estimate on v3,1,2 which is more useful for large r.
vλ3 pt, rq “
´1
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2λ2psq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
(4.486)
and get
vλ13 ´ vλ23 pt, rq “
´1
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2 `λ21psq ´ λ22psq˘
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λ1psqq
¸
´ 1
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2 λ22psq pF3pr, ρ, λ1psqq ´ F3pr, ρ, λ2psqqq
(4.487)
For the first line of the right-hand side of (4.487), we have
|´1
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2 `λ21psq ´ λ22psq˘
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λ1psqq
¸
|
ď C
r
ż 8
t
dsps´ tq ||e1 ´ e2||X
s2 logb`1psqalogplogpsqq
ď C||e1 ´ e2||X
r logbptqalogplogptqq
(4.488)
For the second line on the right-hand side of (4.487), we use the same method used previously to estimate
F3pr, ρ, λ1q ´ F3pr, ρ, λ2q
and we get
| ´ 1
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2λ22psq pF3pr, ρ, λ1psqq ´ F3pr, ρ, λ2psqqq |
ď C
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2 |λ22psq| λ0,0psq´3`2αlogbpsqalogplogpsqq r2||e1 ´ e2||Xp1` λ0,0psq4α´4pρ2 ´ r2q2 ` 2λ0,0psq2α´2pρ2 ` r2qq
ď C
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2 |λ22psq|λ0,0psq´3`2αlogbpsqalogplogpsqq r2||e1 ´ e2||Xr2λ0,0psq2α´2
ď C||e1 ´ e2||X
r logbptq
a
logplogptqq
(4.489)
whence, we conclude the final estimate
|vλ13 ´ vλ23 |pt, rq ď
C||e1 ´ e2||X
r logbptq
a
logplogptqq , r ą
t
2
(4.490)
Next, we recall the function E5 defined in the v3 subsection:
vλ3 pt, rq “ ´r
ż 8
t`6r
dsλ2psqps ´ tq
ˆ
1
1` ps´ tq2 ´
1
λptq2´2α ` ps´ tq2
˙
` Eλ5 pt, rq (4.491)
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We will need to estimate Eλ15 ´Eλ25 . For this purpose, some of the estimates already proven for vλ13 ´vλ23
will suffice, but we will need to use a slightly more complicated argument for some terms. In particular, we
have
Eλ5 pt, rq “ vλ3,1,apt, rq ` vλ3,1,b,i,1pt, rq ` vλ3,1,b,iipt, rq ` vλ3,2pt, rq (4.492)
with
vλ3,1,b,i,1pt, rq “ ´2r
ż 8
6r
dwλ2pt` wqw
ˆ ´1
2pλpt` wq2´2α ` w2q `
1
2pλptq2´2α ` w2q
˙
vλ3,1,b,iipt, rq “
´1
r
ż 8
t`6r
ż s´t
0
ρ
ps´ tqλ
2psq
˜˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
´
ˆ
2r2
p1` ρ2q2 ´
2r2λpsq2´2α
pλpsq2´2α ` ρ2q2
˙˙
dρds
(4.493)
and
vλ3,1,apt, rq “
´1
r
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tqλ
2psq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
(4.494)
(Note that v3,2 was already defined when proving estimates on v
λ1
3 ´ vλ23 ).
vλ13,1,a ´ vλ23,1,a “ ´
1
r
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tq
`
λ21psq ´ λ22psq
˘˜ ´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λ1psqq
¸
´ 1
r
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tqλ
2
2psq pF3pr, ρ, λ1psqq ´ F3pr, ρ, λ2psqqq
(4.495)
This gives
|vλ13,1,a ´ vλ23,1,a| ď
C
r
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tq |e
2
1psq ´ e22psq|
` C
r
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tq
|λ22psq|pr2λ0,0ptq2α´2qλ0,0psq
2α´3
λ0,0ptq2α´2 |e1psq ´ e2psq|
p1` 2pρ2 ` r2qλ0,0ptq2α´2 ` pρ2 ´ r2q2λ0,0ptq4α´4q
ď Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq ` Cr
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tq |λ
2
2psq|
λ0,0psq2α´3
λ0,0ptq2α´2 |e1psq ´ e2psq|
ď Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
(4.496)
For the next term, we have
vλ13,1,b,i,1 ´ vλ23,1,b,i,1
“ ´2r
ż 8
6r
dw
`
λ21pt` wq ´ λ22pt` wq
˘ ˆ ´w
2pλ1pt` wq2´2α ` w2q `
w
2pλ1ptq2´2α ` w2q
˙
´ 2r
ż 8
6r
dwλ22pt` wq
ˆ ´w
2pλ1pt` wq2´2α ` w2q `
w
2pλ1ptq2´2α ` w2q
˙
` 2r
ż 8
6r
dwλ22pt` wq
ˆ ´w
2pλ2pt` wq2´2α ` w2q `
w
2pλ2ptq2´2α ` w2q
˙
(4.497)
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For the first line on the right-hand side of (4.497), we have
| ´ 2r
ż 8
6r
dw
`
λ21pt` wq ´ λ22pt` wq
˘ ˆ ´w
2pλ1pt` wq2´2α ` w2q `
w
2pλ1ptq2´2α ` w2q
˙
|
ď Cr
ż 8
6r
dw
|e21pt` wq ´ e22pt` wq|w
`
wλ0,0ptq1´2α|λ10,0ptq|
˘
w2λ0,0pt` wq2´2αp1 ` w2λ0,0ptq2α´2q
ď Cr||e1 ´ e2||X
t3 logb`2ptqalogplogptqq
ż 8
0
dw
p1` w2λ0,0ptq2α´2q
ď Cr||e1 ´ e2||X
t3 logb`2ptq
a
logplogptqq
(4.498)
The second and third lines of (4.497) can be treated together:
´ 2r
ż 8
6r
dwλ22pt` wq
ˆ ´w
2pλ1pt` wq2´2α ` w2q `
w
2pλ1ptq2´2α ` w2q
˙
` 2r
ż 8
6r
dwλ22pt` wq
ˆ ´w
2pλ2pt` wq2´2α ` w2q `
w
2pλ2ptq2´2α ` w2q
˙
“ ´r
ż 8
6r
dwλ22pt` wqw pF pt` wq ´ F ptqq
(4.499)
where
F pxq “ λ1pxq
2´2α ´ λ2pxq2´2α
pλ1pxq2´2α ` w2qpλ2pxq2´2α ` w2q
We first note that
|F 1pσs` p1´ σqtq| ď Cλ0,0ptq
1´2α||e1 ´ e2||X
t logbptq log´bpsq logb`1ptq
a
logplogptqqpw2 ` λ0,0psq2´2αq2
, 0 ď σ ď 1 (4.500)
Then, we get
| ´ r
ż 8
6r
dwλ22pt` wqw pF pt` wq ´ F ptqq |
ď Cr||e1 ´ e2||X log
´bp1´2αqptq
t logb`1ptqalogplogptqq
ż 8
6r
|λ22pt` wq|dw
pw2 ` λ0,0psq2´2αq logbptq log´bpt` wq
ď Cr log
´bp1´2αqptq||e1 ´ e2||X
t logb`1ptqalogplogptqq logbptq
ż 8
t`6r
ds
s2 logpsqλ0,0psq2´2αpλ0,0psq2α´2ps´ tq2 ` 1q
ď Cr||e1 ´ e2||X
t3 logb`2ptq
a
logplogptqq
(4.501)
It then remains to consider
vλ13,1,b,ii ´ vλ23,1,b,ii
“ ´1
r
ż 8
t`6r
ż s´t
0
ρ
ps´ tq
`
λ21psq ´ λ22psq
˘˜ ´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λ1psqq
´
ˆ
2r2
p1` ρ2q2 ´
2r2λ1psq2´2α
pλ1psq2´2α ` ρ2q2
˙˙
dρds
´ 1
r
ż 8
t`6r
ds
ż s´t
0
ρdρ
ps´ tqλ
2
2psq
ˆ
F3pr, ρ, λ1psq ` 2r
2λ1psq2´2α
pλ1psq2´2α ` ρ2q2 ´
ˆ
F3pr, ρ, λ2psq ` 2r
2λ2psq2´2α
pλ2psq2´2α ` ρ2q2
˙˙
(4.502)
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The first two lines on the right-hand side of (4.502) are estimated in the same way as the analogous term
appearing in the v3 pointwise estimates, and we get
|´1
r
ż 8
t`6r
ż s´t
0
ρ
ps´ tq
`
λ21psq ´ λ22psq
˘˜ ´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λ1psqq
´
ˆ
2r2
p1 ` ρ2q2 ´
2r2λ1psq2´2α
pλ1psq2´2α ` ρ2q2
˙˙
dρds|
ď Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
(4.503)
To treat the third line on the right-hand side of (4.502), we start with defining G3,1 by
G3,1pw, r, λq :“
ż w
0
ρ
ˆ
F3pr, ρ, λpsqq ` 2r
2λpsq2´2α
pλpsq2´2α ` ρ2q2
˙
dρ (4.504)
Then, we get
|G3,1pw, r, λ1psqq ´G3,1pw, r, λ2psqq| ď |e1psq ´ e2psq|λ0,0psq
´3`2αr4
p1` λ0,0psq2α´2w2q2 (4.505)
which gives
| ´ 1
r
ż 8
t`6r
ds
ż s´t
0
ρdρ
ps´ tqλ
2
2psq
ˆ
F3pr, ρ, λ1psqq ` 2r
2λ1psq2´2α
pλ1psq2´2α ` ρ2q2 ´
ˆ
F3pr, ρ, λ2psqq ` 2r
2λ2psq2´2α
pλ2psq2´2α ` ρ2q2
˙˙
|
ď C
r
ż 8
t`6r
ds
|λ20,0psq|
ps´ tq
|e1psq ´ e2psq|λ0,0psq1´2αr4
pλ0,0psq2´2αqpps´ tq2q
ď Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
(4.506)
Combining the above, we get
|
´
Eλ15 ´ Eλ25
¯
pt, rq| ď Cr||e1 ´ e2||X
t2 logb`1ptqalogplogptqq (4.507)
Lemma 4.12. We have the following estimates
|vλ14 ´ vλ24 |pt, rq ď
$&%
C||e1´e2||X
t2
?
logplogptqq logN`3b´1ptq , r ď
t
2
C||e1´e2||X
t log3b`2N ptq
?
logplogptqq , r ě
t
2
(4.508)
Proof. We proceed to estimate v4,1,2 :“ vλ14 ´ vλ24 , by noting that v4,1,2 solves the following equation with 0
Cauchy data at infinity:
´ Bttv4,1,2 ` Brrv4,1,2 ` 1
r
Brv4,1,2 ´ v4,1,2
r2
“ vλ14,c ´ vλ24,c (4.509)
So, we start by estimating vλ14,c ´ vλ24,c:
|vλ14,c ´ vλ24,c| ď C
χě1p 2rlogN ptq q||e1 ´ e2||X
log2bptq
a
logplogptqq
|vλ11 ` v2 ` vλ13 |
pλ0,0ptq2 ` r2q2
` Cχě1p 2r
logN ptq q
||e1 ´ e2||X
logbptqalogplogptqq 1t2 log2b`1´2αbptqr3
` C
χě1p 2rlogN ptq qλ0,0ptq2
pr2 ` λ0,0ptq2q2
´
|vλ11 ´ vλ21 | ` |vλ13 ´ vλ23 |
¯
(4.510)
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where we used the explicit formula for F0,2.
We note that the right-hand side of the equation for vλ1 depends linearly on λ
2. Therefore
vλ11 ´ vλ21 “ vλ1´λ21 , so we can use our estimates for vλ1 which were previously recorded.
We thus have, in addition to (4.467), the following estimates, valid for any λ of the form
λptq “ λ0ptq ` fptq, f P B1p0q Ă X
|vλ1 ` v2 ` vλ3 | ď
#
Cr
t2 logbptq , r ď t2
C logprq
|t´r| , t ą r ě t2
(4.511)
|vλ11 ´ vλ21 | ď
$&%
Cr||e1´e2||X
t2 logbptq
?
logplogptqq , r ď
t
2
C||e1´e2||X
r
?
logplogptqq logbptq , r ą
t
2
(4.512)
This gives
|vλ14,c´vλ24,c| ď Cχě1p
2r
logN ptq q||e1´e2||X
$&%
1
r3t2 log3bptq
?
logplogptqq , r ď
t
2
logprq
r4 log2bptq
?
logplogptqq|t´r| `
1
t2 log3b`1´2αbptq
?
logplogptqqr3 , t ą r ą
t
2
(4.513)
Now, we start with
´
vλ14 ´ vλ24
¯
pt, rq
“ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ
pr ` ρ cospθqqpvλ14,c ´ vλ24,cqps,
a
r2 ` ρ2 ` 2rρ cospθqqa
r2 ` ρ2 ` 2rρ cospθq
(4.514)
which gives
|vλ14 ´ vλ24 | ď C
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ|vλ14,c ´ vλ24,c|ps,
a
r2 ` ρ2 ` 2rρ cospθqq (4.515)
Note that (4.513) has the same right-hand side as (4.316), except for an extra factor of ||e1´e2||X?
logplogptqq . So, we
can inspect the intermediate steps of the procedure used when obtaining pointwise estimates on v4, thereby
getting
|vλ14 ´ vλ24 |pt, rq ď
C||e1 ´ e2||X
t2
a
logplogptqq logN`3b´1ptq , r ď
t
2
(4.516)
In the region r ě t
2
, we use the following, slightly different estimate for vλ1 ` v2 ` vλ3 , again valid for all
λptq “ λ0ptq ` fptq, f P B1p0q Ă X :
|vλ1 ` v2 ` vλ3 | ď
$’’&’’%
Cr
t2 logbptq , r ď t2
C?
r
, t´?t ď r ď t`?t
C logprq
|t´r| ,
t
2
ď r ď t´?t, or r ě t`?t
(4.517)
We then get
|vλ14,c ´ vλ24,c| ď Cχě1p
2r
logN ptq q||e1 ´ e2||X
¨
$’’’&’’’%
1
r3t2 log3bptq
?
logplogptqq , r ď
t
2
1
log2bptq
?
logplogptqqr9{2 , t´
?
t ď r ď t`?t
logprq
r4 log2bptq
?
logplogptqq|t´r| `
1
t2 log3b`1´2αbptq
?
logplogptqqr3 , t´
?
t ą r ą t
2
or r ą t`?t
(4.518)
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Note that (4.518) again has the same right-hand side as (4.337), except for the extra factor of ||e1´e2||X?
logplogptqq ,
so, we can infer the following estimates from our study of v4:
|| {vλ14,c ´ vλ24,cpx, ξq||L2pξdξq ď C||e1 ´ e2||X
x2 log3b`2N pxqalogplogpxqq (4.519)
Then, we simply note:
v4,1,2pt, rq “
ż 8
t
ds
ż 8
0
dξJ1prξq sinppt´ sqξq
ˆ {
vλ14,c ´ vλ24,cps, ξq
˙
(4.520)
So,
|v4,1,2pt, rq| ď C
ż 8
t
ds
ż 1
r
0
rξ| {vλ14,c ´ vλ24,c|ps, ξqdξ ` C ż 8
t
ds
ż 8
1
r
dξ
| {vλ14,c ´ vλ24,c|ps, ξq?
rξ
ď Cr
ż 8
t
ds
˜ż 1
r
0
ξdξ
¸1{2˜ż 1
r
0
ξ| {vλ14,c ´ vλ24,cps, ξq|2dξ
¸1{2
` C?
r
ż 8
t
ds
˜ż 8
1
r
dξ
ξ2
¸1{2˜ż 8
1
r
ξ| {vλ14,c ´ vλ24,cps, ξq|2dξ
¸1{2
ď C
ż 8
t
ds|| {vλ14,c ´ vλ24,cps, ξq||L2pξdξq
ď C||e1 ´ e2||X
t
a
logplogptqq log3b`2N ptq
(4.521)
which finishes the proof of the lemma.
Lemma 4.13. We have the following pointwise estimate
|vλ15 ´ vλ25 pt, rq| ď C
||e1 ´ e2||X log2ptq
t3
a
logplogptqq logbptq , r ď
t
2
(4.522)
Proof. As was the case for v4, we start with noting that
v5,1,2 :“ vλ15 ´ vλ25
solves the equation (with 0 Cauchy data at infinity)
´Bttv5,1,2 ` Brrv5,1,2 ` 1
r
Brv5,1,2 ´ v5,1,2
r2
“ N2pfλ1v5 q ´N2pfλ2v5 q
where
fλv5 “ vλ1 ` v2 ` vλ3 ` vλ4
Collecting the estimates from previous subsections, one estimate on fpvλ5 q, valid for all
λ “ λ0 ` f, f P B1p0q Ă X , is
|fλv5 | ď
#
Cr
t2 logbptq , r ď t2
C logprq
|t´r| , t ą r ą t2
(4.523)
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Now, we start to estimate the right-hand side of the v5,1,2 equation.
N2pfλ1v5 q ´N2pfλ2v5 q “
˜
sinp2Q 1
λ1ptq
prqq
2r2
´
sinp2Q 1
λ2ptq
prqq
2r2
¸`
cosp2fλ1v5 q ´ 1
˘
`
sinp2Q 1
λ2ptq
prqq
2r2
`
cosp2fλ1v5 q ´ cosp2fλ2v5 q
˘
`
˜
cosp2Q 1
λ1ptq
prqq ´ cosp2Q 1
λ2ptq
prqq
2r2
¸`
sinp2fλ1v5 q ´ 2fλ1v5
˘
`
cosp2Q 1
λ2ptq
prqq
2r2
`
sinp2fλ1v5 q ´ 2fλ1v5 ´
`
sinp2fλ2v5 q ´ 2fλ2v5
˘˘
(4.524)
For the first line of (4.524), we have
|
˜
sinp2Q 1
λ1ptq
prqq
2r2
´
sinp2Q 1
λ2ptq
prqq
2r2
¸`
cosp2fλ1v5 q ´ 1
˘ |
ď C||e1 ´ e2||X
r logbptqalogplogptqq
`
fλ1v5
˘2
pλ0,0ptq2 ` r2q
ď C||e1 ´ e2||X
r logbptq
a
logplogptqq
#
r2
t4 log2bptqpλ0,0ptq2`r2q , r ď
t
2
log2prq
r2pt´rq2 , t ą r ě t2
(4.525)
For the second line of (4.524), we have
|
sinp2Q 1
λ2ptq
prqq
2r2
`
cosp2fλ1v5 q ´ cosp2fλ2v5 q
˘ |
ď Cλ2ptqpr2 ` λ2ptq2qr
`|fλ1v5 | ` |fλ2v5 |˘ ´|vλ11 ´ vλ21 | ` |vλ13 ´ vλ23 | ` |vλ14 ´ vλ24 |¯
ď
$&%
Crλ0,0ptq||e1´e2||X
pr2`λ0,0ptq2qt4 log2bptq
?
logplogptqq `
C||e1´e2||Xλ0,0ptq
pr2`λ0,0ptq2qt4
?
logplogptqq logN`4b´1ptq , r ď
t
2
C logptq||e1´e2||X
r3|t´r|t log2bptq
?
logplogptqq , t ą r ą
t
2
(4.526)
We consider the third line of (4.524), and get
|
˜
cosp2Q 1
λ1ptq
prqq ´ cosp2Q 1
λ2ptq
prqq
2r2
¸`
sinp2fλ1v5 q ´ 2fλ1v5
˘ |
ď C||e1 ´ e2||X
log2bptq
a
logplogptqqpr2 ` λ0,0ptq2q2
#
r3
t6 log3bptq , r ď t2
log3prq
|t´r|3 , t ą r ą t2
(4.527)
For the fourth line of (4.524), we have
|
cosp2Q 1
λ2ptq
prqq
2r2
`
sinp2fλ1v5 q ´ 2fλ1v5 ´
`
sinp2fλ2v5 q ´ 2fλ2v5
˘˘ |
ď C
r2
`|fλ1v5 |2 ` |fλ2v5 |2˘ |fλ1v5 ´ fλ2v5 |
ď
$&%
Cr||e1´e2||X
t6
?
logplogptqq log3bptq `
C||e1´e2||X
t6
?
logplogptqq logN`5b´1ptq , r ď
t
2
C||e1´e2||X log2ptq
r3pt´rq2 logbptq
?
logplogptqq , t ą r ą
t
2
(4.528)
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Combining all of the above estimates, we obtain
|N2pfλ1v5 qpt, rq ´N2pfλ2v5 qpt, rq|
ď
$&%
Crλ0,0ptq||e1´e2||X
pr2`λ0,0ptq2qt4 log2bptq
?
logplogptqq `
C||e1´e2||Xλ0,0ptq
pr2`λ0,0ptq2qt4
?
logplogptqq logN`4b´1ptq , r ď
t
2
C logptq||e1´e2||X
r3 logbptq
?
logplogptqq
´
logptq
pt´rq2 ` 1t|t´r| logbptq `
log2ptq
logbptqr|t´r|3
¯
, t ą r ą t
2
(4.529)
We now proceed to estimate v5,1,2 in the region r ď t2 . We start with
v5,1,2pt, rq “ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2ż 2π
0
dθ
`
N2pfλ1v5 q ´N2pfλ2v5 q
˘ ps,ar2 ` ρ2 ` 2ρr cospθqq pr ` ρ cospθqqa
r2 ` 2rρ cospθq ` ρ2
(4.530)
We then estimate as follows
|v5,1,2pt, rq| ď C
ż 8
t
ds
ż
Bs´tp0q
dApyqa
ps´ tq2 ´ |y|2 |N2pf
λ1
v5
q ´N2pfλ2v5 q|ps, |x ` y|q
ď C
ż 8
t
ds
ż
Bs´tp0qXB s
2
p´xq
dApyqa
ps´ tq2 ´ |y|2 |N2pf
λ1
v5
q ´N2pfλ2v5 q|ps, |x ` y|q
` C
ż 8
t
ds
ż
Bs´tp0qXpB s
2
p´xqqc
dApyqa
ps´ tq2 ´ |y|2 |N2pf
λ1
v5
q ´N2pfλ2v5 q|ps, |x` y|q
(4.531)
Now, we carry out the identical steps which were done to obtain the vλ5 estimates, and get
|v5,1,2pt, rq| ď C ||e1 ´ e2||X log
2ptq
t3
a
logplogptqq logbptq , r ď
t
2
(4.532)
which completes the proof of the lemma.
We can now use all of the above estimates to get
|
ż 8
0
˜
cosp2Q1p rλ2ptq qq ´ 1
r2λ2ptq
¸
φ0p r
λ2ptq qr
´
vλ14 ´ vλ24
¯
pt, rq
ˆ
1´ χě1p4r
t
q
˙
dr|
ď Cλ0ptq2
ż t
2
0
r2
pr2 ` λ0ptq2q3
||e1 ´ e2||X
t2
a
logplogptqq logN`3b´1ptqdr ď
C||e1 ´ e2||X
t2
a
logplogptqq logN`2b´1ptq
(4.533)
|
ż 8
0
˜
cosp2Q1p rλ2ptq qq ´ 1
r2λ2ptq
¸
φ0p r
λ2ptq qr
´
vλ15 ´ vλ25
¯
pt, rq
ˆ
1´ χě1p4r
t
q
˙
dr|
ď Cλ0ptq2
ż t
2
0
r2
pr2 ` λ0ptq2q3
||e1 ´ e2||X log2ptq
t3
a
logplogptqq logbptqdr ď
C||e1 ´ e2||X log2ptq
t3
a
logplogptqq
(4.534)
|
ż 8
0
˜
cosp2Q1p rλ2ptq qq ´ 1
r2λ2ptq
¸
φ0p r
λ2ptq qr
´
Eλ15 ´ Eλ25
¯
pt, rqdr|
ď C
ż 8
0
λ2ptq2r2
pλ2ptq2 ` r2q3
˜
r||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
¸
dr ď C||e1 ´ e2||X
t2 logb`1ptqalogplogptqq
ż 8
0
u3du
p1` u2q3
ď C||e1 ´ e2||X
t2 logb`1ptq
a
logplogptqq
(4.535)
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|
ż 8
0
˜
cosp2Q1p rλ2ptq qq ´ 1
r2λ2ptq
¸
φ0p r
λ2ptq qrχě1p
2r
logN ptq q
´
´vλ11 ` vλ21 ´ vλ13 ` vλ23
¯
dr|
ď C
ż t
2
logN ptq
2
λ2ptq2r2
r6
˜
||e1 ´ e2||Xr
t2 logbptqalogplogptqq
¸
dr ` C
ż 8
t
2
λ2ptq2r2
r6
||e1 ´ e2||X
r
a
logplogptqq logbptqdr
ď C||e1 ´ e2||X
t2 log3b`2N ptq
a
logplogptqq
(4.536)
|
ż 8
0
χě1p 2r
logN ptq qpF
λ1
0,2 ´ Fλ20,2qpt, rq
φ0p rλ1ptq q
λ1ptq rdr| ` |
ż 8
0
χě1p 2r
logN ptq qF
λ2
0,2pt, rq
˜
φ0p rλ1ptq q
λ1ptq ´
φ0p rλ2ptq q
λ2ptq
¸
rdr|
ď C||e1 ´ e2||X
t2 log3b`1´2αbptq
a
logplogptqq log2N ptq
(4.537)
Combining the above estimates, we firstly have
|Gpt, λ1ptqq ´Gpt, λ2ptqq| ď C||e1 ´ e2||X
t2
a
logplogptqq logb`1ptq (4.538)
Then, combining this with the earlier estimates of the terms in RHSpe1, tq ´ RHSpe2, tq which don’t
involve G, we finally get: there exists Clip ą 0 independent of T0, such that for e1, e2 P B1p0q Ă X
|RHSpe1, tq ´RHSpe2, tq| ď Clip||e1 ´ e2||X
t2 logb`1ptqplogplogptqqq3{2 (4.539)
(Recall that G appears in the expression of RHS in the term Gpt,λptqq
logpλ0ptqq ).
Using the L1 estimate on the resolvent kernel, r, we get
|pT pe1q ´ T pe2qq2ptq| ď |RHSpe1, tq ´RHSpe2, tq|
α
` 2
α
sup
zět
p|RHSpe1, zq ´RHSpe2, zq|q
ď 3Clip
α
||e1 ´ e2||X
t2 logb`1ptqplogplogptqqq3{2
(4.540)
Then, with the same procedure used when estimating |T peq1ptq| earlier, we get
|pT pe1q ´ T pe2qq1ptq| ď 3Clip
α
ˆ
1` 1
100
˙ ||e1 ´ e2||X
t logb`1ptqplogplogptqqq3{2 (4.541)
|pT pe1q ´ T pe2qqptq| ď 3Clip
α
ˆ
1` 1
100
˙ ||e1 ´ e2||X
b logbptqplogplogptqqq3{2 (4.542)
whence,
||T pe1q ´ T pe2q||X ď 10Clip
α logplogpT0qq ||e1 ´ e2||X , e1, e2 P B1p0q (4.543)
Since Clip is independent of T0, and the above estimates are valid for all T0 satisfying
T0 ą 2ee
1000pb`1q ` T0,1 ` T0,2 ` T0,3
if we further restrict T0 to satisfy
T0 ą 2ee1000pb`1q ` T0,1 ` T0,2 ` T0,3 ` ee
1500pClip`1000p1` 1b qq
α (4.544)
94
then, T is a strict contraction on the complete metric space B1p0q Ă X . By Banach’s fixed point theorem,
T has a fixed point, say e0, in B1p0q Ă X . Then, if
λptq “ λ0ptq ` e0ptq
we have
λ P C2prT0,8qq, ||e0||X ď 1
and λ solves (4.242).
4.8.10 Estimating λ3ptq
The main proposition of this section is:
Proposition 4.2. λ P C3prT0,8qq, with
|λ3ptq| ď C
t3 logb`1ptq , t ě T0 (4.545)
In addition, we have
|Btv1pt, rq| ď
#
Cr
t3 logbptq , r ď t2
C
rt logb`1ptq , r ą t2
(4.546)
|Btv3pt, rq| ď
#
Cr logplogptqq
t3 logb`1ptq , r ď t2
C
rt logb`1ptq , r ą t2
(4.547)
|Btrv3pt, rq| ď C
t3 logbptq (4.548)
|Btrv1pt, rq| ď
#
C
t3 logbptq , r ď t2
C
r2t logb`1ptq , r ą t2
(4.549)
|Btv4pt, rq| ď
#
Cr
t3 log3b`2N´2ptq , r ď t2
C
t2 log3b`2N´1ptq , r ą t2
(4.550)
Proof. Since λptq “ λ0ptq ` e0ptq, it suffices to show that e0 P C3prT0,8qq, and estimate e30 ptq. Recall that
λ solves (4.242), which can be re-written as
λ2ptq “ RHS2ptq
g2ptq (4.551)
where
g2ptq “ ´2
λptq `
4α logpλptqq
λptq
ˆ
1
´1` λptq2α
˙
´ 2pλptq
´2α ´ 1q
λptq g5ptq
g5ptq “
ż 8
0
χě1p 2RλptqlogN ptq qφ0pRqR2dR
pR2 ` 1qpλptq´2α `R2q
and
RHS2ptq “ ´ 16
λptq3
ż 8
t
dsλ2psq pK1ps´ t, λptqq `Kps´ t, λptqqq ` 2 pλ
1ptqq2
λptq2
` 4b
λptqt2 logbptq ` Ev2,ippt, λptqq
` x
˜
cosp2Q 1
λptq
q ´ 1
r2
¸ˆ
v3 ` pv4 ` v5q
ˆ
1´ χě1p4r
t
q
˙
´ χě1
ˆ
2r
logN ptq
˙
pv1 ` v2 ` v3q
˙
|r“Rλptq, φ0y
´ 4
ż 8
0
χě1p 2Rλptq
logN ptq q
pλ1ptqq2R2φ0pRqdR
λptq2pR2 ` 1q2
(4.552)
95
The point of this re-writing is that the right-hand side of (4.551) is in C1prT0,8qq, since λ P C2prT0,8qq.
So, λ P C3prT0,8qq, and we have
λ3ptq “ Bt
ˆ
RHS2ptq
g2ptq
˙
(4.553)
We will first prove a preliminary estimate on λ3ptq, which will then allow us to obtain a more useful formula
for e3. Using the formula for g2, and estimates on e from the fact that e P B1p0q, we get
| 1
g2ptq | ď
C
logbptq logplogptqq , |
ˆ
1
g2
˙1
ptq| ď C
t logb`1ptq logplogptqq
and
|λ3ptq| ď C|RHS
1
2ptq|
logbptq logplogptqq `
C|RHS2ptq|
t logb`1ptq logplogptqq
For the preliminary estimate, it will suffice to estimate each term in RHS2 seperately, despite the fact that
there is some cancellation between some terms in RHS2. When we prove the final estimate on λ
3ptq, we
will take this cancellation into account.
Using the same procedures and estimates used to estimate Gpt, λ0ptq ` fptqq for arbitrary f P B1p0q Ă X ,
we get
|RHS2ptq| ď C
t2
Now, we estimate |RHS12ptq|. Using estimates on λpjqptq, j “ 0, 1, 2, we get
|RHS12ptq| ď |Bt
ˆ ´16
λptq3
ż 8
t
dsλ2psq pK1ps´ t, λptqq `Kps´ t, λptqqq
˙
|
` C
t3 log2ptq `
C
t3
` |BtEv2,ippt, λptqq|
` |Bt
˜
x
˜
cosp2Q 1
λptq
q ´ 1
r2
¸ˆ
v3 ` pv4 ` v5q
ˆ
1´ χě1p4r
t
q
˙
´ χě1p 2r
logN ptq q pv1 ` v2 ` v3q
˙
|r“Rλptq, φ0y
¸
|
(4.554)
For the Ev2,ipptq term, we recall the definition in (4.445), and start with
Bt
˜ż 1
2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
t2
˜
pb ´ 1q
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸¸
“ Bt
˜ż t
2
0
du
´
χď 1
4
pu
t
q ´ 1
¯ sinpuq
t2
˜
b´ 1
u logbp t
u
q `
bpb´ 1q
u logb`1p t
u
q
¸¸ (4.555)
After taking the derivative, and integrating by parts once in the remaining integrals, we get
Bt
˜ż 1
2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
t2
˜
pb ´ 1q
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸¸
“ ´ sinp
t
2
q
t3
ˆ
b ´ 1
logbp2q `
bpb´ 1q
logb`1p2q
˙
` Err
(4.556)
where
|Err| ď C
t4
On the other hand,
Bt
˜ż t
2
0
sinpuqbpb´ 1qdu
t2u logb`1p t
u
q
¸
“ sinp
t
2
qbpb´ 1q
t3 logb`1p2q `
ż t
2
0
sinpuqbpb ´ 1q
u
˜
´2
t3 logb`1p t
u
q ´
pb` 1q
logb`2p t
u
qt3
¸
du (4.557)
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So,
Et,v2,ip,1 :“ Bt
˜
2cb
ż 1
2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
t2
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸
` 2cb
˜ż t
2
0
sinpuqpb ´ 1qdu
t2u logbp t
u
q ´
pb´ 1qπ
2t2 logbptq `
ż t
2
0
sinpuqbpb´ 1qdu
t2u logb`1p t
u
q
¸¸
“ 2cbErr` 2cb
˜ż t
2
0
du sinpuqpb´ 1q
˜
´2
t3u logbp t
u
q ´
b
logb`1p t
u
qt3u
¸
`
ż t
2
0
du
u
sinpuqbpb ´ 1q
˜
´2
t3 logb`1ptq ´
pb` 1q
t3 logb`2p t
u
q
¸¸
` 2cb
ˆ pb´ 1qπ
t3 logbptq `
bpb´ 1qπ
2t3 logb`1ptq
˙
(4.558)
The asymptotics of the integrals in lines 3 and 4 of the above expression were computed previously, in the
section which constructed v2. The following is the most important asymptotic, which shows that there is
some cancellation between the integral in line 3 and the terms on line 5.
´ 2
ż t
2
0
sinpuqpb´ 1qdu
t3u logbp t
u
q “
´2pb´ 1q
t3
π
2
ˆ
1
logbptq `O
ˆ
1
logb`1ptq
˙˙
(4.559)
In total, we get
|Et,v2,ip,1ptq| ď
C
t3 logb`1ptq
Next, we estimate
Bt
ˆ
2cbλptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq
˙
(4.560)
Here, we use estimates on the derivatives of ψv2 , proven earlier, when showing that the map T was a
contraction, as well as (4.452), which shows (among other things) that
|B2ξψv2pξ, λptqq| ď C
ppξq
λptq , p P C
8
c pr
1
8
,
1
4
sq
This gives us
|Bt
ˆ
2cbλptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq
˙
| ď C
t4
(4.561)
Similarly, we use estimates on derivatives of Fv2 which were proven while showing that T is a contraction,
as well as (4.452), and asymptotics of K1, to get
|Bt
ˆ
2cbλptq
ż 8
0
dξχď 1
4
pξqsinptξq
t2
Fv2pξ, λptqq
˙
| ď C logplogptqq
t4 log2bptq (4.562)
In total, we have
|Bt pλptqEv2,ippt, λptqqq | ď
C
t3 logb`1ptq (4.563)
By the same procedure, this estimate is also true for the case b “ 1.
Some of the terms in (4.554) which remain to be estimated will be estimated in two different ways. One way
of estimating these terms will give rise to preliminary estimates on e3, which will then allow us to obtain
stronger estimates. For this preliminary estimate, we will start with the first line of (4.554):
Bt
ˆ
16
λptq3
ż 8
t
dsλ2psq pKps´ t, λptqq `K1ps´ t, λptqqq
˙
“ I ` II ` III ` IV (4.564)
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where
I “ 16
λptq3
ż 8
t
dsλ2psqB2Kps´ t, λptqqλ1ptq (4.565)
II “ 16
λptq3
ż 8
t
dsλ2psqB2K1ps´ t, λptqqλ1ptq (4.566)
III “ ´ 16
λptq3
ż 8
t
dsλ2psq pB1Kps´ t, λptqq ` B1K1ps´ t, λptqqq (4.567)
IV “ ´48λ
1ptq
λptq4
ż 8
t
dsλ2psq pKps´ t, λptqq `K1ps´ t, λptqqq
|IV | ď C
t3 logptq
(4.568)
In order to estimate I, let us start with
B2Kpx, λptqq “
ż 8
0
dR
R
p1`R2q3
ż x
0
ρdρ
˜
1a
x2 ´ ρ2 ´
1
x
¸ˆ
4λptqR2p1` ρ2 ` λptq2R2q
p4λptq2R2 ` p1` ρ2 ´R2λptq2q2q3{2
˙
(4.569)
Then, the same procedure used to obtain (4.444) gives
|
ż 8
t
dsλ2psqB2Kps´ t, λptqqλ1ptq| ď C
t3 log2b`2ptq
ż 8
t
ds|B2Kps´ t, λptqq|
ď C
t3 log3b`2ptq
(4.570)
So,
|I| ď C
t3 log2ptq
Next, we recall the definition of K1:
K1px, λptqq “
ż 8
0
rdr
λptq2p1` r2
λptq2 q3
ż x
0
ρdρ
x
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
(4.571)
So,
|B2K1px, λptqqλ1ptq| ď Cλptq3|λ1ptq|
ż 8
0
dr
r
pr2 ` λptq2q3
ż x
0
ρdρ
x
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
(4.572)
and we get
|II| ď | 16
λptq3
ż 8
t
dxλ2pxqB2K1px´ t, λptqqλ1ptq|
ď C|λ1ptq|
ż 8
t
dx|λ2pxq|
ż 8
0
rdr
pr2 ` λptq2q3
$&%
1
px´tq
şx´t
0
2ρdρ, x´ t ď 1
1
px´tq
ş8
0
ρdρ
ˆ
1` r2´1´ρ2?pr2´1´ρ2q2`4r2
˙
, x´ t ě 1
ď C|λ1ptq|
ż 8
t
dx|λ2pxq|
ż 8
0
rdr
pr2 ` λptq2q3
#
px´ tq, x´ t ď 1
r2
px´tq , x´ t ě 1
ď C|λ1ptq|
ˆż t`1
t
dx
x2 logb`1pxq
px´ tq
λptq4 `
ż 8
t`1
dx
x2 logb`1pxqpx ´ tq
ż 8
0
r3dr
pr2 ` λptq2q3
˙
ď C
t3 log1´2bptq
(4.573)
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We will now treat the term III. Let L “ K `K1. Then, we have
B1Lpx, λptqq “ Lapx, λptqq ` Lbpx, λptqq (4.574)
with
Lapx, λptqq “
ż 8
0
dR
R
p1`R2q3
ż 1
0
udu?
1´ u2
˜
1` R
2λptq2 ´ 1´ u2x2apR2λptq2 ´ 1´ u2x2q2 ` 4R2λptq2
¸
“
ż 8
0
dR
R
p1`R2q3
ż x
0
ρdρ
x
a
x2 ´ ρ2
˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸ (4.575)
Lbpx, λptqq “
ż 8
0
dR
R
p1`R2q3
ż 1
0
udux?
1´ u2
ˆ ´8R2λptq2u2x
p4R2λptq2 ` p1´R2λptq2 ` u2x2q2q3{2
˙
“
ż 8
0
dR
R
p1`R2q3
ż x
0
ρdρa
x2 ´ ρ2
ˆ ´8R2λptq2ρ2
xp4R2λptq2 ` p1´R2λptq2 ` ρ2q2q3{2
˙ (4.576)
Now,ż 8
t
ds|Laps´ t, λptqq|
ď
ż 8
0
dR
R
p1`R2q3
ż 8
0
ρdρ
˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸ż 8
ρ`t
ds
ps´ tqaps´ tq2 ´ ρ2
ď C
ż 8
0
dR
R
p1`R2q3
ż 8
0
dρ
˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
ď C
ż 8
0
dR
R
p1`R2q3
ż 8
2pRλptq`1q
dρ
˜
1` R
2λptq2 ´ 1´ ρ2a
pR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
` C
ż 8
0
dR
R
p1`R2q3
ż 2pRλptq`1q
0
dρ
˜
1` R
2λptq2 ´ 1´ ρ2a
pR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
(4.577)
When ρ ą 2pRλptq ` 1q, we have
|1` R
2λptq2 ´ 1´ ρ2a
pR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2 | “ |1`
p´1´ 1
ρ2
` R2λptq2
ρ2
qb
1´ 2pR2λptq2
ρ2
´ 1
ρ2
q ` pR2λptq2`1q2
ρ4
|
ď C pRλptq ` 1q
2
ρ2
(4.578)
If ρ ă 2pRλptq ` 1q, then, we use
|1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2 | ď 2 (4.579)
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to continue the estimate in (4.577)ż 8
t
ds|Laps´ t, λptqq|
ď C
ż 8
0
dR
R
p1`R2q3
ż 8
2pRλptq`1q
dρ
˜
1` R
2λptq2 ´ 1´ ρ2apR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
` C
ż 8
0
dR
R
p1`R2q3
ż 2pRλptq`1q
0
dρ
˜
1` R
2λptq2 ´ 1´ ρ2a
pR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
ď C
ż 8
0
dR
R
p1`R2q3
ż 8
2pRλptq`1q
dρ
pRλptq ` 1q2
ρ2
` C
ż 8
0
dR
R
p1`R2q3 pRλptq ` 1q
ď C
(4.580)
Similarly, we have
|
ż 8
t
dsLbps´ t, λptqq|
ď
ż 8
0
dR
R
p1`R2q3
ż 8
0
ρdρ
ˆ
8R2λptq2ρ2
p4R2λptq2 ` p1´R2λptq2 ` ρ2q2q3{2
˙ż 8
ρ`t
dsaps´ tq2 ´ ρ2 1ps´ tq
ď C
ż 8
0
dR
R
p1`R2q3
ż 8
0
dρ
R2λptq2ρ2
p4R2λptq2 ` p1 ´R2λptq2 ` ρ2q2q3{2
ď C
ż 8
0
dR
R
p1`R2q3
ż 8
2pRλptq`1q
dρ
R2λptq2ρ2
p4R2λptq2 ` p1´R2λptq2 ` ρ2q2q3{2
` C
ż 8
0
dR
R
p1`R2q3
ż 2pRλptq`1q
0
dρ
R2λptq2ρ2
p4R2λptq2 ` p1 ´R2λptq2 ` ρ2q2q3{2
(4.581)
When ρ ą 2pRλptq ` 1q, we have
1
p4R2λptq2 ` p1´R2λptq2 ` ρ2q2q3{2 ď
C
ρ6
(4.582)
When ρ ă 2pRλptq ` 1q, we use
1
p4R2λptq2 ` p1´R2λptq2 ` ρ2q2q3{2 ď
C
R3λptq3 (4.583)
and then continue the estimate from (4.581):
|
ż 8
t
dsLbps´ t, λptqq|
ď C
ż 8
0
dR
R
p1`R2q3
ż 8
2pRλptq`1q
dρ
R2λptq2ρ2
p4R2λptq2 ` p1´R2λptq2 ` ρ2q2q3{2
` C
ż 8
0
dR
R
p1`R2q3
ż 2pRλptq`1q
0
dρ
R2λptq2ρ2
p4R2λptq2 ` p1´R2λptq2 ` ρ2q2q3{2
ď C
ż 8
0
dR
R
p1`R2q3R
2λptq2
ż 8
2pRλptq`1q
dρ
ρ2
ρ6
` C
ż 8
0
dR
R
p1`R2q3
ż 2pRλptq`1q
0
dρ
R2λptq2ρ2
R3λptq3
ď C
λptq
(4.584)
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Then, we combine the above estimates to getż 8
t
ds|B1Lps´ t, λptqq| ď C
λptq (4.585)
So,
|III| ď C log
3b´1ptq
t2
(4.586)
We finally conclude that
|I| ` |II| ` |III| ` |IV | ď C log
3b´1ptq
t2
(4.587)
Next, we estimate the last line of (4.554). First, we note that
Btx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
f |r“Rλptq, φ0y “
ż 8
0
Bt
˜˜
cosp2Q1p rλptq q ´ 1
r2
¸
φ0p rλptq q
λptq2
¸
fpt, rqrdr
`
ż 8
0
˜
cosp2Q1p rλptq qq ´ 1
r2
¸
φ0p rλptq q
λptq2 Btfpt, rqrdr
(4.588)
which gives
|Btx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
f |r“Rλptq, φ0y| ď C
ż 8
0
r|λ1ptq|
pr2 ` λptq2q3 |fpt, rq|rdr ` C
ż 8
0
rλptq
pr2 ` λptq2q3 |Btfpt, rq|rdr
(4.589)
We now proceed to estimate Btvk, k “ 1, 3, 4, 5. We first prove a preliminary estimate on these quantities
in order to obtain the preliminary estimate on λ3. Once this is done, we can improve our estimates for Btvk.
Lemma 4.14 (Preliminary Estimates on Btvk, k “ 1, 3, 4, 5). We have the following preliminary estimates
on Btvk, k “ 1, 3, 4, 5.
|Btv1pt, rq| ď Cr
t2 logb`1ptq (4.590)
|Btv3pt, rq| ď Cr
t2 log1`bαptq (4.591)
|Btv4pt, rq| ď C
t2 log3b`2N´1ptq , r ď
t
2
(4.592)
|Btv5pt, rq| ď C
t7{2 log3b´3`
5N
2 ptq
` Cr logptq
t4 logbptq , r ď
t
2
(4.593)
Proof. For Btv3, we have
Btv3pt, rq “ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqaps´ tq2 ´ ρ2λ2psq
˜
´1´ ρ2 ` r2ap1 ` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
´ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tq
a
ps´ tq2 ´ ρ2 λ
2psq
ˆ
8ρ2r2
p4r2 ` p1` ρ2 ´ r2q2q3{2
` ´8λpsq
4α´4ρ2r2
p4λpsq2α´2r2 ` p1` λpsq2α´2pρ2 ´ r2qq2q3{2
˙ (4.594)
For the first line on the right-hand side of (4.594), we first note that
|1´ F3pr, ρ, λpsqq| “ 1´ F3pr, ρ, λpsqq “ F3p0, ρ, λpsqq ´ F3pr, ρ, λpsqq (4.595)
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So,
|1´ F3pr, ρ, λpsqq| ď Cr
ż 1
0
rσλpsq2α´2p1` λpsq2α´2pρ2 ` r2σqq
p1` 2pρ2 ` r2σqλpsq2α´2 ` pρ2 ´ r2σq2λpsq4α´4q3{2
dσ (4.596)
where
rσ “ p1´ σqr
Then, because λ1pxq ď 0, x ě T0, we have λpsq2α´2 ě λptq2α´2, s ě t. So,
|1
r
ż 8
t
ds
ż s´t
0
ρdρλ2psq
ps´ tqaps´ tq2 ´ ρ2
˜
´1´ ρ2 ` r2ap1 ` ρ2 ´ r2q2 ` 4r2 ` 1` F3pr, ρ, λpsqq ´ 1
¸
|
ď Cr sup
xět
|λ2pxq|
ż 8
0
dρ
ż 1
0
dσ
p1 ` 2pρ2 ` r2σq ` pρ2 ´ r2σq2q1{2
` Cr sup
xět
`|λ2pxq|λpxq4α´4˘ ż 8
0
dρ
ż 1
0
`
λptq2´2α ` ρ2 ` r2σ
˘
p1` 2pρ2 ` r2σqλptq2α´2 ` pρ2 ´ r2σq2λptq4α´4q3{2
dσ
(4.597)
and where we obtained the second and third lines by switching the s and ρ integration order, and usingż 8
ρ`t
ds
ps´ tqaps´ tq2 ´ ρ2 ď Cρ
So, it suffices to estimate
B3pyq “
ż 8
0
dρ
p1 ` 2pρ2 ` y2q ` pρ2 ´ y2q2q1{2 ď C
ż 2y
0
dρ
y
`
ż 8
2y
dρ
p1` ρ2q ď C (4.598)
This gives
|1
r
ż 8
t
ds
ż s´t
0
ρdρλ2psq
ps´ tqaps´ tq2 ´ ρ2
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` 1` F3pr, ρ, λpsqq ´ 1
¸
|
ď C r
t2 logb`1ptq ` C
r
t2 log1`bαptq
(4.599)
We then consider the second line on the right-hand side of (4.594), and use the same procedure as above:
|´1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tq
λ2psqaps´ tq2 ´ ρ2
ˆ
8ρ2r2
p4r2 ` p1` ρ2 ´ r2q2q3{2 ´
8λpsq4α´4ρ2r2
p4λpsq2α´2r2 ` p1` λpsq2α´2pρ2 ´ r2qq2q3{2
˙
|
ď Cr
ż 8
0
dρ
˜
ρ2
`
supxět |λ2pxq|
˘
p4r2 ` p1` ρ2 ´ r2q2q3{2 `
ρ2 supxět
`|λ2pxq|λpxq4α´4˘
p1` 2λptq2α´2pr2 ` ρ2q ` λptq4α´4pρ2 ´ r2q2q3{2
¸
ď Cr
ż 8
0
1
t2 logb`1ptqp1 ` 2pρ2 ` r2q ` pρ2 ´ r2q2q1{2 dρ
` Cr
ż 8
0
λptq3´3αdq
t2 logb`1ptq log´4b`4αbptqp1 ` 2pq2 ` r2λptq2α´2q ` pq2 ´ r2λptq2α´2q2q1{2
ď Cr B3prq
t2 logb`1ptq ` Cr
B3prλptqα´1q
t2 logb`1ptq log´b`αbptq
(4.600)
This gives
|´1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tq
λ2psqa
ps´ tq2 ´ ρ2
ˆ
8ρ2r2
p4r2 ` p1` ρ2 ´ r2q2q3{2 ´
8λpsq4α´4ρ2r2
p4λpsq2α´2r2 ` p1` λpsq2α´2pρ2 ´ r2qq2q3{2
˙
|
ď C r
t2 logb`1ptq ` C
r
t2 log1`bαptq
(4.601)
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In total, we get (4.591).
Next, we have to estimate Btv4 in the region r ď t2 . Again, we write the formula for v4 as
v4pt, rq “ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
v4,cps,
a
r2 ` 2rρ cospθq ` ρ2qa
r2 ` ρ2 ` 2rρ cospθq pr ` ρ cospθqq (4.602)
Like done previously for v4, we introduce x “ re1 P R2 to ease notation, and get
Btv4pt, rq “ ´
ż 8
t
ds
v4,spt, rq
ps´ tq ´
1
2π
ż 8
t
ds
ż
Bs´tp0q
dApyqaps´ tq2 ´ |y|2 integrandv4,1 (4.603)
where we recall
v4,spt, rq “ ´1
2π
ż
Bs´tp0q
dApyqa
ps´ tq2 ´ |y|2
v4,cps, |x` y|q ppx` yq ¨ pxq
|x` y| (4.604)
integrandv4,1 “
´B2v4,cps, |x` y|q
|x` y|2ps´ tq ppx` yq ¨ yq pxˆ ¨ px` yqq
` v4,cps, |x` y|qps´ tq|x ` y|
ˆ
´y ¨ xˆ` pxˆ ¨ px` yqq py ¨ py ` xqq|x` y|2
˙ (4.605)
So,
|integrandv4,1 | ď C|B2v4,cps, |x` y|q| `
C|v4,cps, |x` y|q|
|x` y| (4.606)
This is the same estimate obtained when estimating the integrand of v4, except for a factor of
1
r
. So, the
second term of (4.603) is estimated as follows:
| ´ 1
2π
ż 8
t
ds
ż
Bs´tp0q
dApyqaps´ tq2 ´ |y|2 integrandv4,1 | ď Ct2 log3b`2N´1ptq , r ď t2 (4.607)
For the first term in (4.603), we have
|
ż 8
t
ds
v4,spt, rq
ps´ tq |
ď C
ż 8
t
ds
ps´ tq
ż
Bs´tp0q
dApyqa
ps´ tq2 ´ |y|2 |v4,cps, |x` y|q|
´
1B s
2
p´xqpyq ` 1pB s
2
p´xqqcpyq
¯
ď C
ż 8
t
ds
ż s´t
0
ρdρ
ż 2π
0
dθ
ps´ tqaps´ tq2 ´ ρ2 1s2 logN`3bpsq 1plog2N psq ` r2 ` ρ2 ` 2rρ cospθqq
` C
ż 8
t
ds
ż s´t
0
ρdρ
ż 2π
0
dθ
ps´ tqaps´ tq2 ´ ρ2 logpsqlog2bpsqs2t 1ps2 ` ρ2 ` r2 ` 2rp cospθqq
(4.608)
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We first estimate the third line of (4.608):
|
ż 8
t
ds
ż s´t
0
ρdρ
ż 2π
0
dθ
ps´ tqaps´ tq2 ´ ρ2 1s2 logN`3bpsq 1plog2N psq ` r2 ` ρ2 ` 2rρ cospθqq |
ď C
ż 8
0
ρdρ
ż 2π
0
dθ
pt` ρq2 log3b`N ptqplog2N ptq ` ρ2 ` r2 ` 2rρ cospθqq
ż 8
ρ`t
ds
ps´ tqaps´ tq2 ´ ρ2
ď C
ż 8
0
dρ
pt` ρq2 log3b`N ptq
ż 2π
0
dθ
plog2N ptq ` ρ2 ` r2 ` 2rρ cospθqq
ď C
ż 8
0
dρ
pt` ρq2 log3b`N ptq
1b
plog2N ptq ` pr ` ρq2qplog2N ptq ` pr ´ ρq2q
ď C
log3b`N ptq
ż 8
0
dρ
pt` ρq2
1b
log2N ptq ` pr ` ρq2
1
logN ptq
ď C
t2 log3b`2N´1ptq
(4.609)
Next, we have
|
ż 8
t
ds
ż s´t
0
ρdρ
ż 2π
0
dθ
ps´ tqaps´ tq2 ´ ρ2 logpsqlog2bpsqps2 ` ρ2 ` r2 ` 2rρ cospθqqs2t |
ď C
ż 8
0
ρdρ
ż 2π
0
dθ
log2bptq
logptq
pρ2 ` r2 ` 2rρ cospθq ` t2q
1
pρ` tq
1
t2
ż 8
ρ`t
ds
ps´ tqaps´ tq2 ´ ρ2
ď C
t2 log2bptq
ż 8
0
dρ
ż 2π
0
logptqdθ
pρ2 ` r2 ` 2rρ cospθq ` t2qpρ` tq
ď C logptq
t3 log2bptq
ż 8
0
dρ
pρ` tq
a
t2 ` ρ2
ď C logptq
t4 log2bptq
(4.610)
Combining these, we get (4.592).
Now, we are ready to estimate Btv5. Again, we have
Btv5 “ 1
2π
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tq
1aps´ tq2 ´ ρ2
ż 2π
0
dθ
N2pfv5qps,
a
r2 ` ρ2 ` 2rρ cospθqqpr ` ρ cospθqqa
r2 ` ρ2 ` 2rρ cospθq
´ 1
2π
ż 8
t
ds
ż
Bs´tp0q
dApyqaps´ tq2 ´ |y|2 integrandv5,1
(4.611)
with
|integrandv5,1 | ď C|B2N2pfv5qps, |x ` y|q| ` C
|N2pfv5qps, |x` y|q
|x` y| (4.612)
Again, this is the same estimate for the integrand which appeared in the v5 pointwise estimates, aside from
an extra factor of 1
r
. So, we get
| ´ 1
2π
ż 8
t
ds
ż
Bs´tp0q
dApyqa
ps´ tq2 ´ |y|2 integrandv5,1 | ď
C
t7{2 log3b´3`
5N
2 ptq
, r ď t
2
(4.613)
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Then, we need to estimateż 8
t
ds
ż
Bs´tp0q
dApyqa
ps´ tq2 ´ |y|2
|N2pfv5q|ps, |x` y|q
ps´ tq
´
1B s
2
p´xqpyq ` 1pB s
2
p´xqqcpyq
¯
ď C
ż 8
t
ds
ż s´t
0
ρdρ
ż 2π
0
dθa
ps´ tq2 ´ ρ2
1
ps´ tq
ˆ
r ` ρ
pλpsq2 ` r2 ` ρ2 ` 2rρ cospθqqs4 log3bpsq `
s
s6 log3bpsq
˙
` C
ż 8
t
ds
ż s´t
0
ρdρ
ż 2π
0
dθa
ps´ tq2 ´ ρ2
1
ps´ tq
ˆ
log3psq
s2t3
` 1
s6 log3N`7b´2psq
˙
ď C
ż 8
0
ρdρ
ż 2π
0
dθ
ρ
pr ` ρq
p1` r2 ` ρ2 ` 2rρ cospθqq
1
logbptqpρ` tq4 ` C
ż 8
t
ds
s5 log3bpsq
` C
ż 8
t
ds
ˆ
log3psq
s2t3
` 1
s6 log3N`7b´2psq
˙
ď C pr ` 1q logptq
t4 logbptq ` C
log3ptq
t4
ď C r logptq
t4 logbptq ` C
log3ptq
t4
, r ď t
2
(4.614)
In total, we have (4.593).
Finally, we estimate Btv1. Using the same procedure used to estimate Btv3, we get
Btv1pt, rq “
ż 8
t
ds
´λ2psq
r
ż s´t
0
ρdρ
ps´ tqaps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
`
ż 8
t
ds
λ2psq
r
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
8ρ2r2
ps´ tqp4r2 ` p1` ρ2 ´ r2q2q3{2
(4.615)
So, recalling (4.598), we have
|Btv1pt, rq| ď Cr
t2 logb`1ptq
ż 1
0
B3prp1 ´ σqqdσ ` CrB3prq
t2 logb`1ptq ď
Cr
t2 logb`1ptq (4.616)
Now, we return to (4.589), and get
|Btx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v3|r“Rλptq, φ0y| ď
C logplogptqq
t3 log2ptq `
C
t2 log´b`1`bαptq (4.617)
|Btx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v4
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y| ď
C
t3 log2b`2N ptq `
C
t2 logb`2N´1ptq (4.618)
|Btx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v5
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y| ď C
t9{2 log2b´2`
5N
2 ptq
` C
t7{2 logb´3`
5N
2 ptq
(4.619)
|Btx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
χě1p 2r
logN ptq q pv1 ` v2 ` v3q |r“Rλptq, φ0y| ď
C
t3 log2b`2N`1ptq `
C
t2 log1`bα`b`2N ptq
(4.620)
Combining these estimates, we finally conclude
|RHS12ptq| ď
C
t2 log1´3bptq (4.621)
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which implies
|λ3ptq| ď C
t2 logplogptqq log1´2bptq (4.622)
Since λptq “ λ0ptq ` e0ptq, we get
|e30 ptq| ď
C
t2 logplogptqq log1´2bptq (4.623)
Now that we have this preliminary estimate, we return to (4.551), and write
λptq “ λ0,0ptq ` eptq
Note that it will suffice for our purposes to have an estimate of the form |e3ptq| ď C|λ30,0ptq|, and this is why
we will not need to use the slightly more complicated decomposition
λptq “ λ0ptq ` e0ptq “ λ0,0ptq ` λ0,1ptq ` e0ptq
Then, we differentiate (4.551), and write the equation in the following way, with any differentiations under
the integral sign justified by the preliminary estimate on e3. (Note that e3ptq “ e30 ptq ` λ30,1ptq).
´ 4
ż 8
t
e3psqds
logpλ0,0psqqp1 ` s´ tq ´ 4
ż 8
t
e3psqds
p1` s´ tq3 logpλ0,0psqqpλ0,0ptq1´α ` s´ tq ` 4αe
3ptq
“ ´4αλ30,0ptq `
´4p1´ αqλptq´αλ1ptq
logpλ0,0ptqq
ż 8
t
e2psqds
pλptq1´α ` s´ tq2p1` s´ tq3
` 1
logpλ0,0ptqq
ˆ´4αλ1ptqλ2ptq
λptq ` BtGpt, λptqq ` 4Bt
ˆż 8
0
λ20,0pt` wqdw
pλptq1´α ` wqp1 ` wq3
˙˙
` 1
logpλ0,0ptqq
´
´E1λ0,0ptq ` 4αplogpλ0,0ptqq ´ logpλptqqqλ3ptq
¯
´ 4
logpλ0,0ptqq
ż 8
t
e3psq
p1` s´ tq3
ˆ
1
λ0,0ptq1´α ` s´ t ´
1
λptq1´α ` s´ t
˙
ds
´ 4
ż 8
t
e3psqds
1` s´ t
ˆ
1
logpλ0,0psqq ´
1
logpλ0,0ptqq
˙
´ 4
ż 8
t
e3psqds
p1` s´ tq3pλ0,0ptq1´α ` s´ tq
ˆ
1
logpλ0,0psqq ´
1
logpλ0,0ptqq
˙
:“ RHS3ptq
(4.624)
We now proceed to estimate RHS3, starting with the terms which do not involve G.
| ´ 4αλ30,0ptq| ď
C
t3 logb`1ptq (4.625)
|´4p1´ αqλptq
´αλ1ptq
logpλ0,0ptqq
ż 8
t
e2psqds
pλptq1´α ` s´ tq2p1 ` s´ tq3 | ď
C
t3 logb`2ptqplogplogptqqq3{2 (4.626)
| ´4αλ
1ptqλ2ptq
logpλ0,0ptqqλptq | ď
C
t3 logb`2ptq logplogptqq (4.627)
| 4
logpλ0,0ptqqBt
ˆż 8
0
λ20,0pt` wqdw
pλptq1´α ` wqp1 ` wq3
˙
|
ď C
logplogptqq
ˆż 8
0
|λ30,0pt` wq|dw
pλptq1´α ` wqp1 ` wq3 `
ż 8
0
|λ20,0pt` wq|dwλptq´α|λ1ptq|
pλptq1´α ` wq2p1` wq3
˙
ď C
t3 logb`1ptq
(4.628)
106
By the same procedure used to estimate Eλ0,0 , we have
|E1λ0,0 ptq|
| logpλ0,0ptqq| ď
C
t3 logb`1ptq logplogptqq (4.629)
In addition,
|4αplogpλ0,0ptqq ´ logpλptqqqλ
3ptq
logpλ0,0ptqq | ď
C
logplogptqq | logp1`
eptq
λ0,0ptq q|
ˆ
1
t3 logb`1ptq ` |e
3ptq|
˙
ď Cplogplogptqqq3{2
ˆ
1
t3 logb`1ptq ` |e
3ptq|
˙ (4.630)
| ´4
logpλ0,0ptqq
ż 8
t
e3psq
p1` s´ tq3
ˆ
1
λ0,0ptq1´α ` s´ t ´
1
λptq1´α ` s´ t
˙
ds|
ď C
logplogptqq
ż 8
t
|e3psq|
p1` s´ tq3 |
λptq1´α ´ λ0,0ptq1´α
pλ0,0ptq1´α ` s´ tq2 |ds
ď C supxět |e
3pxq|
logplogptqq
ż 8
t
dsa
logplogptqq
1
p1` s´ tq3pλ0,0ptq1´α ` s´ tq
ď C supxět |e
3pxq|a
logplogptqq
(4.631)
Similarly,
| ´ 4
ż 8
t
e3psqds
p1` s´ tq
ˆ
1
logpλ0,0psqq ´
1
logpλ0,0ptqq
˙
| ď C
tplogplogptqqq2 logptq
ż 8
t
|e3psq|ds
ď C supxět
`|e3pxq|x3{2˘
t3{2plogplogptqqq2 logptq
(4.632)
Finally,
| ´ 4
ż 8
t
e3psqds
p1 ` s´ tq3pλ0,0ptq1´α ` s´ tq
ˆ
1
logpλ0,0psqq ´
1
logpλ0,0ptqq
˙
|
ď C supxět |e
3pxq|
t logptqplogplogptqqq2
(4.633)
Now, we start to estimate the terms arising from BtGpt, λptqq:
|Bt
`
λptqE0,1pλptq, λ1ptq, λ2ptqq
˘ | ď C
t3 logb`1ptq ` C|e
3ptq| (4.634)
Bt
ˆ
´16
ż 8
t
λ2psq pK3ps´ t, λptqq ´K3,0ps´ t, λptqqq ds
˙
“ ´16
ż 8
t
λ3psq pK3ps´ t, λptqq ´K3,0ps´ t, λptqqq ds
´ 16
ż 8
t
λ2psq pB2pK3 ´K3,0qps´ t, λptqqq λ1ptqds
(4.635)
For the first line of the right-hand side of (4.635), we have
| ´ 16
ż 8
t
λ3psq pK3ps´ t, λptqq ´K3,0ps´ t, λptqqq ds|
ď C sup
xět
|λ3pxq|
ż 8
t
|K3ps´ t, λptqq ´K3,0ps´ t, λptqq|ds
ď C
t3 logb`1ptq ` C supxět |e
3pxq|
(4.636)
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where we recall that
ş8
t
|K3ps´t, λptqq´K3,0ps´t, λptqq|ds was estimated in the v3 inner product subsection.
For the second line of the right-hand side of (4.635), we start with
K3pw, λptqq ´K3,0pw, λptqq “
ˆ
w
1` w2 ´
w
λptq2´2α ` w2
˙
w4
4pw2 ` 36λptq2q2 `
1
4pλptq1´α ` wqp1 ` wq3
(4.637)
Then, we get
|B2pK3 ´K3,0qpw, λptqq| ď Cλptq
α
p1` wq3pλptq ` λptqαwq2
` Cλptq
1`2αw5
p36λptq2 ` w2q2pλptq2 ` λptq2αw2q2
` Cλptqw
5
p36λptq2 ` w2q3 |
1
1` w2 ´
1
pλptq2´2α ` w2q |
(4.638)
Then, we note that ż 8
0
λptq´αdw
p1` wq3pλptq1´α ` wq2 ď C logplogptqq log
bptq (4.639)ż 8
0
λptq1´2αw5dw
p36λptq2 ` w2q2pλptq2´2α ` w2q2 ď
C
λptq (4.640)ż 8
0
λptqw5
p36λptq2 ` w2q3 |
1
1` w2 ´
1
pλptq2´2α ` w2q |dw
ď C logplogptqq
λptq
(4.641)
This gives
|Bt
ˆ
´16
ż 8
t
λ2psq pK3ps´ t, λptqq ´K3,0ps´ t, λptqqq ds
˙
|
ď C sup
xět
|e3pxq| ` C
t3 logb`1ptq
(4.642)
As mentioned before, some terms arising in BtGpt, λ0ptq ` eptqq will be treated differently, now that we have
the preliminary estimate on e3. We start with the term
Bt
ˆ
16
λptq2
ż 8
t
dsλ2psq
ˆ
K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq
˙˙
“ ´32λ
1ptq
λptq3
ż 8
t
dsλ2psq
ˆ
K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq
˙
` 16
λptq2
ż 8
t
dsλ3psq
ˆ
K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq
˙
` 16
λptq2
ż 8
t
dsλ2psq
ˆ
B2K1ps´ t, λptqqλ1ptq ´ λptqλ
1ptq
2p1` s´ tq
˙
(4.643)
For s´ t ď 1, we estimate B2K1 as follows:
|B2K1ps´ t, λptqq| ď
ż 8
0
RdR
p1`R2q3
ż s´t
0
ρdρ
ps´ tq
4λptqR2 `1` ρ2 `R2λptq2˘
p4λptq2R2 ` p1 ` ρ2 ´R2λptq2q2q3{2 (4.644)
We then note that
4R2λptq2 ` p1` ρ2 ´R2λptq2q2 “ p1` pρ`Rλptqq2qp1` pρ´Rλptqq2q
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So,
| 4λptqR
2
`
1` ρ2 `R2λptq2˘
p4λptq2R2 ` p1` ρ2 ´R2λptq2q2q3{2 | ď CR
2λptq (4.645)
Then, we obtain
|B2K1ps´ t, λptqq| ď Cλptqps ´ tq, s´ t ď 1 (4.646)
From here, we get ż t`1
t
|λ2pxq||B2K1px ´ t, λptqq ´ λptq
2p1` x´ tq ||λ
1ptq|dx ď C
t3 log3b`2ptq (4.647)
For s´ t ě 1, we use
B2K1ps´ t, λptqq “
ż 8
0
RdR
p1`R2q3
ż 8
0
ρdρ
ps´ tq
4λptqR2p1 ` ρ2 ` λptq2R2q
p4λptq2R2 ` p1` ρ2 ´R2λptq2q2q3{2
´
ż 8
0
RdR
p1 `R2q3
ż 8
s´t
ρdρ
ps´ tq
4λptqR2p1 ` ρ2 `R2λptq2q
p4R2λptq2 ` p1` ρ2 ´R2λptq2q2q3{2
“ λptq
2ps´ tq ´
ż 8
0
RdR
p1 `R2q3
ż 8
s´t
ρdρ
ps´ tq
4λptqR2p1` ρ2 `R2λptq2q
p4R2λptq2 ` p1` ρ2 ´R2λptq2q2q3{2
(4.648)
Then, ż 8
t`1
|λ2psq||B2K1ps´ t, λptqq ´ λptq
2p1` s´ tq |ds|λ
1ptq|
ď C
t3 log2b`2ptq
ż 8
t`1
|B2K1ps´ t, λptqq ´ λptq
2p1` s´ tq |ds
ď C
t3 log2b`2ptq
ż 8
1
dw
ˆ
λptq
2w
´ λptq
2p1` wq
˙
` C
t3 log2b`2ptq
ż 8
0
RdR
p1 `R2q3
ż 8
1
ρ logpρq 4λptqR
2p1` ρ2 `R2λptq2q
p4R2λptq2 ` p1 ` ρ2 ´R2λptq2q2q3{2 dρ
ď C
t3 log3b`2ptq `
C
t3 log3b`2ptq
ż 8
0
R3dR
p1 `R2q3 logp2`Rλptqq
ď C
t3 log3b`2ptq
(4.649)
We also have
|´32λ
1ptq
λptq3
ż 8
t
dsλ2psq
ˆ
K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq
˙
|
ď C
t3 log2´bptq
ż 8
t
|K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq |ds
ď C
t3 logb`2ptq
(4.650)
Finally, we have
| 16
λptq2
ż 8
t
dxλ3pxq
ˆ
K1px´ t, λptqq ´ λptq
2
4p1` x´ tq
˙
|
ď C
λptq2 supxětp|λ
3pxq|q
ż 8
t
|K1px ´ t, λptqq ´ λptq
2
4p1` x´ tq |dx
ď C sup
xět
|λ3pxq|
(4.651)
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Combining these, we get
|Bt
ˆ
16
λptq2
ż 8
t
dsλ2psq
ˆ
K1ps´ t, λptqq ´ λptq
2
4p1` s´ tq
˙˙
|
ď C
t3 logb`1ptq ` C supxět |e
3pxq|
(4.652)
Next, we consider
Bt
ˆ
16
λptq2
ż 8
t
dxλ2pxqKpx´ t, λptqq
˙
“ ´32λ
1ptq
λptq3
ż 8
t
dxλ2pxqKpx ´ t, λptqq ` 16
λptq2
ż 8
t
dxλ3pxqKpx ´ t, λptqq
` 16
λptq2
ż 8
t
dxλ2pxqB2Kpx´ t, λptqqλ1ptq
(4.653)
Note that
|´32λ
1ptq
λptq3
ż 8
t
dxλ2pxqKpx ´ t, λptqq| ď C log
3bptq
t3 log2b`2ptq
ż 8
t
|Kpx´ t, λptqq|dx
ď C
t3 logb`2ptq
(4.654)
Next,
| 16
λptq2
ż 8
t
dxλ3pxqKpx ´ t, λptqq| ď C sup
xět
|λ3pxq|
ď C
t3 logb`1ptq ` C supxět |e
3pxq|
(4.655)
Finally, the integral
16
λptq2
ż 8
t
dsλ2psqB2Kps´ t, λptqqλ1ptq (4.656)
was treated during the prelminary estimates (it is equal to λptq ¨ I in the notation of that section). So, in
total, we get
|Bt
ˆ
16
λptq2
ż 8
t
dxλ2pxqKpx ´ t, λptqq
˙
| ď C
t3 logb`1ptq ` C supxět |e
3pxq| (4.657)
Now, we return to (4.285) to prove an estimate on Btv3 which will be sufficeint to estimate Btv4. We start
with
Btv3pt, rq “ ´1
r
ż 8
0
dw
ż w
0
ρdρa
w2 ´ ρ2λ
3pw ` tq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq
¸
´ 1
r
ż 8
0
dw
ż w
0
ρdρa
w2 ´ ρ2λ
2pt` wqB3F3pr, ρ, λpt` wqqλ1pt` wq
(4.658)
The first line of (4.658) is treated in the same manner as v3 was, while obtaining (4.285). In particular, the
analog of v3,2 which appeared in an intermediate step in obtaining (4.285) is estimated by
Cr sup
xět
|λ3pxq| ` Cr sup
xět
`|λ3pxq|λpxqα´1 `λpxqα´1 ´ λptqα´1˘˘λptq2´2α
ď Cr
t3 logb`1ptq `
Cr
t logb´bαptq supxět
ˆ |e3pxq|x
λpxq1´α
˙ (4.659)
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while the analog of v3,1 is estimated by
Cr sup
xět
ˆ |λ3pxq|
λpxq2´2α
˙
logplogptqqλptq2´2α
To treat the second line of (4.658), we start with
|B3F3pr, ρ, λpsqq| ď Cr
2λpsq2α´3
p1 ` λpsq4α´4pρ2 ´ r2q2 ` 2λpsq2α´2pρ2 ` r2qq (4.660)
Then, we get
|´1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqλ
2psqB3F3pr, ρ, λpsqqλ1psq|
ď C
r
ż t`1
t
ds
ps´ tq
1
s3 log2b`2psq
ż s´t
0
ρdρ
r2λpsq2α´3
p1` 2λpsq2α´2ρ2q `
C
r
ż 8
t`1
ds
s3 log2b`2psqps´ tq
ż s´t
0
ρdρ|B3F3pr, ρ, λpsqq|
ď Cr
t3 logb`1ptq
(4.661)
and
|´1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1a
ps´ tq2 ´ ρ2 ´
1
ps´ tq
¸
λ2psqB3F3pr, ρ, λpsqqλ1psq|
ď Cr
ż 8
0
ρdρ
p1 ` λptq4α´4pρ2 ´ r2q2 ` 2λptq2α´2pρ2 ` r2qq
logp3´2αqbptq
t3 log2b`2ptq
ď Cr
t3 logb`2ptq
(4.662)
Combining these, we get
|Btv3pt, rq| ď Cr logplogptqq
t3 logb`1ptq `
Cr
t
sup
xět
ˆ
x|e3pxq|
λpxq2´2α
˙
logplogptqqλptq2´2α (4.663)
Next, we estimate BtE5. First, we recall the definition of E5:
E5pt, rq “ ´1
r
ż t`6r
t
ds
ż s´t
0
ρdρ
ps´ tqλ
2psq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
´ 1
r
ż 8
6r
dw
˜ż w
0
ρdρ
w
λ2pt` wq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq
¸
´λ
2pt` wq
w
r2w2
ˆ
1
1` w2 ´
1
pλpt ` wq2´2α ` w2q
˙˙
´ r
ż 8
t`6r
dsλ2psqps´ tq
ˆ
1
pλptq2´2α ` ps´ tq2q ´
1
λpsq2´2α ` ps´ tq2
˙
` v3,2pt, rq
(4.664)
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We then estimate the time derivative of each of the lines of (4.664). For the first line, we have
|Bt
˜
´1
r
ż 6r
0
dw
ż w
0
ρdρ
w
λ2pt` wq
˜
´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq
¸¸
|
ď C
r
ż 6r
0
dw
ż w
0
ρdρ
w
|λ3pt` wq| ¨ | ´1´ ρ
2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq|
` C
r
ż 6r
0
dw
ż w
0
ρdρ
w
|λ2pt` wqB3F3pr, ρ, λpt ` wqqλ1pt` wq|
ď C
r
ż 6r
0
dw
ż w
0
ρdρ
w
|λ3pt` wq| ` Cr
t3 logb`1ptq
(4.665)
where we note that the third line of the inequality above has been estimated already. Next, we have
Bt
˜
´1
r
ż 8
6r
dw
˜ż w
0
ρdρ
w
λ2pt` wq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpt ` wqq
¸
´λ
2pt` wq
w
r2w2
ˆ
1
1` w2 ´
1
pλpt ` wq2´2α ` w2q
˙˙˙
“ 1
r
ż 8
6r
dwλ2pt` wqr2w
ˆ p2´ 2αq
pλpt` wq2´2α ` w2q2 λpt` wq
1´2αλ1pt` wq
˙
´ 1
r
ż 8
6r
dw
ż w
0
ρdρ
w
λ3pt` wq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq
¸
` 1
r
ż 8
6r
dwλ3pt` wqr2w
ˆ
1
1` w2 ´
1
pλpt` wq2´2α ` w2q
˙
´ 1
r
ż 8
6r
dw
ż w
0
ρdρ
w
λ2pt` wqB3F3pr, ρ, λpt ` wqqλ1pt` wq
(4.666)
We get
|1
r
ż 8
6r
dwλ2pt` wqr2w
ˆ p2´ 2αq
pλpt ` wq2´2α ` w2q2λpt` wq
1´2αλ1pt` wq
˙
|
ď Cr
ż 8
6r
dw
|λ2pt` wq|w
pλpt ` wq2´2α ` w2q2λpt ` wq
1´2α|λ1pt` wq|
ď Cr
t3 logb`2ptq
(4.667)
By the identical procedure used to estimate E4 in the v3 subsection, we have
| ´ 1
r
ż 8
6r
dw
ż w
0
ρdρ
w
λ3pt` wq
˜
´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq
¸
` 1
r
ż 8
6r
dwλ3pt` wqr2w
ˆ
1
1` w2 ´
1
pλpt ` wq2´2α ` w2q
˙
|
ď Cr
t3 logb`1ptq ` Cr supxět |e
3pxq|
(4.668)
We then note that the last line of (4.666) was already estimated, and is bounded above in absolute value by
Cr
t3 logb`1ptq
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Then, we estimate
|Bt
ˆ
r
ż 8
t`6r
dsλ2psqps´ tq
ˆ
1
pλptq2´2α ` ps´ tq2q ´
1
λpsq2´2α ` ps´ tq2q
˙˙
|
ď Cr
ż 8
6r
dw|λ3pt` wq||λpt ` wq
2´2α ´ λptq2´2α
pλpt ` wq2´2α ` w2q2 |w
` Cr|
ż 8
6r
dwλ2pt` wqwBt
ˆ
1
pλptq2´2α ` w2q ´
1
λpt` wq2´2α ` w2
˙
|
(4.669)
The second line of the above expression is estimated by
r
ż 8
6r
dw|λ3pt` wq||λpt ` wq
2´2α ´ λptq2´2α
pλpt ` wq2´2α ` w2q2 |w
ď Cr
ż 8
6r
dw|λ3pt` wq| λptq
1´2α|λ1ptq|w2
pλpt` wq2´2α ` w2q2
ď Cr
t log3b`1´3bαptq
ˆ
1
t3 log1´b`2αbptq ` supxět
ˆ |e3pxq|
λpxq2´2α
˙˙ (4.670)
On the other hand, we have
|r
ż 8
6r
dwλ2pt` wqwBt
ˆ
1
pλptq2´2α ` w2q ´
1
λpt` wq2´2α ` w2
˙
|
ď Cr
t3 logb`2ptq
(4.671)
Finally, we recall
v3,2pt, rq “ ´1
r
ż 8
t
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
λ2psq˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸ (4.672)
After taking the time derivative, we estimate the following term with the same argument used for v3,2.
|´1
r
ż 8
0
dw
ż w
0
ρdρ
˜
1a
w2 ´ ρ2 ´
1
w
¸
λ3pt` wq
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq
¸
|
ď Cr
t3 logb`1ptq `
Cr supxět
´
|e3pxq|x
λpxq3´2α
¯
t log3b´2bαptq
(4.673)
Finally,
|´1
r
ż 8
0
dw
ż w
0
ρdρ
˜
1a
w2 ´ ρ2 ´
1
w
¸
λ2pt` wqB3F3pr, ρ, λpt` wqqλ1pt` wq| ď Cr
t3 logb`2ptq
where we note that the integral has already been estimated while studying Btv3.
In total, we get
|BtE5pt, rq| ď Cr
t3 logb`1ptq `
Cr supxět
´
|e3pxq|x
λpxq3´2α
¯
t logp3´2αqbptq
(4.674)
Now, we will obtain an estimate on Btv4 which is better than the preliminary one, (4.592). In particular,
now that we have the preliminary estimate on λ3, we can use the same procedure used to estimate Btv3, to
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see that Btv1 solves, with 0 Cauchy data at infinity, the same equation as v1 does, except with λ2 replaced
by λ3. This observation, combined with the estimates on v1 gives
|Btv1pt, rq| ď Cr plogptq ` logp3` 2rqq
t
sup
xět
`|λ3pxq|x˘ (4.675)
(Note that we can not directly use the Btv1 analog of (4.28), becuase the preliminary estimate on |e3| is not
good enough to justify the steps which would produce such an estimate).
Now, we use the estimate (4.663), combined with the above estimate on Btv1, and the previous estimate on
Btv2, to get
|Btv4,cpt, rq| ď
C|χ1ě1p 2rlogN ptq q|
t logptq
ˆ
λptq2
pλptq2 ` r2q2 |v1 ` v2 ` v3| ` |F0,2pt, rq|
˙
`
Cχě1p 2rlogN ptq qλptq|λ1ptq|
pr2 ` λptq2q2 |v1 ` v2 ` v3| `
Cχě1p 2rlogN ptq qλptq2|Btpv1 ` v2 ` v3q|
pλptq2 ` r2q2
` Cχě1p 2r
logN ptq q|BtF0,2pt, rq|
(4.676)
Using |χ1ě1p 2rlogN ptqq| ¨ rt logN`1ptq ď C
1
trě log
N ptq
2
u
t logptq , we get
|Btv4,cpt, rq| ď
C1trě logN ptq
2
u
log2bptqr4
$&%
r
t3 logbptq , r ď t2
logprq
|t´r|
´
1
|t´r| ` 1t logptq
¯
, t ą r ą t
2
`
C1trě logN ptq
2
u
r3t3
ˆ
logptq ` logprq
log3b`1ptq
˙
` C1trě logN ptq
2
u
λptq2´2αplogptq ` logprqq
r3t log2bptq supxět
ˆ |e3pxq|x
λpxq2´2α
˙
(4.677)
Then, we note that
Btv4pt, rq “ ´1
2π
ż 8
0
dw
ż w
0
ρdρa
w2 ´ ρ2
ż 2π
0
dθ
B1v4,cpt` w,
a
r2 ` ρ2 ` 2rρ cospθqqa
r2 ` ρ2 ` 2rρ cospθq pr ` ρ cospθqq (4.678)
and, carry out the identical procedure done to obtain the estimate on vλ14 ´ vλ24 . This results in
|Btv4pt, rq| ď C
t3 log3b`N´2ptq `
Cλptq2´2α
t log2b`N´3ptq supxět
ˆ
x|e3pxq|
λpxq2´2α
˙
, r ď t
2
(4.679)
Like previously, in order to estimate Btv4 in the region r ě t2 , we first record a slightly different estimate
on Btv4,c. To obtain this, we use (4.160) in the region t ´
?
t ď r ď t`?t, and (4.161) for the other parts
of the region r ě t
2
to estimate v2. For Btv2, we use (4.160) in the region t´ t1{4 ď r ď t` t1{4, and (4.161)
in the other parts of the region r ě t
2
.
This leads to
|Btv4,cpt, rq| ď
C1trě logN ptq
2
u
log2bptqr4
$’’’’&’’’’%
r
t3 logbptq , r ď t2
logprq
|t´r|
´
1
|t´r| ` 1t logptq
¯
, t
2
ď r ď t´?t, or r ě t`?t
logprq
pt´rq2 ` 1?rt logptq , t´
?
t ď r ď t´ t1{4, or t` t1{4 ď r ď t`?t
1?
r
, t´ t1{4 ď r ď t` t1{4
`
C1trě logN ptq
2
u
r3t3
ˆ
logptq ` logprq
log3b`1ptq
˙
` C1trě logN ptq
2
u
λptq2´2αplogptq ` logprqq
r3t log2bptq supxět
ˆ |e3pxq|x
λpxq2´2α
˙
(4.680)
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First, we obtain
||Btv4,c||L2prdrq ď
C
t3 log3b`2N ptq `
C supxět
´
x|e3pxq|
λpxq2´2α
¯
t log4b´2bα`2N´1ptq (4.681)
Then, we use the same procedure used to estimate vλ14 ´ vλ24 in the region r ě t2 , and get
|Btv4pt, rq| ď C
t2 log3b`2N ptq `
C supxět
´
x|e3pxq|
λpxq2´2α
¯
log4b´2αb`2N´2ptq , r ě
t
2
(4.682)
Now, we recall (4.589), and prove new estimates on the terms involving v4, E5, v1 ` v2 ` v3, and F0,2
|Btx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
v4
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y| ď
C
t3 logb`N´2ptq `
C supxět
´
x|e3pxq|
λpxq2´2α
¯
t logN´3`2b´2bαptq
(4.683)
|Btx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
E5|r“Rλptq, φ0y| ď
C
t3 logptq `
C supxět
´
x|e3pxq|
λpxq3´2α
¯
logp2´2αqbptqt
(4.684)
|Btx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸
χě1p 2r
logN ptq q pv1 ` v2 ` v3q |r“Rλptq, φ0y| ď
C
t3 log2b`2N ptq `
Cλptq2´2α supxět
´
|e3pxq|x
λpxq2´2α
¯
t log2N`b´1ptq
(4.685)
|Btxχě1p 2r
logN ptq qF0,2|r“Rλptq, φ0y| ď
C
t3 log2b`1´2bα`2N ptq `
C|e3ptq|
logb´2bα`2N ptq (4.686)
From our previous estimates, we also have
|λ1ptq||x
˜
cosp2Q 1
λptq
q ´ 1
r2
¸ˆ
pv4 ` v5q
ˆ
1´ χě1p4r
t
q
˙
` E5 ´ χě1p 2r
logN ptq q pv1 ` v2 ` v3q
˙
|r“Rλptq, φ0y|
` |λ1ptq||xχě1p 2r
logN ptq qF0,2|r“Rλptq, φ0y|
ď C
t3 logb`2ptq
(4.687)
Combining these, we get
|Bt
˜
λptqx
˜
cosp2Q 1
λptq
q ´ 1
r2
¸ˆ
pv4 ` v5q
ˆ
1´ χě1p4r
t
q
˙
` E5 ´ χě1p 2r
logN ptq q pv1 ` v2 ` v3q
˙
|r“Rλptq, φ0y
¸
|
` |Bt
ˆ
λptqxχě1p 2r
logN ptq qF0,2|r“Rλptq, φ0y
˙
|
ď C
t3 logb`1ptq `
C supxět
´
x|e3pxq|
λpxq3´2α
¯
t logp3´2αqbptq
(4.688)
where we use (4.593) to estimate Btv5. Finally, for all remaining terms in RHS3, we use the same estimate
that was used in obtaining the preliminary estimate on e3, and conclude
|RHS3ptq| ď C
t3 logb`1ptq `
C supxět
`
x3{2|e3pxq|˘
t3{2
a
logplogptqq (4.689)
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Note that the left-hand side of (4.624) is the same as that of (4.259), except with e2 replaced with e3,
and λ0 replaced with λ0,0. This will not cause any major differences in the study of (4.624) relative to
(4.259), because the key estimates (4.264) and (4.268) are invariant under multiplication of Kpt, sq by any
non-negative function of s, and (4.264) is still true with the replacement of 1pλ0ptq1´α`s´tq by
1
pλ0,0ptq1´α`s´tq .
In particular, if we define
K2pt, sq :“ 1ď0ps´ tq
α| logpλ0,0p´sqq|
ˆ
1
1´ s` t `
1
p1´ s` tq3pλ0,0p´tq1´α ´ s` tq
˙
then, by the above discussion, the resolvent kernel associated to K2 in the same way that r was associated
to K, exists, and satisfies the same estimate as r: (4.270). Let us denote this resolvent kernel by r2.
So far, we have that e3 is a solution to (4.624), which can be re-cast into the form
K2 ˚ x` x “ H2
similarly to (4.259). Next, we carry out the following computation, noting that the step which requires
Fubini’s theorem is justified by the preliminary estimate on e3, (4.623).
r2 ˚ pK2 ˚ xq ` r2 ˚ x “ r2 ˚H2
pr2 ˚K2q ˚ x` r2 ˚ x “ r2 ˚H2
H2 ´ x “ K2 ˚ x “ r2 ˚H2
(4.690)
where we used the equation
r2 ` r2 ˚K2 “ K2
(Recall that r2 solves the r2 and K2 analogs of (4.266)). Translating x and H2 back to e
3 and RHS3, we
have
e3ptq “ RHS3ptq
4α
´
ż 8
t
RHS3pzq
4α
r2p´t,´zqdz, a.e. t ě T0 (4.691)
e3, RHS3 are continuous functions, and the above equation can be rearranged to yieldż 8
t
RHS3pzq
4α
r2p´t,´zqdz “ RHS3ptq
4α
´ e3ptq, a.e. t ě T0 (4.692)
So,
t ÞÑ
ż 8
t
RHS3pzq
4α
r2p´t,´zqdz
agrees with a continuous function almost everywhere, and can thus be extended to a continuous function.
Moreover, using (4.270), for r2 instead of r, we have
|
ż 8
t
RHS3pzq
4α
r2p´t,´zqdz| ď ||RHS3
2α
||L8prt,8qq, a.e. t ě T0 (4.693)
So, the same estimate holds for all t ě T0, where we now identify
t ÞÑ
ż 8
t
RHS3pzq
4α
r2p´t,´zqdz
with its continuous extension described above. Such an identification will be performed without further
mention. Returning to (4.691), we get
|e3ptq| ď C sup
xět
|RHS3pxq|
ď C
t3 logb`1ptq `
C supxět
`
x3{2|e3pxq|˘
t3{2
a
logplogptqq
(4.694)
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Thus,
t3{2|e3ptq| ď C
t3{2 logb`1ptq `
C supxět
`
x3{2|e3pxq|˘a
logplogptqq (4.695)
But, as mentioned earlier, e3 is a continuous function on rT0,8q,
so t ÞÑ t3{2|e3ptq| is also continuous on rT0,8q, and
|e3ptq|t3{2 Ñ 0, tÑ8
by the preliminary estimate on e3. So, for all t ě T0, there exists yptq ě t such that
sup
xět
´
x3{2|e3pxq|
¯
“ yptq3{2|e3pyptqq|
But, then,
sup
xět
´
x3{2|e3pxq|
¯
“ yptq3{2|e3pyptqq| ď C
yptq3{2 logb`1pyptqq `
C supxěyptq
`
x3{2|e3pxq|˘a
logplogpyptqq
ď C
t3{2 logb`1ptq `
C supxět
`
x3{2|e3pxq|˘a
logplogptq
(4.696)
So, there exists some absolute constants Cp2 , Cp1 ą 0 such that, for all
t ě Cp1 ` T0
we have
sup
xět
´
x3{2|e3pxq|
¯
ď Cp2
t3{2 logb`1ptq (4.697)
But, e3 P CprT0,8qq, so, there exists some absolute constant Cp3 ą 0 such that
|e3ptq| ď Cp3
t3 logb`1ptq , t ě T0 (4.698)
Recalling λptq “ λ0ptq ` eptq, we have
|λ3ptq| ď C
t3 logb`1ptq , t ě T0 (4.699)
To finish, we only need to establish the estimates on BtBjrvk in the proposition statement. We recall that
Btv1 solves the same equation as v1, also with 0 Cauchy data at infinity, except with λ2 on the right-hand
side replaced with λ3. Now that we have established (4.699), we can justify the steps leading to the Btv1
analog of (4.28), which gives
|Btv1pt, rq| ď C
rt logb`1ptq , r ą
t
2
(4.700)
Combined with (4.675), this gives (4.546).
A similar large r estimate can be also proven for Btv3: Starting with (4.658), we get
|Btv3pt, rq| ď C
r
ż 8
t
ds|λ3psq|ps´ tq
` C
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2 |λ2psq||λ1psq|r2λpsq2α´3p1` λpsq4α´4pρ2 ´ r2q2 ` 2λpsq2α´2pρ2 ` r2qq
ď C
rt logb`1ptq , r ą
t
2
(4.701)
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Combining this with (4.663) gives (4.547).
Next, we estimate Btrvk, k “ 1, 3. We start with Btrv3:
Btv3pt, rq “ ´1
r
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2λ
3psq
˜
´1´ ρ2 ` r2a
p1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
´ 1
r
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2λ
2psqB3F3pr, ρ, λpsqqλ1psq
(4.702)
Since the first line of (4.702) is the same expression as v3, except with λ
3 replacing λ2, we use the same
procedure for this line, as was used to estimate Brv3 . For the second line of (4.702), we start by noting that
|Br
ˆB3F3pr, ρ, λpsqq
r
˙
| ď Cλpsq
2α`1pλpsq6 ` pρ2 ` r2qλpsq4`2α ` pρ2 ` r2q2λpsq2`4αq
λpsq10p1` pρ2 ´ r2q2λpsq4α´4 ` 2pρ2 ` r2qλpsq2α´2q5{2
` Cλpsq
8α`1pρ2 ´ r2q2pρ2 ` r2q
λpsq10p1` pρ2 ´ r2q2λpsq4α´4 ` 2pρ2 ` r2qλpsq2α´2q5{2
(4.703)
We then estimate the partial r derivative of the second line of (4.702) using the same procedure used before
to estimate Brv3, and get
|Br
˜
´1
r
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2 λ2psqB3F3pr, ρ, λpsqqλ1psq
¸
| ď C
t3 log1`bptq (4.704)
(Note that we have the factor |λ1psq| ď C
s logb`1psq in the integrand of the second line of (4.702), which explains
the gain relative to the analogous term arising in the Brv3 estimates). In total, we get (4.548).
As observed before, Btv1 has the same exact representation formulae as v1, except with an extra deriva-
tive on λ2. Therefore, we can use the identical procedure used to estimate Brv1, to get (4.549).
This gives
|Btrv4,cpt, rq| ď
C|χ2ě1p 2rlogN ptq q|
r3t3 log1`N`3bptq `
C|χ1ě1p 2rlogN ptq q|
r3t3 log3b`N ptq
` Cχě1p 2r
logN ptq q
$&%
1
r4t3 log3bptq , r ď t2
logprq
log2bptqr4
´
1
logptqr|t´r|t ` 1pt´rq2t ` 1pt´rq3
¯
` 1
t3r4 log3bptq , t ą r ą t2
(4.705)
Using the final estimates on λ3, we also get
|Btv4,cpt, rq|
r
ď
C1trě logN ptq
2
u
r4t3 log3b`1´2αbptq `
C1trě logN ptq
2
u
log2bptqr5
$&%
r
t3 logbptq , r ď t2
logprq
|t´r|
´
1
t logptq ` 1|t´r|
¯
` 1
rt logb`1ptq , t ą r ě t2
(4.706)
Now, we can prove (4.550) in the region r ď t
2
, by writing
Btv4pt, rq
“ ´r
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 1
0
dβ
ż 2π
0
dθBr
˜
B1v4,cps,
a
r2 ` ρ2 ` 2rρ cospθqqa
r2 ` ρ2 ` 2rρ cospθq pr ` ρ cospθqq
¸
ps, ρ, βrq
(4.707)
and using the same procedure used for v4. In total, we get
|Btv4pt, rq| ď Cr
t3 log3b`2N´2ptq , r ď
t
2
(4.708)
Combining this with (4.682) (and the final estimate on λ3) gives (4.550).
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4.8.11 Estimating λ4
Proposition 4.3. λ P C4prT0,8qq and we have the following estimates:
|λ4ptq| ď C
t4 logb`1ptq , t ě T0 (4.709)
|B2t v1pt, rq| ď
#
Cr
t4 logbptq , r ď t2
C
rt2 logb`1ptq , r ą t2
(4.710)
|B2t v3pt, rq| ď
Cr logplogptqq
t4 logb`1ptq (4.711)
|B2t v4pt, rq| ď
#
C
t4 log3b´2`N ptq , r ď t2
C
t35{12 log2b´1ptq , r ą t2
(4.712)
|B2t v5pt, rq| ď
C
t4 log3N`b´2ptq , r ď
t
2
(4.713)
Proof. Recalling that λptq “ λ0,0ptq ` eptq, we will show that e P C4prT0,8qq, and estimate e4. Returning
to (4.551), we have
λ3ptq “ RHS
1
2ptq
g2ptq ´
g12ptq
g2ptq2RHS2ptq (4.714)
Because λ3 P C0prT0,8qq, an inspection of the definition of RHS2 shows that RHS2 P C2prT0,8qq; so,
λ3 P C1prT0,8qq, with
λ4ptq “ Bt
ˆ
RHS12ptq
g2ptq ´
g12ptq
g2ptq2RHS2ptq
˙
The previously obtained estimates on RHS2, RHS
1
2 then show that
|λ4ptq| ď C|RHS
2
2 ptq|
logplogptqq logbptq `
C
t3 log2´2bptq logplogptqq (4.715)
Again, we will first obtain a preliminary estimate on λ4, which will be improved afterwards. We start by
recalling the definition of RHS2:
RHS2ptq “ ´ 16
λptq3
ż 8
t
dsλ2psq pK1ps´ t, λptqq `Kps´ t, λptqqq ` 2 pλ
1ptqq2
λptq2
` 4b
λptqt2 logbptq ` Ev2,ippt, λptqq
` x
˜
cosp2Q 1
λptq
q ´ 1
r2
¸ˆ
v3 ` pv4 ` v5q
ˆ
1´ χě1p4r
t
q
˙
´ χě1
ˆ
2r
logN ptq
˙
pv1 ` v2 ` v3q
˙
|r“Rλptq, φ0y
´ 4
ż 8
0
χě1p 2Rλptq
logN ptq q
pλ1ptqq2R2φ0pRqdR
λptq2pR2 ` 1q2
(4.716)
We then note
|B2t
ˆ
2λ1ptq2
λptq2
˙
| ď C
t4 log2ptq (4.717)
|B2t
ˆ
4s
λptqt2 logbptq
˙
| ď C
t4
(4.718)
|B2t
ˆ´4λ1ptq2
λptq2
ż 8
0
χě1p 2Rλptq
logN ptq q
R2φ0pRqdR
pR2 ` 1q2
˙
| ď C
t4 log2`2b`2N ptq (4.719)
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To continue estimating RHS22 , we start with
B2t
ˆ
16
λptq2
ż 8
t
λ2pxqK1px´ t, λptqqdx
˙
“
ˆ
96
λptq4 λ
1ptq2 ´ 32λ
2ptq
λptq3
˙ż 8
t
λ2pxqK1px´ t, λptqqdx ´ 64λ
1ptq
λptq3
ż 8
t
λ3pxqK1px ´ t, λptqqdx
´ 64λ
1ptq
λptq3
ż 8
t
λ2pxqB2K1ps´ t, λptqqλ1ptqdx ´ 16
λptq2
ż 8
t
λ3pxqB1K1px ´ t, λptqqdx
` 32
λptq2
ż 8
t
λ3pxqB2K1px´ t, λptqqλ1ptqdx
` 16
λptq2
ż 8
t
λ2pxq `B22K1px´ t, λptqqλ1ptq2 ` B2K1px´ t, λptqqλ2ptq˘ dx
(4.720)
The only term in (4.720) which we can not immediately estimate from previous estimates is the one involving
B22K1. The analogous term involving K is also present in RHS23ptq. We start with
|B22Kpx, λptqqpλ1ptqq2 ` B2Kpx, λptqqλ2ptq|
ď
ż 8
0
dr
Crλptq2 `λ1ptq2 ` λptqλ2ptq˘
pr2 ` λptq2q3
ż x
0
ρdρ
˜
1a
x2 ´ ρ2 ´
1
x
¸˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
(4.721)
which gives
| 16
λptq2
ż 8
t
dxλ2pxq `B22Kpx´ t, λptqqλ1ptq2 ` B2Kpx´ t, λptqqλ2ptq˘ |
ď C
t4 log3b`2ptq
ż 8
t
dx
ż 8
0
rdr
pr2 ` λptq2q3
ż x´t
0
ρdρ
˜
1apx´ tq2 ´ ρ2 ´ 1x´ t
¸˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
ď C
t4 log3b`2ptq
ż 8
0
rdr
pr2 ` λptq2q3
ż 8
0
ρdρ
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸ż 8
ρ`t
˜
1a
px´ tq2 ´ ρ2 ´
1
x´ t
¸
dx
ď C
t4 log3b`2ptq
ż 8
0
dr
r3
pr2 ` λptq2q3
ď C
t4 log2`bptq
(4.722)
Then, we treat the K1 term:
K1px, λptqq “
ż 8
0
rdr
λptq2p1` r2
λptq2 q3
ż x
0
ρdρ
x
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
(4.723)
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Proceeding as for K, we get
| 16
λptq2
ż 8
t
dxλ2pxq `B22K1px´ t, λptqqλ1ptq2 ` B2K1px´ t, λptqqλ2ptq˘ |
ď C
ż 8
t
dx|λ2pxq| 1
t2 log2b`1ptq
ż 8
0
rdr
pr2 ` λptq2q3
1
px´ tq
ż x´t
0
ρdρ
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
ď C
ż 8
t
dx|λ2pxq| 1
t2 log2b`1ptq
ż 8
0
rdr
pr2 ` λptq2q3
1
px´ tq
$&%
şx´t
0
2ρdρ, x´ t ď 1ş8
0
ρdρ
ˆ
1` r2´1´ρ2?pr2´1´ρ2q2`4r2
˙
, x´ t ě 1
ď C
ż t`1
t
dxpx ´ tq
x2 logb`1pxqt2 log2b`1ptq
1
λptq4
` C
ż 8
t`1
dx
x2 logb`1pxqpx ´ tqt2 logptq
ď C
t4 log1´bptq
(4.724)
Combining this with estimates for the other terms in (4.720) (which are deduced from the procedure used
in obtaining preliminary estimates on e3), we get
|B2t
ˆ
16
λptq2
ż 8
t
λ2pxqK1px´ t, λptqq ` 16
λptq2
ż 8
t
λ2pxqKpx ´ t, λptqq
˙
|
ď C
t3 log1´2bptq
(4.725)
The next term in RHS22 ptq which we consider is
B2t
ˆ
2cbλptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq
˙
“ 2cbλ2ptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq ` 4cbλ1ptq
ż 8
0
dξ
´2 sinptξq
t3
ψv2pξ, λptqq
` 4cbλ1ptq
ż 8
0
dξ
ξ cosptξq
t2
ψv2pξ, λptqq ` 4cbλ1ptq
ż 8
0
dξ
sinptξq
t2
B2ψv2λ1ptq
` 4cbλptq
ż 8
0
dξ
´2ξ cosptξq
t3
ψv2pξ, λptqq ` 2cbλptq
ż 8
0
dξ
6 sinptξq
t4
ψv2pξ, λptqq ` 4cbλptq
ż 8
0
dξ
´2 sinptξq
t3
B2ψv2λ1ptq
´ 2cbλptq
ż 8
0
dξ
ξ2 sinptξq
t2
ψv2pξ, λptqq ` 4cbλptq
ż 8
0
dξ
ξ cosptξq
t2
B2ψv2λ1ptq
` 2cbλptq
ż 8
0
dξ
sinptξq
t2
`B22ψv2λ1ptq2 ` B2ψv2λ2ptq˘
(4.726)
Only three integrals can not be immediately estimated based on our previous estimates. These three integrals
are estimated using the same procedure used before, by estimating K1pxq and various of its derivatives, using
the fact that K1 appears in ψv2pξλptqq with its argument x “ ξλptq satisfying 0 ă x ă 14 . We have
´2cbλptq
ż 8
0
dξ
ξ2 sinptξq
t2
ψv2pξ, λptqq “
2cbλptq
t5
ż 8
0
cosptξqB3ξ
`
ξ2ψv2pξ, λptqq
˘
dξ (4.727)
4cbλptq
ż 8
0
dξ
ξ cosptξq
t2
B2ψv2λ1ptq “ ´4cbλptq
ż 8
0
dξ
cosptξq
t4
B2ξ pξB2ψv2qλ1ptq (4.728)
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and
2cbλptq
ż 8
0
dξ
sinptξq
t2
`B22ψv2λ1ptq2˘ “ 2cbλptq ż 8
0
dξ
cosptξq
t3
B122ψv2pξ, λptqqλ1ptq2 (4.729)
Using these, and the procedure described above, we get
| ´ 2cbλptq
ż 8
0
dξ
ξ2 sinptξq
t2
ψv2pξ, λptqq| ` |4cbλptq
ż 8
0
dξ
ξ cosptξq
t2
B2ψv2λ1ptq|
` |2cbλptq
ż 8
0
dξ
sinptξq
t2
`B22ψv2λ1ptq2˘ |
ď C
t5
(4.730)
Every other term arising in
B2t
ˆ
2cbλptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq
˙
can be estimated by using estimates for λ, λ1, λ2, and the terms estimated when considering
Bt
ˆ
2cbλptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq
˙
In total, we then get
|B2t
ˆ
2cbλptq
ż 8
0
dξ
sinptξq
t2
ψv2pξ, λptqq
˙
| ď C
t5
(4.731)
For the term
B2t
ˆ
2cbλptq
ż 8
0
dξ
sinptξq
t2
χď 1
4
pξqFv2 pt, ξq
˙
(4.732)
we use the identical procedure as above, noting that the only difference is that ψv2 is replaced here by
χď 1
4
pξqFv2 . Then, we get
| ´ 2cbλptq
ż 8
0
dξ
ξ2 sinptξq
t2
χď 1
4
pξqFv2 pξ, λptqq| ` |4cbλptq
ż 8
0
dξ
ξ cosptξq
t2
B2
´
χď 1
4
pξqFv2 pξ, λptqq
¯
λ1ptq|
` |2cbλptq
ż 8
0
dξ
sinptξq
t2
´
B22
´
χď 1
4
pξqFv2 pξ, λptqq
¯
λ1ptq2
¯
|
ď C logplogptqq
t5 log2bptq
(4.733)
In total, we have
|B2t
ˆ
2cbλptq
ż 8
0
dξ
sinptξq
t2
χď 1
4
pξqFv2 pt, ξq
˙
| ď C logplogptqq
t5 log2bptq (4.734)
The next term to consider is
B2t
˜ż 1
2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
t2
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸¸
“ 4
t4
ˆ
b´ 1
logbp2q `
bpb´ 1q
logb`1p2q
˙
sinp t
2
q ` Err
´
ˆ
2pb´ 1q
logbp2q `
2bpb´ 1q
logb`1p2q
˙
cosp t
2
q
4t3
` sinp
t
2
q
t4
˜
Bξ
˜
ξpb´ 1q
logbp1
ξ
q `
ξbpb´ 1q
logb`1p1
ξ
q
¸
|ξ“ 1
2
¸
` E2
(4.735)
where we integrate by parts after differentiating the integral, and
|Err| ď C
t5
, |E2| ď C
t5
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On the other hand, we have
B2t
˜ż t
2
0
sinpuqbpb´ 1qdu
t2u logb`1p t
u
q
¸
“ cosp
t
2
qbpb´ 1q
2t3 logb`1p2q ´
3 sinp t
2
qbpb´ 1q
t4 logb`1p2q
` sinp
t
2
qbpb´ 1q
t
ˆ ´2
t3 logb`1p2q ´
pb` 1q
t3 logb`2p2q
˙
`
ż t
2
0
sinpuqbpb´ 1q
u
˜
6
t4 logb`1p t
u
q `
5pb` 1q
t4 logb`2p t
u
q `
pb` 2qpb` 1q
t4 logb`3p t
u
q
¸
du
(4.736)
So,
B2t
˜ż 1
2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
t2
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸¸
` B2t
˜ż t
2
0
du
sinpuqpb ´ 1q
t2u
˜
b
logb`1p t
u
q `
1
logbp t
u
q
¸¸
“ O
ˆ
1
t5
˙
`
ż t
2
0
du
sinpuqpb ´ 1q
u
˜
6
t4 logbp t
u
q `
5b
t4 logb`1p t
u
q `
bpb` 1q
t4 logb`2p t
u
q
¸
`
ż t
2
0
du
sinpuqbpb´ 1q
u
˜
6
t4 logb`1p t
u
q `
5pb` 1q
t4 logb`2p t
u
q `
pb` 1qpb` 2q
t4 logb`3p t
u
q
¸
“ O
ˆ
1
t5
˙
` 3pb´ 1qπ
t4 logbptq `O
ˆ
1
t4 logb`1ptq
˙
(4.737)
where we used the computations from the section which constructed v2, to obtain the
1
t4 logbptq term above.
We conclude the following estimate on one of the terms arising in E2v2ptq:
|B2t
˜ż 1
2
0
dξ
´
χď 1
4
pξq ´ 1
¯ sinptξq
t2
˜
b´ 1
ξ logbp1
ξ
q `
bpb´ 1q
ξ logb`1p1
ξ
q
¸¸
` B2t
˜ż t
2
0
sinpuqpb´ 1q
t2u
˜
b
logb`1p t
u
q `
1
logbp t
u
q
¸
du´
ˆ pb ´ 1qπ
2t2 logbptq
˙¸
|
ď C
t4 logb`1ptq
(4.738)
In total, we finally get
|B2t pλptqEv2,ippt, λptqqq | ď
C
t4 logb`1ptq (4.739)
By the same procedure, this estimate is also true for the case b “ 1.
Now, we record preliminary estimates on B2t vk, k “ 1, 3, 4, 5
Lemma 4.15 (Preliminary estimates on B2t vk). We have the following preliminary estimates on B2t vk:
|B2t v1pt, rq| ď
Cr
p1 ` rq
1
t3 logb`1ptq (4.740)
|B2t v3pt, rq| ď
Cr
t4 logb`1ptq `
C
t3 log1`2αb´bptq (4.741)
|B2t v4pt, rq| ď
#
C
t3 logb`2N´2ptq , r ď t2
C
t2 log3N`bptq , r ě t2
(4.742)
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|B2t v5pt, rq| ď
C
t4 log3N`b´2ptq , r ď
t
2
(4.743)
Proof. First, we estimate B2t v3. We start with the formula for Btv3 used in the process of proving the final
estimate on λ3:
Btv3pt, rq “ ´1
r
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2λ
3psq
˜
´1´ ρ2 ` r2a
p1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
´ 1
r
ż 8
0
dw
ż w
0
ρdρa
w2 ´ ρ2λ
2pt` wqB3F3pr, ρ, λpt ` wqqλ1pt` wq
(4.744)
Denote the first line on the right-hand side of (4.744) by v3,1,t. Then, we have
Btv3,1,tpt, rq “ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqaps´ tq2 ´ ρ2λ3psq
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
´ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tq
a
ps´ tq2 ´ ρ2λ
3psq
ˆ
8ρ2r2
p4r2 ` p1 ` ρ2 ´ r2q2q3{2
` ´8λpsq
4α´4ρ2r2
p4λpsq2α´2r2 ` p1` λpsq2α´2pρ2 ´ r2qq2q3{2
˙ (4.745)
We will need to use a more complicated procedure for (4.745) than what was used to treat the analogous
term which arose in the course of obtaining (4.591). For the first line on the right-hand side of (4.745), we
start with
| ´1´ ρ
2 ` r2a
p1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq| ď
$&%2, ρ ď 4r| ´1´ρ2`r2?p1`ρ2´r2q2`4r2 ` 1| ` | ´ 1` F3pr, ρ, λpsqq|, ρ ą 4r
ď
#
2, ρ ď 4r
r2
ρ2
, ρ ą 4r
(4.746)
Then, we have
|1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqaps´ tq2 ´ ρ2λ3psq
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
|
ď C
r
ż 8
0
ρdρ
t3 logb`1ptq
˜#
2, ρ ď 4r
r2
ρ2
, ρ ą 4r
¸ż 8
ρ`t
ds
1
ps´ tq
a
ps´ tq2 ´ ρ2
ď C
r
ż 4r
0
dρ
t3 logb`1ptq `
C
r
ż 8
4r
r2dρ
ρ2t3 logb`1ptq
ď C
t3 logb`1ptq
(4.747)
We then consider the second line on the right-hand side of (4.745). First, note that, because λ1pxq ď
0, x ě T0, we have λpsq2α´2 ě λptq2α´2, s ě t. Then, we start with the case r ď λptq
1´α
4
ď 1
4
. We have
1` ρ2 ě 16r2, and 1` λptq2α´2ρ2 ě 16λptq2α´2r2. Whence, we have
1
p4r2 ` p1´ r2 ` ρ2q2q3{2 ď
C
p1` ρ2q3
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1p4λptq2α´2r2 ` p1` λptq2α´2ρ2 ´ λptq2α´2r2q2q3{2 ď
C
p1` ρ2λptq2α´2q3
So,
| ´ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqaps´ tq2 ´ ρ2λ3psq
ˆ
8ρ2r2
p4r2 ` p1` ρ2 ´ r2q2q3{2
` ´8λpsq
4α´4ρ2r2
p4λpsq2α´2r2 ` p1` λpsq2α´2pρ2 ´ r2qq2q3{2
˙
|
ď C
r
ż 8
0
dρ
t3 logb`1ptq
ˆ
ρ2r2
p1 ` ρ2q3 `
ρ2r2
p1` λptq2α´2ρ2q3 log4αb´4bptq
˙
ď Cr
t3 log1`bαptq , r ď
λptq1´α
4
(4.748)
If r ě λptq1´α
4
, then,
| ´ 1
r
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqaps´ tq2 ´ ρ2 λ3psq
ˆ
8ρ2r2
p4r2 ` p1` ρ2 ´ r2q2q3{2
` ´8λpsq
4α´4ρ2r2
p4λpsq2α´2r2 ` p1` λpsq2α´2pρ2 ´ r2qq2q3{2
˙
|
ď C
r
ˆ
r2
t3 logb`1ptq
ż 4r
0
ρ2dρ
p4r2 ` p1´ r2 ` ρ2q2q3{2 `
r2
t3 logb`1ptq log4αb´4bptq
ż 4r
0
ρ2dρ
p4λptq2α´2r2 ` p1` λptq2α´2pρ2 ´ r2qq2q3{2
˙
` C
rt3 logb`1ptq
ż 8
4r
dρ
ˆ
ρ2r2
ρ6
` ρ
2r2
log4αb´4bptqλptq6α´6ρ6
˙
ď C
r
ˆ
r3
t3 logb`1ptq
ż 8
0
ρdρ
p4r2 ` p1´ r2 ` ρ2q2q3{2 `
r3
t3 logb`1ptq log4αb´4bptq
ż 8
0
ρdρ
p4λptq2α´2r2 ` p1` λptq2α´2pρ2 ´ r2qq2q3{2
˙
` C
rt3 logb`1ptq
ˆ
1
r
` 1
r log2b´2αbptq
˙
ď C
t3 log´b`2αb`1ptq
(4.749)
In total, we get
|Btv3,1,tpt, rq| ď C
t3 log1`2αb´bptq (4.750)
For the t derivative of the second line of (4.744), we start with
|B23F3pr, ρ, λpsqq| ď
C|B3F3pr, ρ, λpsqq|
λpsq `
Cλpsq4α´6r2
λpsq2α´2 p1` pρ2 ´ r2q2λpsq4α´4 ` 2pρ2 ` r2qλpsq2α´2q (4.751)
Then, we use our estimate for B3F3 proven while estimating Btv3 previously, and note that the estimate
above for B23F3 gives rise to an estimate of the t derivative of the integrand of the second line of (4.744)
which is of the same form as the estimate on the integrand used to obtain the final estimate on Btv3. We
can therefore read off an estimate from our previous computations, and get that the partial t derivative of
the second line of (4.744) is bounded above in absolute value by
Cr
t4 logb`1ptq
This gives (4.741).
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For B2t v1, we have
Bttv1pt, rq “
ż 8
t
ds
´λ3psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2ps´ tq
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
`
ż 8
t
ds
λ3psq
r
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
8ρ2r2
ps´ tqp4r2 ` p1` ρ2 ´ r2q2q3{2
(4.752)
For the first line of (4.752),we getż 8
t
ds
´λ3psq
r
ż s´t
0
ρdρ
ps´ tq
a
ps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
“ ´
ż 8
0
ρdρ
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸ż 8
ρ`t
ds
λ3psq
rps ´ tq
a
ps´ tq2 ´ ρ2
(4.753)
Next, if
fv1,tpx, yq “ 1`
x´ yapx´ yq2 ` 4x, x ě 0, y ě 1
then,
|fv1,tpx, yq| ď
Cx
y2
, x ď y
16
Also, we have
|fv1,tpx, yq| ď 2
Note that if r ď 1
4
, then, r2 ď 1`ρ2
16
. So, we get
|
ż 8
t
ds
´λ3psq
r
ż s´t
0
ρdρ
ps´ tqaps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
|
ď C supxět |λ
3pxq|
r
#ş8
0
dρ|fv1,tpr2, 1` ρ2q|, r ă 14ş4r
0
2dρ` C ş8
4r
r2dρ
ρ4
, r ą 1
4
ď C sup
xět
|λ3pxq|
#
r, r ă 1
4
1, r ą 1
4
ď C r
1` r supxět |λ
3pxq|
(4.754)
For the second line of (4.752), we use a similar procedure as above, again treating first the case r ď 1
4
, and
get
|
ż 8
t
ds
λ3psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2 8ρ2r2ps´ tqp4r2 ` p1´ r2 ` ρ2q2q3{2 |
ď C supxět |λ
3pxq|
r
ż 8
0
ρdρρ2r2
p4r2 ` p1 ´ r2 ` ρ2q2q3{2
ż 8
ρ`t
dsa
ps´ tq2 ´ ρ2
1
ps´ tq
ď C supxět |λ
3pxq|
r
r2
ż 8
0
ρ2dρ
p1 ` ρ2q3
ď Cr sup
xět
|λ3pxq|, r ď 1
4
(4.755)
where we used the fact that
r ď 1
4
ùñ 1` ρ2 ´ r2 ě Cp1` ρ2q
126
Next, we consider the second line of (4.752) for r ą 1
4
. Here, we get
|
ż 8
t
ds
λ3psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2 8ρ2r2ps´ tqp4r2 ` p1 ´ r2 ` ρ2q2q3{2 |
ď C supxět |λ
3pxq|
r
ˆż 2r
0
ρ2r2dρ
p4r2 ` p1´ r2 ` ρ2q2q3{2 `
ż 8
2r
ρ2r2dρ
p4r2 ` p1 ´ r2 ` ρ2q2q3{2
˙
ď C supxět |λ
3pxq|
r
ˆ
2r
ż 2r
0
r2ρdρ
p4r2 ` p1´ r2 ` ρ2q2q3{2 ` r
2
ż 8
2r
ρ2dρ
ρ6
˙
ď C sup
xět
|λ3pxq|, r ą 1
4
(4.756)
In total, we get (4.740).
Now, we will obtain an estimate on B2t v4. We write
v4 “ v04pt, rq ` v14pt, rq (4.757)
where v04 solves the same equation as v4, with 0 Cauchy data at infinity, except with right-hand side equal
to v04,c, which is given by
v04,cpt, rq “ χě1p
2r
logN ptq q
˜˜
cosp2Q1p rλptq qq ´ 1
r2
¸
pv1 ` v2 ` v3q
¸
and similarly for v14 , where
v14,cpt, rq “ χě1p
2r
logN ptq qF0,2pt, rq
We start with
B2t v04pt, rq “
´1
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
B21v04,cps,
a
r2 ` ρ2 ` 2rρ cospθqq pr ` ρ cospθqqa
r2 ` ρ2 ` 2rρ cospθq (4.758)
Then, we note that
|B2t v04,cpt, rq| ď C
1trě logN ptq
2
u|v1 ` v2 ` v3|
t2 log2b`1ptqr4 `
C1trě logN ptq
2
u|Btpv1 ` v2 ` v3q|
t log2b`1ptqr4
`
C1trě logN ptq
2
u|B2t pv1 ` v2 ` v3q|
r4 log2bptq
(4.759)
For the purposes of obtaining a preliminary estimate on B2t v04 in the region r ď t2 , we combine all of our
previous estimates in the following way:
|B2t v04,cpt, rq| ď 1trě logN ptq
2
u
$&%
C
r4 log2bptqt3
´
1
log1`2bα´bptq ` 1logbptq
¯
, r ď t
2
C logprq
r4 log2bptq
´
1
|t´r|3 ` 1t logptqpt´rq2 ` 1t2 logptq|t´r|
¯
` C
r4t3 log1`b`2bαptq , t ą r ą t2
(4.760)
Directly inserting this estimate into our previous formula for B2t v04pt, rq, and estimating as in previous sections,
we get
|B2t v04pt, rq| ď
C
t3 log2N`b´2ptq , r ď
t
2
(4.761)
We will use the same procedure used for Btv4 to estimate B2t v04 in the region r ě t2 . As in previous cases, we
will use a different combination of Bjt v2 estimates to get a different estimate for B2t v04,c:
|B2t v04,cpt, rq| ď
$’’’&’’’%
C1
trě log
N ptq
2
u
r4 logbptqt3 , r ď t2
C
log2bptqr9{2 , t´ t1{6 ď r ď t` t1{6
C logprq
r4 log2bptq
´
1
|t´r|3 ` 1t logptqpt´rq2 ` 1t2 logptq|t´r|
¯
` C
r4t3 log1`b`2bαptq , t´ t1{6 ą r ą t2 , or r ą t` t1{6
(4.762)
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We then get
|B2t v04pt, rq| ď
C
t2 log3N`bptq , r ě
t
2
(4.763)
which gives
|B2t v04pt, rq| ď
#
C
t3 log2N`b´2ptq , r ď t2
C
t2 log3N`bptq , r ě t2
(4.764)
Now, we estimate B2t v14 . This time, we follow the procedure used to obtain the preliminary estimate on Btv4:
B2t v14pt, rq “
1
2π
ż 8
t
ds
ps´ tq
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
B1v14,cps,
a
r2 ` ρ2 ` 2rρ cospθqqpr ` ρ cospθqqa
r2 ` ρ2 ` 2rρ cospθq
´ 1
2π
ż 8
t
ds
ż
Bs´tp0q
dApyqa
ps´ tq2 ´ |y|2 integrandv14,2
(4.765)
where
integrandv14,2 “
´B12v14,cps, |x` y|q
|x` y|2ps´ tq ppx ` yq ¨ yqppx ¨ px` yqq
` B1v
1
4,cps, |x` y|q
ps´ tq|x` y|
ˆ
´y ¨ px` ppx ¨ px` yqqpy ¨ py ` xqq|x` y|2
˙ (4.766)
which gives
|integrandv14,2 | ď C|B12v
1
4,c| ` C
|B1v14,c|
|x` y| (4.767)
We start with the term on the first line of (4.765):
| 1
2π
ż 8
t
ds
ps´ tq
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
B1v14,cps,
a
r2 ` ρ2 ` 2rρ cospθqqpr ` ρ cospθqqa
r2 ` ρ2 ` 2rρ cospθq |
ď C
ż 8
t
ds
ps´ tq
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
s3 log3b`1`N´2bαpsqplog2N psq ` ρ2 ` r2 ` 2rρ cospθqq
ď C
ż 8
0
ρdρ
ż 2π
0
dθ
pρ` tq3 log3b`1`N´2bαptqplog2N ptq ` r2 ` ρ2 ` 2rρ cospθqq
ż 8
ρ`t
ds
ps´ tq
a
ps´ tq2 ´ ρ2
ď C
t3 log3b`2N´2bαptq
(4.768)
For the second line of (4.765), we use the same procedure used to estimate v4 previously, and we get
| ´ 1
2π
ż 8
t
ds
ż
Bs´tp0q
dApyqaps´ tq2 ´ |y|2 integrandv14,2 | ď Ct3 log3b´1`2N´2αbptq (4.769)
In total, we get
|B2t v14pt, rq| ď
C
t3 log3b`2N´1´2αbptq , r ě 0 (4.770)
Combining with the estimate on B2t v04 above, we get (4.742).
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Next, we estimate B2t v5. We start with
|B2tN2pfqpt, rq| ď
ˆ
Cλptqλ1ptq2
rpr2 ` λptq2q2 `
C|λ2ptq|
rpr2 ` λptq2q
˙
|fpt, rq|2
` C|λ
1ptq|
rpr2 ` λptq2q |fpt, rqBtfpt, rq| `
Cλptq
rpr2 ` λptq2q
`pBtfpt, rqq2 ` |fpt, rqBttfpt, rq|˘
` C
`pλ1ptqq2 ` λptq|λ2ptq|˘
pr2 ` λptq2q2 |fpt, rq
3| ` Cλptq|λ
1ptq|
pr2 ` λptq2q2 |fpt, rq
2Btfpt, rq|
` C
r2
`|fpt, rq|pBtfpt, rqq2 ` pfpt, rqq2|Bttfpt, rq|˘
(4.771)
where f “ v1 ` v2 ` v3 ` v4.
For the purposes of estimating B2t v5 in the region r ď t2 , we return to (4.771), and use (4.161) for all quantities
involving v2 in the region r ě t2 , with the following exceptions. For the term involving |fv5 | ¨ |Btfv5 |2 on the
last line of (4.771), we take the following average of (4.161) and (4.160) to estimate pBtv2q2 in the region
r ě t
2
:
pBtv2pt, rqq2 ď C
ˆ
logprq
|t´ r|2
˙3{2
¨ 1
r1{4
Similarly, for the term involving f2v5 |Bttfv5 |, we estimate v22 |Bttv2| by
pv2pt, rqq2|Bttv2| ď C logprq
2
|t´ r|4?r
(This is so that we will not have to have an extra argument for a term analogous to the last line of (4.383)).
This procedure gives
|B2tN2pfqpt, rq| ď C
#
1
t5 logbptqpr2`λptq2q , r ď t2
logprq
r3t2|t´r| log3N`2bptq `
log2prq
r2pt´rq2t2 log3N`bptq `
log3prq
t2r2 logptq|t´r|3 ` log
5{2prq
r9{4pt´rq4 ,
t
2
ď r ă t
(4.772)
Using these estimates in the formula
B2t v5pt, rq “
´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ
B21N2pfqps,
a
r2 ` ρ2 ` 2rρ cospθqqa
r2 ` ρ2 ` 2rρ cospθq pr ` ρ cospθqq (4.773)
gives (4.743).
Then, we use all of our estimates above to get
|B2t
˜
x
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
v3|r“Rλptq, φ0y
¸
| ď C
t3 log1`2αb´3bptq (4.774)
|B2t
˜
x
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
v4
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y
¸
| ď C
t3 log2N´2´bptq (4.775)
|B2t
˜
x
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
v5
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y
¸
| ď C
t4 log3N´b´2ptq (4.776)
|B2t
˜
x
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸ˆ
χě1p 2r
logN ptq qpv1 ` v2 ` v3q
˙
|r“Rλptq, φ0y
¸
| ď C
t3 log1`3N`2αbptq (4.777)
Finally, assembling together all of our previous estimates, we conclude
|RHS22ptq| ď
C
t3 log1´3bptq
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Returning to (4.715), we get
|λ4ptq| ď C
t3 log1´2bptq logplogptqq (4.778)
Now that we have this preliminary estimate, we return to (4.242), substitute
λptq “ λ0,0ptq ` eptq
and differentitate twice in t, to get
´ 4
ż 8
t
e4psqds
logpλ0,0psqqp1 ` s´ tq ` 4αe
4ptq ´ 4
ż 8
t
e4psqds
logpλ0,0psqqpλ0,0ptq1´α ` s´ tqp1` s´ tq3
“
´E2λ0,0ptq
logpλ0,0ptqq ´
4α
logpλ0,0ptqq
ˆ
λ2ptq
λptq ´
λ1ptq2
λptq2
˙
λ2ptq ´ 8αλ
1ptqλ3ptq
λptq logpλ0,0ptqq
´ 4α
ˆ
logpλptqq
logpλ0,0ptqq ´ 1
˙
e4ptq ´ 4α logpλptqq
logpλ0,0ptqq λ
4
0,0ptq `
4
logpλ0,0ptqqB
2
t
ˆż 8
0
λ20,0pt` wq
pλptq1´α ` wqp1 ` w3qdw
˙
` 4
ż 8
0
e4pt` wq
logpλ0,0ptqq
ˆ
1
pλptq1´α ` wq ´
1
pλ0,0ptq1´α ` wq
˙
dw
p1` wq3
´ 8p1´ αqλptq
´αλ1ptq
logpλ0,0ptqq
ż 8
0
e3pt` wq
pλptq1´α ` wq2p1` wq3 dw
´ 4p1´ αqp´αλptq
´α´1pλ1ptqq2 ` λptq´αλ2ptqq
logpλ0,0ptqq
ż 8
0
e2pt` wqdw
p1` wq3pλptq1´α ` wq2
` 8
logpλ0,0ptqq
ż 8
0
e2pt` wq
p1` wq3
p1 ´ αq2λptq´2αλ1ptq2dw
pλptq1´α ` wq3 `
B2tGpt, λ0,0ptq ` eptqq
logpλ0,0ptqq
` 4
ż 8
t
e4psq
ˆ
1
logpλ0,0ptqq ´
1
logpλ0,0psqq
˙
ds
p1` s´ tq
` 4
ż 8
t
e4psqds
p1` s´ tq3pλ0,0ptq1´α ` s´ tq
ˆ
1
logpλ0,0ptqq ´
1
logpλ0,0psqq
˙
:“ RHS4ptq
(4.779)
Like before, we start by estimating all the terms on the right-hand side of (4.779) which do not involve G:
|
´E2λ0,0ptq
logpλ0,0ptqq | ď
C
t4 logb`1ptq logplogptqq (4.780)
| ´4α
logpλ0,0ptqq
ˆ
λ2ptq
λptq ´
λ1ptq2
λptq2
˙
λ2ptq| ď C
t4 logb`2ptq logplogptqq (4.781)
| ´8αλ
1ptqλ3ptq
λptq logpλ0,0ptqq | ď
C
t4 logb`2ptq logplogptqq (4.782)
| ´ 4α
ˆ
logpλ0,0ptq ` eptqq
logpλ0,0ptqq ´ 1
˙
e4ptq| ď C|e
4ptq|
plogplogptqqq3{2 (4.783)
|´4α logpλptqq
logpλ0,0ptqq λ
4
0,0ptq| ď
C
t4 logb`1ptq (4.784)
Then, we note that the following estimate:
|B2t
ˆ
λ20,0pt` wq
w ` λptq1´α
˙
| ď C
t2pt` wq2 logb`1pt` wqpw ` λptq1´αq (4.785)
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implies
| 4
logpλ0,0ptqq
ż 8
0
B2t
ˆ
λ20,0pt` wq
w ` λptq1´α
˙
dw
p1 ` wq3 | ď
C
t4 logb`1ptq (4.786)
Next, we have
|4
ż 8
0
e4pt` wq
logpλ0,0ptqq
ˆ
λ0,0ptq1´α ´ λptq1´α
pλptq1´α ` wqpλ0,0ptq1´α ` wq
˙
dw
p1` wq3 | ď
C supxět |e4pxq|a
logplogptqq (4.787)
|´8p1´ αqλptq
´αλ1ptq
logpλ0,0ptqq
ż 8
0
e3pt` wqdw
pλptq1´α ` wq2p1` wq3 | ď
C
t4 logb`2ptq (4.788)
|´4p1´ αqp´αλptq
´α´1pλ1ptqq2 ` λptq´αλ2ptqq
logpλ0,0ptqq
ż 8
0
e2pt` wqdw
p1` wq3pλptq1´α ` wq2 | ď
C
t4 logb`2ptq (4.789)
| 8
logpλ0,0ptqq
ż 8
0
e2pt` wq
p1 ` wq3
p1´ αq2λptq´2αλ1ptq2dw
pλptq1´α ` wq3 | ď
C
t4 logb`3ptq (4.790)
|4
ż 8
t
e4psq
ˆ
1
logpλ0,0ptqq ´
1
logpλ0,0psqq
˙
ds
1` s´ t | ď
C supxět
`
x2|e4pxq|˘
t2 logptqplogplogptqqq2 (4.791)
and
|4
ż 8
t
e4psqds
p1 ` s´ tq3pλ0,0ptq1´α ` s´ tq
ˆ
1
logpλ0,0ptqq ´
1
logpλ0,0psqq
˙
| ď C supxět
`|e4pxqx2˘
t3 logptq logplogptqq (4.792)
Combining these, we get that all of the terms on the right-hand side of (4.779) which do not involve G are
bounded above in absolute value by
C
t4 logb`1ptq `
C supxět
`
x2|e4pxq|˘a
logplogptqqt2
We now estimate terms in B2tGpt, λptqq, starting with the term involving K1. We again use the preliminary
estimate on e4 to justify any differentiations under the integral sign, to get
B2t
ˆ
16
λptq2
ż 8
t
dxλ2pxq
ˆ
K1px´ t, λptqq ´ λptq
2
4p1` x´ tq
˙˙
“
ˆ
96λ1ptq2
λptq4 ´
32λ2ptq
λptq3
˙ż 8
0
dwλ2pt` wq
ˆ
K1pw, λptqq ´ λptq
2
4p1` wq
˙
´ 64λ
1ptq
λptq3
ż 8
0
dwλ3pw ` tq
ˆ
K1pw, λptqq ´ λptq
2
4p1` wq
˙
´ 64λ
1ptq
λptq3
ż 8
0
dwλ2pw ` tq
ˆ
B2K1pw, λptqq ´ λptq
2p1` wq
˙
λ1ptq
` 16
λptq2
ż 8
0
dwλ4pw ` tq
ˆ
K1pw, λptqq ´ λptq
2
4p1` wq
˙
` 32
λptq2
ż 8
0
dwλ3pw ` tq
ˆ
B2K1pw, λptqq ´ λptq
2p1` wq
˙
λ1ptq
` 16
λptq2
ż 8
0
dwλ2pw ` tq
ˆˆ
B22K1pw, λptqqλ1ptq ´
λ1ptq
2p1` wq
˙
λ1ptq `
ˆ
B2K1pw, λptqq ´ λptq
2p1` wq
˙
λ2ptq
˙
(4.793)
The only term not involving λ4 which has not already been estimated is the first term on the last line of
the above expression. For w ě 1, we start with
K1pw, λptqq “
ż 8
0
rdr
λptq2p1` r2
λptq2 q3
ż w
0
ρdρ
w
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸
(4.794)
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whence
B22K1pw, λptqq “
ż 8
0
dr
6λptq2r `λptq4 ´ 5λptq2r2 ` 2r4˘
pλptq2 ` r2q5
˜
r2
w
´
ż 8
w
ρdρ
w
˜
1` r
2 ´ 1´ ρ2a
pr2 ´ 1´ ρ2q2 ` 4r2
¸¸
“ 1
2w
´
ż 8
0
dr
6λptq2rpλptq4 ´ 5λptq2r2 ` 2r4q
pλptq2 ` r2q5
ż 8
w
ρdρ
w
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
(4.795)
Then,
| 16
λptq2
ż 8
1
dwλ2pw ` tq
ˆ
B22K1pw, λptqqλ1ptq ´ λ
1ptq
2p1` wq
˙
λ1ptq|
ď C|λ
1ptq|
t3 log2ptq
ż 8
1
dw
ˆ
1
2w
´ 1
2p1` wq
˙
` C|λ
1ptq|
t3 log2ptq
ż 8
0
rλptq2dr
pλptq2 ` r2q3
ż 8
1
dρ
ż ρ
1
ρdw
w
˜
1` r
2 ´ 1´ ρ2apr2 ´ 1´ ρ2q2 ` 4r2
¸
ď C
t4 logb`3ptq `
Cλptq2
t4 logb`3ptq
ż 8
0
r3 logp2` r2qdr
pλptq2 ` r2q3
ď C
t4 logb`3ptq
(4.796)
For w ď 1, we first change variables, and start with
K1pw, λptqq “
ż 8
0
RdR
p1`R2q3
ż w
0
ρdρ
w
˜
1` R
2λptq2 ´ 1´ ρ2a
pR2λptq2 ´ 1´ ρ2q2 ` 4R2λptq2
¸
(4.797)
Then,
|B22K1pw, λptqq| ď C
ż 8
0
RdR
p1 `R2q3
ż w
0
ρdρ
w
R2 (4.798)
which gives
| 16
λptq2
ż 1
0
dwλ2pw ` tq
ˆ
B22K1pw, λptqqλ1ptq ´ λ
1ptq
2p1` wq
˙
λ1ptq|
ď C
t3 log2ptq
ż 1
0
dw
ˆ
w ` 1
1` w
˙
1
t logb`1ptq ď
C
t4 logb`3ptq
(4.799)
We now consider the expression (4.793), except with all instances of
K1px´ t, λptqq ´ λptq
2
4p1` x´ tq
replaced with
Kpx´ t, λptqq
(This expression also appears in B2t pGpt, λptqqq). All of the integrals involving K which do not involve λ4
have already been estimated, and we get
|B2t
ˆ
16
λptq2
ż 8
t
dxλ2pxq
ˆ
K1px´ t, λptqq ´ λptq
2
4p1` x´ tq
˙˙
| ` |B2t
ˆ
16
λptq2
ż 8
t
dxλ2pxqKpx´ t, λptqq
˙
|
ď C
t4 logb`1ptq ` C supxět |e
4pxq|
(4.800)
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From the explicit expressions, we also get
|B2t
`´λptqE0,1pλptq, λ1ptq, λ2ptqq˘ | ď C
t4 logb`1ptq ` C|e
4ptq| (4.801)
Next, we start with
|B2t pK3pw, λptqqq | ď
C
t2 logptq |
w
1` w2 ´
w
λptq2´2α ` w2 | `
Cw
t2 logp2´2αqb`1ptqpλptq2´2α ` w2q2
(4.802)
and
|B2tK3,0pw, λptqq| ď
C
t2 logb`1´bαptq
1
pλptq1´α ` wq2p1` wq3 (4.803)
and use our previous estimates on K3 ´K3,0, and Bt ppK3 ´K3,0qpw, λptqqq to get
|B2t
ˆ
´16
ż 8
t
λ2psq pK3ps´ t, λptqq ´K3,0ps´ t, λptqqq ds
˙
| ď C sup
xět
|e4pxq| ` C
t4 logb`1ptq (4.804)
Next, we will need an estimate on B2t v3 which is different from that recorded while obtaining the preliminary
estimate on λ4. We start with
B2t v3pt, rq “
´1
r
ż 8
0
dw
ż w
0
ρdρa
w2 ´ ρ2λ
4pt` wq
˜
´1´ ρ2 ` r2a
p1 ` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq
¸
´ 2
r
ż 8
0
dw
ż w
0
ρdρa
w2 ´ ρ2λ
3pt` wqBtpF3pr, ρ, λpt` wqqq
´ 1
r
ż 8
0
dw
ż w
0
ρdρa
w2 ´ ρ2λ
2pt` wqB2t pF3pr, ρ, λpt` wqqq
(4.805)
The second and third lines of (4.805) were already estimated in the course of obtaining the preliminary
estimate on λ4, and do not need to be estimated any differently here. The first line of (4.805), with the
replacement of λ4 with λ3 has already been estimated while obtaining the final estimate on λ3. Therefore,
we can read off that
|B2t v3pt, rq| ď Cr sup
xět
ˆ
x|e4pxq|
λpxq2´2α
˙
logplogptqqλptq2´2α
t
` Cr logplogptqq
t4 logb`1ptq (4.806)
Next, we estimate B2tE5pt, rq by proceeding line-by-line on the expression (4.664). Denoting, by E5,t,t,i, the
second partial t derivative of the ith line of (4.664), we get
E5,t,t,1pt, rq “ ´1
r
ż 6r
0
dw
ż w
0
ρdρ
w
λ4pt` wq
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq
¸
´ 2
r
ż 6r
0
ż w
0
ρdρ
w
λ3pt` wqBtpF3pr, ρ, λpt ` wqqq
´ 1
r
ż 6r
0
dw
ż w
0
ρdρ
w
λ2pt` wqB2t pF3pr, ρ, λpt` wqqq
(4.807)
Note that, with the replacement of λ4 with λ3, the first line of (4.807) was already estimated in the course
of obtaining the final estimate on λ3. The same is true for the second line of (4.807), except with the
replacement of λ3 with λ2. On the other hand, for the third line of (4.807), we use our previous estimate of
B2t pF3pr, ρ, λpt` wqqq to get
|E5,t,t,1pt, rq| ď Cr
t4 logb`1ptq ` Cr supxět
`|e4pxq|˘ (4.808)
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Next, we have
E5,t,t,2pt, rq “ ´1
r
ż 8
6r
dw
ż w
0
ρdρ
w
λ4pt` wq
˜
´1´ ρ2 ` r2a
p1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpt ` wqq
¸
´ 2
r
ż 8
6r
dw
ż w
0
ρdρ
w
λ3pt` wqBtpF3pr, ρ, λpt ` wqqq
´ 1
r
ż 8
6r
dw
ż w
0
ρdρ
w
λ2pt` wqB2t pF3pr, ρ, λpt ` wqqq
` 1
r
ż 8
6r
dwλ4pt` wqr2w
ˆ
1
1` w2 ´
1
λpt` wq2´2α ` w2
˙
` 2
r
ż 8
6r
dw
λ3pt` wqr2w
pλpt ` wq2´2α ` w2q2 p2 ´ 2αqλpt` wq
1´2αλ1pt` wq
` 1
r
ż 8
6r
dw
λ2pt` wqr2wp2 ´ 2αq `p1´ 2αqλpt ` wq´2αpλ1pt` wqq2 ` λpt` wq1´2αλ2pt` wq˘
pλpt ` wq2´2α ` w2q2
´ 2
r
ż 8
6r
dw
λ2pt` wqr2w `p2´ 2αqλpt` wq1´2αλ1pt` wq˘2
pλpt ` wq2´2α ` w2q3
(4.809)
Only two lines in (4.809) can not be estimated simply by comparing to an analogous term arising in the
BtE5 estimates. They are estimated as follows:
|´1
r
ż 8
6r
dw
ż w
0
ρdρ
w
λ2pt` wqB2t pF3pr, ρ, λpt` wqqq|
ď C
r
ż 8
6r
dw
ż w
0
ρdρ
wpt ` wq4 log2b`2pt` wq
ˆ
Cr2λpt` wq2α´3
p1` λpt ` wq4α´4pρ2 ´ r2q2 ` 2λpt` wq2α´2pρ2 ` r2qq
˙
ď C
r
ż λptq1´α
0
dw
wt4 log2b`2ptq
ż w
0
r2λpt ` wq2α´3ρdρ
` C
r
ż 8
λptq1´α
dw
w
ż w
0
ρdρ
pt` wq4 log2b`2pt` wq
r2λpt` wq2α´3
p1 ` λpt` wq4α´4pρ2 ´ r2q2 ` 2λpt` wq2α´2pρ2 ` r2qq
ď Cr
t4 logb`1ptq
(4.810)
|´1
r
ż 8
6r
dwλ2pt` wqr2wp2 ´ 2αq `p1´ 2αqλpt` wq´2αpλ1pt` wqq2 ` λpt ` wq1´2αλ2pt` wq˘
pλpt` wq2´2α ` w2q2 |
ď Cr
t4 logb`2ptq
(4.811)
where we use the identical procedure used to estimate an analogous term arising while obtaining the final
estimate on λ3. Then, we get
|E5,t,t,2pt, rq| ď Cr
t4 logb`1ptq ` Cr supxět |e
4pxq| (4.812)
Next, we have
E5,t,t,3pt, rq “ ´r
ż 8
6r
dwλ4pt` wqw
ˆ
1
λptq2´2α ` w2 ´
1
λpt ` wq2´2α ` w2q
˙
´ 2r
ż 8
6r
dwλ3pt` wqw
ˆ´p2´ 2αqλptq1´2αλ1ptq
pλptq2´2α ` w2q2 `
p2´ 2αqλpt ` wq1´2αλ1pt` wq
pλpt` wq2´2α ` w2q2
˙
´ r
ż 8
6r
dwλ2pt` wqwBt
ˆ´p2´ 2αqλptq1´2αλ1ptq
pλptq2´2α ` w2q2 `
p2´ 2αqλpt` wq1´2αλ1pt` wq
pλpt` wq2´2α ` w2q2
˙ (4.813)
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The first and second lines of (4.813) can be estimated based on estimates of analogous terms arising in the
estimation of BtE5 done while obtaining the final estimate on λ3. On the other hand, by appropriately using
|fpt` wq ´ fptq| ď sup
σPr0,1s
|f 1pt` σwq| ¨ w
we estimate the third line on the right-hand side of (4.813), and in total, we get
|E5,t,t,3pt, rq| ď Cr
t4 logb`2ptq `
Cr
t log3b`1´3bαptq supxět
ˆ |e4pxq|
λpxq2´2α
˙
(4.814)
Finally, we have
E5,t,t,4pt, rq “ ´1
r
ż 8
0
dw
ż w
0
ρdρ
˜
1a
w2 ´ ρ2 ´
1
w
¸
λ4pt` wq
˜
´1´ ρ2 ` r2ap1` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpt` wqq
¸
´ 2
r
ż 8
0
dw
ż w
0
ρdρ
˜
1a
w2 ´ ρ2 ´
1
w
¸
λ3pt` wqBt pF3pr, ρ, λpt ` wqqq
´ 1
r
ż 8
0
dw
ż w
0
ρdρ
˜
1a
w2 ´ ρ2 ´
1
w
¸
λ2pt` wqB2t pF3pr, ρ, λpt ` wqqq
(4.815)
The only term in (4.815) which can not be estimated simply by reading off estimates of analogous terms
arising in BtE5 estimates from before is the one involving B2t pF3pr, ρ, λpt ` wqqq. For this term, we have
| ´ 1
r
ż 8
0
dw
ż w
0
ρdρ
˜
1a
w2 ´ ρ2 ´
1
w
¸
λ2pt` wqB2t pF3pr, ρ, λpt` wqqq |
ď Cr
ż 8
0
ρdρ
ż 8
ρ
dw
˜
1a
w2 ´ ρ2 ´
1
w
¸
log3b´2αbptq
t4 log2b`2ptqp1 ` λptq4α´4pρ2 ´ r2q2 ` 2λptq2α´2pρ2 ` r2qq
ď Cr
t4 logb`2ptq
(4.816)
Combining these, we get
|B2tE5pt, rq| ď
Cr
t4 logb`1ptq `
Cr
t logp3´2αqbptq
sup
xět
ˆ |e4pxq|x
λpxq3´2α
˙
(4.817)
Next, we need to record new estimates on B2t v4. First, we note that, by the same procedure used to obtain
estimates on Btv1, we have
|B2t v1pt, rq| ď Cr
ˆ
logptq ` logp2` r2q
t
˙
sup
xět
`|λ4pxq|x˘ (4.818)
Note that this time, the preliminary estimate on λ4 is indeed strong enough to justify the steps leading up
to a B2t v1 analog of (4.28), but this will be unnecessary for our purposes. We then use (4.806), and the same
estimates for all other Bjtvk used to obtain the preliminary estimate on B2t v4,c, and get
|B2t v4,cpt, rq| ď
C1ě1p 2rlogN ptq q
r4 log2bptq
$’’&’’%
rplogptq`logp2`r2qq
t
´
1
t3 logb`1ptq ` supxět
´
|e4pxq|x
λpxq2´2α
¯
λptq2´2α
¯
, r ď t
2
rplogptq`logp2`r2qq
t
´
1
t3 logb`1ptq ` supxět
´
|e4pxq|x
λpxq2´2α
¯
λptq2´2α
¯
` logprq|t´r|3 ` logprqt logptqpt´rq2 ` logprqt2|t´r| logptq , t ą r ą t2
(4.819)
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which leads, via the same procedure used to obtain the preliminary estimate on B2t v4, to
|B2t v4pt, rq| ď
C
t4 log3b`N´2ptq `
Cλptq2´2α
t log2b´3`N ptq supxět
ˆ |e4pxq|x
λpxq2´2α
˙
, r ď t
2
(4.820)
As usual, for the following estimate, we modify (4.819) by using C
r9{2 log2bptq in the region t´t1{6 ď r ď t`t1{6.
(Note that the preliminary estimate on λ4 implies the following).
sup
xět
ˆ |e4pxq|x
λpxq2´2α
˙
λptq2´2α 1
r4 log2b´1ptq ď
C
r9{2 log2bptq , t´ t
1{6 ď r ď t` t1{6
This gives
||B2t v4,c||L2prdrq ď
C
t47{12 log2b´1ptq `
Cλptq2´2α
log2N`2b´1ptqt supxět
ˆ |e4pxq|x
λpxq2´2α
˙
(4.821)
In total, this gives
|B2t v4pt, rq| ď
$&%
C
t4 log3b`N´2ptq `
Cλptq2´2α
t log2b´3`N ptq supxět
´
|e4pxq|x
λpxq2´2α
¯
, r ď t
2
C
t35{12 log2b´1ptq `
Cλptq2´2α
log2N`2b´2ptq supxět
´
|e4pxq|x
λpxq2´2α
¯
, r ě t
2
(4.822)
Using the same estimates that were used for Bjtv5 in the course of proving the preliminary estimate on
λ4, we get
|B2t
˜
´λptqx
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
E5|r“Rλptq, φ0y
¸
| ď C
t4 logb`1ptq `
C supxět
´
|e4pxq|x
λpxq3´2α
¯
t logp3´2αqbptq
(4.823)
|B2t
˜
´λptqx
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
v4
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y
¸
| ď C
t4 log2b`N´2ptq`
Cλptq2´2α supxět
´
|e4pxq|x
λpxq2´2α
¯
t logb´3`N ptq
(4.824)
|B2t
˜
´λptqx
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
v5
ˆ
1´ χě1p4r
t
q
˙
|r“Rλptq, φ0y
¸
| ď C
t4 log3N´2ptq (4.825)
|B2t
˜
´λptqx
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
χě1p 2r
logN ptq q pv1 ` v2 ` v3q |r“Rλptq, φ0y
¸
|
ď C
t4 log3b`2N ptq `
Cλptq2´2α supxět
´
|e4pxq|x
λpxq2´2α
¯
t log2N`2b´1ptq
(4.826)
|B2t
ˆ
λptqxχě1p 2r
logN ptq qF0,2|r“Rλptq, φ0y
˙
| ď C
t4 log3b`1`2N´2bαptq `
C|e4ptq|
log2b`2N´2bαptq (4.827)
Combining these, we get
|B2tGpt, λ0,0ptq ` eptqq| ď
C
t4 logb`1ptq ` C supxět
ˆ |e4pxq|x
λpxq3´2α
˙
1
t logp3´2αqbptq
(4.828)
and
|RHS4ptq| ď C
t4 logb`1ptq `
C supxět
´
x2|e4pxq|
λpxq3´2α
¯
a
logplogptqqt2 logp3´2αqbptq
(4.829)
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We now return to (4.779), and note that it is of the form
´ 4
ż 8
t
e4psqds
logpλ0,0psqqp1 ` s´ tq ` 4αe
4ptq ´ 4
ż 8
t
e4psqds
logpλ0,0psqqpλ0,0ptq1´α ` s´ tqp1 ` s´ tq3 “ RHS4ptq
(4.830)
with
|RHS4ptq| ď C
t4 logb`1ptq ` C
supxět
´
x2|e4pxq|
λpxq3´2α
¯
a
logplogptqqt2 logp3´2αqbptq
(4.831)
We are now in the same situation as for e3, and repeating the procedure used there, we get
|e4ptq| ď C
t4 logb`1ptq (4.832)
Using the explicit formula for λ0,0, we finally conclude
|λ4ptq| ď C
t4 logb`1ptq , t ě T0 (4.833)
To finish the proof of the proposition, we recall (4.28), and the fact that B2t v1 has the same formula as v1,
except for λ4 replacing λ2. Using our estimate on λ4, we get
|B2t v1pt, rq| ď
C
rt2 logb`1ptq (4.834)
Combining this with (4.818), we get (4.710).
4.9 Estimates on BkrB
j
tF4
Later on, when we start to construct the exact solution to (1.1), we will utilize the orthogonality
xF4, φ0p ¨
λptq qy “ 0, t ě T0
by integrating by parts in various oscillatory integrals involving F4. Therefore, we will need estimates on
certain derivatives of F4 in order to control the integrands which will arise in this process:
Proposition 4.4. For 0 ď k ď 2, 0 ď j ď 1, j ` k ď 2, we have
tjrk|Bkr BjtF4pt, rq| ď
C1trďlogN ptqur
t2 log3b`1´2αbptqpr2 ` λptq2q2 `
C1trď t
2
ur
t2 log5b`2N´2ptqpr2 ` λptq2q2 (4.835)
In addition, we have
|B2tF4pt, rq| ď
C1trďlogN ptqur
t4 log3b`1´2αbptqpr2 ` λptq2q2 `
C1trď t
2
ur
t4 log5b`2N´2ptqpr2 ` λptq2q2 `
C1trď t
2
u
t4 log5b`N´2ptqpr2 ` λptq2q2
(4.836)
Proof. We start with a lemma which captures a delicate leading order cancellation near the origin between
v1 and v2:
Lemma 4.16 (Near origin cancellation between v1 and v2). For 0 ď k, j ď 2, k ` j ď 2, we have
tjrk|Bkr Bjt pv1 ` v2q| ď
Cr logplogptqq
t2 logb`1ptq , r ď log
N ptq (4.837)
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Proof. We use (4.26) and (4.159), to get
v1pt, rq ` v2pt, rq “ r
ˆż 8
t
λ2pxq
1` x´ tdx´
b
t2 logbptq
˙
` Errpt, rq ` Ev2pt, rq, 0 ď r ď
t
2
(4.838)
Then, using the modulation equation, and the previous estimates on its terms, we get
|v1pt, rq ` v2pt, rq| ď Cr logplogptqq
t2 logb`1ptq `
Cr logp3` 2rq
t2 logb`1ptq `
Cr
t2 logb`1ptq `
Cr2
t3 logbptq , r ď
t
2
(4.839)
Note that, for (e.g) r ď logN ptq, this estimate is slightly better than what would result from estimating v1
and v2 seperately.
We use (4.29) and (4.159) to obtain the analogous estimate after taking an r derivative:
Brv1pt, rq ` Brv2pt, rq “
ż 8
t
λ2psqds
1` s´ t ´
b
t2 logbptq ` EBrv1pt, rq ` EBrv2pt, rq (4.840)
Again, the modulation equation, combined with the estimates for EBrv1 and EBrv2 from the previous sub-
sections, give
|Brv1pt, rq ` Brv2pt, rq| ď C logplogptqq
t2 logb`1ptq `
C logp3` 2rq
t2 logb`1ptq `
C
t2 logb`1ptq `
Cr
t3 logbptq , r ď
t
2
(4.841)
We first note that, for j “ 1, 2, Bjtv1 solves the same equation with 0 Cauchy data at infinity as v1 does,
except with λp2`jqptq on the right-hand side. Then, we use the fact that λ solves
´ 4
ż 8
t
λ2pxqdx
1` x´ t `
4b
t2 logbptq ` 4α logpλptqqλ
2ptq ´ 4
ż 8
t
λ2psqds
pλptq1´α ` s´ tqp1 ` s´ tq3 “ Gpt, λptqq (4.842)
and differentiate j times for j “ 1, 2, to get
| ´ 4
ż 8
t
λ3psq
1` s´ tds´
8b
t3 logbptq | ď
C logplogptqq
t3 logb`1ptq (4.843)
and
|
ż 8
t
λ4psqds
1` s´ t ´
6b
t4 logbptq | ď
C logplogptqq
t4 logb`1ptq (4.844)
Then, using (4.26),(4.159), we get
|Btpv1 ` v2qpt, rq| ď C r logplogptqq
t3 logb`1ptq , r ď log
N ptq (4.845)
and
|B2t pv1 ` v2qpt, rq| ď C
r logplogptqq
t4 logb`1ptq , r ď log
N ptq (4.846)
Next, we use the equations solved by v1, v2, to get
r2Brrpv1 ` v2q “ r2
ˆ´2rλ2ptq
1` r2
˙
` r2Bttpv1 ` v2q ´ rBrpv1 ` v2q ` pv1 ` v2q (4.847)
which gives
r2|Brrpv1 ` v2q| ď C r logplogptqq
t2 logb`1ptq , r ď log
N ptq (4.848)
Finally, we study Btrpv1 ` v2q. Because Btv1 has the same representation formula as v1, except with λ2
replaced by λ3, we can use the same procedure used for Brv1, to get
Btrv1pt, rq “
ż 8
t
λ3psqds
1` s´ t ` EBtrv1pt, rq (4.849)
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with
|EBtrv1pt, rq| ď
C logp3` 2rq
t3 logb`1ptq (4.850)
Then, we use (4.159) to conclude
|Btrpv1 ` v2qpt, rq| ď C logplogptqq
t3 logb`1ptq , r ď log
N ptq (4.851)
Next, we note that our previous estimate for Brv3, (4.287), sufficed for all of our purposes up to now. For
estimating derivatives of F4, however, we will require a different estimate which will turn out to be better in
the region r ď logN ptq, and which will require a more complicated argument than before. This refinement
will also lead to slightly better estimates on Btrv3 and r2Brrv3 near the origin.
Lemma 4.17 (Near origin refinements of various v3 related estimates).
|Brv3pt, rq| ď C
t2 logb`1ptq plogplogptqq ` logp6` 6rqq (4.852)
|Btrv3pt, rq| ď C logplogptqq
t3 logb`1ptq , r ď log
N ptq (4.853)
r2|Brrv3| ď Cr logplogptqq
t2 logb`1ptq , r ď log
N ptq (4.854)
Proof. We first use the same decomposition on Brv3 used before, and only need to use a different argument
for one term, namely:
´
ż 8
t
ds
ps´ tq
ż s´t
0
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
We treat different regions of the variable s´ t. First, from our previous Brv3 estimate, we have
|
ż s´t
0
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2
¸
| ď Cps´ tq2|λ2psq|, s´ t ď 1
2
(4.855)
which gives
| ´
ż t` 1
2
t
ds
ps´ tq
ż s´t
0
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` r2a
p´1´ ρ2 ` r2q2 ` 4r2
¸
|
ď C
t2 logb`1ptq
(4.856)
Next, we have
| ´
ż t`6
t` 1
2
ds
ps´ tq
ż s´t
0
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2
¸
|
ď
ż t`6
t` 1
2
ds
ps´ tq
ż 8
0
ρdρ
|λ2psq|
r
|Br
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2
¸
|
ď C
ż t`6
t` 1
2
ds
ps´ tq |λ
2psq|
ď C 1
t2 logb`1ptq
(4.857)
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For convenience, we recall the definition of F3:
F3pr, ρ, λpsqq “ 1´ pr
2 ´ ρ2qλpsq2α´2a
4r2λpsq2α´2 ` p1 ´ pr2 ´ ρ2qλpsq2α´2q2
Similarly, we have
|BrF3pr, ρ, λpsqq| ď Crλpsq
2`2αppρ2 ` r2qλpsq2α´2 ` 1q
λpsq4p1 ` 2pρ2 ` r2qλpsq2α´2 ` pρ2 ´ r2q2λpsq4α´4q3{2 (4.858)
For the region s´ t ď λptq1´α, we continue this estimate, and get
|BrF3pr, ρ, λpsqq| ď Crλpsq2α´2 (4.859)
So,
|
ż t`λptq1´α
t
ds
ps´ tq
ż s´t
0
ρdρλ2psq
r
BrF3pr, ρ, λpsqq| ď C
ż t`λptq1´α
t
ds
ps´ tq
ż s´t
0
ρdρ
r
|λ2psq|rλpsq2α´2
ď C
t2 logb`1ptq
(4.860)
|
ż t`6
t`λptq1´α
ds
ps´ tq
ż s´t
0
ρdρλ2psq
r
BrF3pr, ρ, λpsqq| ď C
ż t`6
t`λptq1´α
ds
ps´ tq
ż 8
0
ρdρ|λ2psq|
r
|BrF3pr, ρ, λpsqq|
ď C
r
ż t`6
t`λptq1´α
ds
ps´ tq |λ
2psq|r
ď C logplogptqq
t2 logb`1ptq
(4.861)
Then, we treat the region 6 ď s´ t ď 6` 6r in a similar fashion:
| ´
ż t`6`6r
t`6
ds
ps´ tq
ż s´t
0
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
|
ď
ż t`6`6r
t`6
ds
ps´ tq
ż 8
0
ρdρ
|λ2psq|
r
˜
|Br ´1´ ρ
2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 | ` |BrF3pr, ρ, λpsqq|
¸
ď C
ż t`6`6r
t`6
ds
ps´ tq |λ
2psq|
ď C logp6 ` 6rq
t2 logb`1ptq
(4.862)
Now, we study the region s´ t ě 6` 6r:
We first note that ż 8
0
Br
˜
´1´ ρ2 ` r2ap1 ` ρ2 ´ r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
ρdρ “ 0 (4.863)
which follows from the fact that the integrand of the expression above is equal to
Bρ
˜
r
˜
´1` ρ2 ´ r2a
ρ4 ´ 2ρ2p´1` r2q ` p1` r2q2 `
1` pr2 ´ ρ2qλpsq2α´2a
1` 2pρ2 ` r2qλpsq2α´2 ` pρ2 ´ r2q2λpsq4α´4
¸¸
(4.864)
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Then, we use
r
˜
´1` ps´ tq2 ´ r2aps´ tq4 ´ 2ps´ tq2p´1` r2q ` p1` r2q2
¸
“ r p1` EBrv3,1q (4.865)
with
|EBrv3,1| ď C
p1` rq2
ps´ tq2 , s´ t ě 6` 6r
and
r
˜
1` pr2 ´ ps´ tq2qλpsq2α´2a
1` 2pps´ tq2 ` r2qλpsq2α´2 ` pps´ tq2 ´ r2q2λpsq4α´4
¸
“ r p´1` EBrv3,2q (4.866)
with
|EBrv3,2| ď C
p1` rq2
ps´ tq2 , s´ t ě 6` 6r
which gives
| ´
ż 8
t`6`6r
ds
ps´ tq
ż s´t
0
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
|
“ |
ż 8
t`6`6r
ds
ps´ tq
ż 8
s´t
ρdρ
λ2psq
r
Br
˜
´1´ ρ2 ` r2ap´1´ ρ2 ` r2q2 ` 4r2 ` F3pr, ρ, λpsqq
¸
|
“ |
ż 8
t`6`6r
ds
ps´ tq
λ2psq
r
r pEBrv3,1 ` EBrv3,2q |
ď C
ż 8
t`6`6r
ds
ps´ tq |λ
2psq| p1` rq
2
ps´ tq2
ď C
t2 logb`1ptq
(4.867)
In total, we get
|Brv3pt, rq| ď C
t2 logb`1ptq plogplogptqq ` logp6` 6rqq (4.868)
Note that this estimate is better than (4.287), in the region r ď logN ptq. For Btrv3, we recall that the partial
r derivative of the second line of (4.702) was bounded above in absolute value by C
t3 logb`1ptq , and an estimate
of the r derivative of the first line of (4.702) was inferred from an estimate on Brv3. Using the above near
origin refinement of the Brv3 estimate, instead of the previous one, gives
|Btrv3pt, rq| ď C logplogptqq
t3 logb`1ptq , r ď log
N ptq (4.869)
Now, we can prove a different estimate for r2B2rv3 than what follows from previous work.
r2Brrv3 “ r2F0,1pt, rq ` r2Bttv3 ´ rBrv3 ` v3 (4.870)
Using (4.852), as well as our previous estimates on v3, we get
r2|Brrv3| ď Cr logplogptqq
t2 logb`1ptq , r ď log
N ptq (4.871)
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Finally, the estimate for Btv5 used when estimating λ3 was based on estimates for N2pfq and BrN2pfq
which only used at most two derivatives of λ. For future use, we will prove a stronger estimate on Btv5,
which uses the final estimate on λ3. (Note that this is the reason why no estimates on Btv5 were presented
in the proposition statement in the λ3 section). As part of the process, we will also obtain an estimate on
Btrv4.
Lemma 4.18 (Improved Btv5, Btrv4 estimates).
|Btv5pt, rq| ď Cr
t9{2 log
3N
2
`3b´2ptq
, r ď t
2
(4.872)
|Btrv4pt, rq| ď
#
C
t3 log3b`2N´2ptq , r ď t2
C
t35{12 log2b´1ptq , r ě t2
(4.873)
Proof. For this estimate, we start with
Btv5pt, rq “ ´r
2π
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0q
dApyqaps´ tq2 ´ |y|2
˜
B12N2pfv5qps, |βx ` y|q ppβx` yq ¨ xˆq2
|βx` y|2
´ B1N2pfv5qps, |βx` y|q ppβx` yq ¨ xˆq
2
|βx` y|3
`B1N2pfv5qps, |βx` y|q|βx` y|
˙ (4.874)
This gives
|Btv5pt, rq| ď Cr
ż 1
0
dβ
ż 8
t
ds
ż
Bs´tp0q
dApyqaps´ tq2 ´ |y|2
ˆ
|B12N2pfv5q|ps, |βx ` y|q `
|B1N2pfv5q|ps, |βx ` y|q
|βx` y|
˙
(4.875)
In order to proceed, we will have to estimate Btrv4, which was not done previously. We start by noting that,
the procedure used to obtain (4.708) was to write
Btv4pt, rq “ r
ż 1
0
dβBtrv4pt, rβq (4.876)
and then, to estimate Btrv4pt, rβq uniformly for 0 ď β ď 1. So, in the region r ď t2 , we have
|Btrv4pt, rq| ď C
t3 log3b`2N´2ptq , r ď
t
2
(4.877)
For the region r ě t
2
, we start by introducing the vector field
V “ tBt ` rBr
and recalling that
´ Bttv4 ` Brrv4 ` 1
r
Brv4 ´ v4
r2
“ v4,c (4.878)
So, we have ˆ
´Btt ` Brr ` 1
r
Br ´ 1
r2
˙
pV pBtv4qq “ V pBtv4,cq ` 2Btv4,c (4.879)
We use (4.705), (4.819), and
|B2t v4,cpt, rq| ` |Btrv4,cpt, rq| ď
C
t9{2 log2bptq , t´ t
1{6 ď r ď t` t1{6
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to get
|V pBtv4,cq|pt, rq ď C
$’’&’’%
1
trě logN ptq
2
u
r3t3 log3bptq , r ď t2
logprq
r3 log2bptq|t´r|3 `
logprq
r3t log2bptqpt´rq2 `
logprq
log2b`1ptqr4t|t´r| `
logprq
r3 log3b`1ptqt3 ,
t
2
ď r ď t´ t1{6, or r ě t` t1{6
1
t7{2 log2bptq , t´ t1{6 ď r ď t` t1{6
(4.880)
and we get
||V pBtv4,cq||L2prdrq ď C
t35{12 log2b´1ptq (4.881)
Next, we recall (4.681), and get
||Btv4,c||L2prdrq ď
C
t3 log2N`3bptq (4.882)
Then, we apply the same procedure used before to estimate (e.g.) Btv4 in the region r ě t2 , to the equation
for V pBtv4q, and get
|V pBtv4q|pt, rq ď C
t23{12 log2b´1ptq (4.883)
But, then,
Btrv4pt, rq “ ptB
2
t v4 ` rBtrv4q
r
´ t
r
B2t v4
“ V pBtv4q
r
´ t
r
B2t v4
(4.884)
and we have already estimated B2t v4, during our study of λ4. So, we get
|Btrv4pt, rq| ď C
t35{12 log2b´1ptq , r ě
t
2
(4.885)
Now, we can estimate BtrN2pfq, and get
|BtrN2pfq|pt, rq ď
$&%
C
t5 log3bptqpr2`λptq2q , r ď t2
C log3prq
r2|t´r|5 ` C log
3prq
r5{2
?
tpt´rq4 `
C log2prq
r2t3{2|t´r|3 log3b´1` 5N2 ptq
, t ą r ą t
2
(4.886)
(Note that we only need to estimate BtrN2pfv5q in the region r ă t, which is why we used 1|t´r| ě 1t to simply
the above estimate. In previous estimates, we did not proceed analogously because we eventually used a
single estimate for the entire region t
2
ď r ď t´ tγ , or r ě t` tγ for some γ ą 0).
Using the estimates on Bjtvk, j “ 0, 1, k “ 1, 2, 3, 4, we get
|BtN2pfqpt, rq| ď
$&%
Cr
t5 log3bptqpr2`λptq2q , r ď t2
C
r3t7{2 log
3N
2
`5bptq
` C log3prq
r2pt´rq4 , t ą r ą t2
(4.887)
Now, we return to (4.875), and use the same procedure used to estimate v5 in the region r ď t2 earlier. (In
particular, we handle the contribution to Btv5 coming from the term log
3prq
r2|t´r|5 , which arises in the estimate
for BtrN2pfv5q, using the same procedure as in (4.384)). This results in
|Btv5pt, rq| ď Cr
t9{2 log
3N
2
`3b´2ptq
, r ď t
2
(4.888)
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Now, we proceed to estimate F4, and various of its derivatives. We recall
F4pt, rq “
ˆ
1´ χě1p 2r
logN ptq q
˙˜
F0,2pt, rq `
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
pv1 ` v2 ` v3q
¸
`
ˆ
1´ χě1p4r
t
q
˙˜cosp2Q 1
λptq
prqq ´ 1
r2
¸
pv4 ` v5q
(4.889)
Then, using (4.285), (4.310), (4.359), and (4.839), we get
|F4pt, rq| ď C
´
1´ χě1p 2rlogN ptq q
¯
pr2 ` λptq2q2
ˆ
r
t2 log3b`1´2bαptq
˙
` C
`
1´ χě1p4rt q
˘
pr2 ` λptq2q2
r
t2 log5b`2N´1ptq
(4.890)
Next, we will need to record estimates on BtF4, and rBrF4. By combining (4.550), and (4.872), we get
|Btv4 ` Btv5|pt, rq ď Cr
t3 log3b`2N´2ptq , r ď
t
2
(4.891)
This, combined with the explicit formula for F0,2, (4.845), and (4.547), gives
|BtF4pt, rq| ď
C1trďlogN ptqur
t3 log3b`1´2bαptqpr2 ` λptq2q2 `
C1trď t
2
u
pr2 ` λptq2q2
r
t3 log5b`2N´2ptq (4.892)
where we estimate derivatives on the cutoff functions by (e.g.)
|χ1ě1p
2r
logN ptq q|
Nr
t logN`1ptq ď
C1trďlogN ptqu
t logptq
Similarly, for the partial r derivative of F4, we use the explicit formula for F0,2, (4.852), (4.841), (4.311),
and (4.360), to get
r|BrF4pt, rq| ď
Cr1trďlogN ptqu
t2 log3b`1´2bαptqpr2 ` λptq2q2 ` C
1trď t
2
u
pr2 ` λptq2q2
r
t2 log5b`2N´1ptq (4.893)
Treating the terms involving χě1 and F0,2 as before, and using (4.846), (4.712), and (4.713), we get
|B2tF4pt, rq| ď
C1trďlogN ptqur
t4pr2 ` λptq2q2 log3b`1´2bαptq `
C1trď t
2
ur
t4 log5b`2N´2ptqpr2 ` λptq2q2 `
C1trď t
2
u
t4 log5b`N´2ptqpr2 ` λptq2q2
(4.894)
Next, we note that, exactly as was the case with Btrv4, we can infer the following estimate on Btrv5 by
inspecting (4.872), and the procedure used to obtain it:
|Btrv5pt, rq| ď C
t9{2 log
3N
2
`3b´2ptq
, r ď t
2
(4.895)
We use the same procedure, (4.851), (4.895), and (4.873), to get
r|BrtF4pt, rq| ď C
1trďlogN ptqur
t3 log3b`1´2bαptqpr2 ` λptq2q2 ` C
1trď t
2
ur
t3 log5b`2N´2ptqpr2 ` λptq2q2 (4.896)
Next, we use the same procedure used for v1 ` v2, v3 to estimate r2B2rv4, r2B2rv5:
r2B2rv4 “ r2v4,cpt, rq ` r2Bttv4 ´ rBrv4 ` v4 (4.897)
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So,
|r2B2rv4pt, rq| ď
Cr
t2 log3b`2N ptq `
Cr2
t4 log3b´2`N ptq `
Cr
t2 log3b`2N´1ptq `
Cr
t2 log3b`2N´1ptq
ď Cr
t2 log3b`2N´1ptq , r ď
t
2
(4.898)
and
|r2B2rv5pt, rq| ď
Cr
t4 log3bptq `
Cr2
t4 log3N`b´2ptq `
Cr
t7{2 log
5N
2
`3b´3ptq
` Cr
t7{2 log
5N
2
`3b´3ptq
ď Cr
t3 log3N`b´2ptq , r ď
t
2
(4.899)
By using (4.848), (4.854), (4.898), and (4.899), we get
r2|BrrF4pt, rq| ď C
1trďlogN ptqur
t2 log3b`1´2bαptqpr2 ` λptq2q2 `
C1trď t
2
ur
t2 log5b`2N´1ptqpr2 ` λptq2q2 (4.900)
4.10 Estimates on F5
Recall that F5 was one of the v6-independent error terms on the right-hand side of (4.106) which was not
included in the modulation equation, and is therefore, not necessarily orthogonal to φ0p ¨λptq q. Hence, we
must prove that it decays sufficiently quickly in sufficiently many norms. This is the result of the following
lemma.
Lemma 4.19. We have the following estimates on F5:
1
λpxq2 ||F5px, rq||L2prdrq ď
C log6`2bpxq
x17{4
(4.901)
||F5px, ¨λpxqq|| 9H1e
λpxq ď
C log6`bpxq
x35{8
(4.902)
Proof. We recall (4.108):
F5pt, rq “ N2pv5qpt, rq ` sinp2pv1 ` v2 ` v3 ` v4qq
2r2
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯
`
ˆ
cosp2pv1 ` v2 ` v3 ` v4qq ´ 1
2r2
˙´
sinp2Q 1
λptq
` 2v5q ´ sinp2Q 1
λptq
q
¯ (4.903)
Then, we start with
|N2pv5q|pt, rq ď
#
Cr
pr2`λptq2qt7 log7b´6`5N ptq , r ď t2
C log8ptq
r7{2 logbptqt7{2 , r ě t2
(4.904)
Next, we have
| sinp2pv1 ` v2 ` v3 ` v4qq
2r2
´
cosp2Q 1
λptq
q pcosp2v5q ´ 1q ´ sinp2Q 1
λptq
q sinp2v5q
¯
|
ď C |v1 ` v2 ` v3 ` v4|
r2
ˆ
v5pt, rq2 ` rλptq
r2 ` λptq2 |v5pt, rq|
˙ (4.905)
|
ˆ
cosp2pv1 ` v2 ` v3 ` v4qq ´ 1
2r2
˙´
sinp2Q 1
λptq
q pcosp2v5q ´ 1q ` cosp2Q 1
λptq
q sinp2v5q
¯
|
ď Cpv1 ` v2 ` v3 ` v4q
2
r2
ˆ
rλptqv25
r2 ` λptq2 ` |v5|
˙ (4.906)
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Using our previous pointwise estimates on v1, v2, v3, v4, v5, we get
|F5pt, rq| ď
$’’’&’’’%
Cr
pr2`λptq2qt11{2 log5b´3` 5N2 ptq
, r ď t
2
C logprq log4ptq
r3t2 logbptq|t´r| `
C log4ptq log2prq
pt´rq2r5{2t3{2 `
C log4ptq
r7{2t3 log
3N
2
`4b´1ptq
, t
2
ď r ď t´?t, or r ą t`?t
log4ptq
r7{2t3{2 , t´
?
t ď r ď t`?t
(4.907)
This gives
1
λpxq2 ||F5px, rq||L2prdrq ď
C log6`2bpxq
x17{4
(4.908)
We then proceed to estimate ||F5pt, ¨λptqq|| 9H1e
We start with
|BrN2pv5qpt, rq| ď Cλptq
r2pr2 ` λptq2qv5pt, rq
2 ` Cλptq|v5pt, rqBrv5pt, rq|
rpr2 ` λptq2q `
C|Brv5pt, rq|v5pt, rq2
r2
` C|v5pt, rq|
3
r3
(4.909)
For the two terms on the right-hand side of the above equation which involve Brv5, we estimate as follows:
||λptq|v5pt, rqBrv5pt, rq|
rpr2 ` λptq2q |r“Rλptq||L2pRdRq ď Cλptq||
v5pt, rq
rpr2 ` λptq2q ||L8 ¨ ||pB2v5qpt, ¨λptqq||L2pRdRq
ď C
t21{4 logb´6`
5N
2 ptq
(4.910)
|| |Brv5pt, rq|v5pt, rq
2
r2
|r“Rλptq||L2pRdRq ď ||pB2v5qpt, ¨λptqq||L2pRdRq ¨ ||v
2
5
r2
||L8
ď C log
11`bptq
t31{4
(4.911)
For the other terms in (4.909), we use the v5 pointwise estimates. In total, we get
||pB2N2pv5qqpt, ¨λptqq||L2pRdRq ď
C
t21{4 logb´6`
5N
2 ptq
(4.912)
Next, we have
Br
ˆ
sinp2pv1 ` v2 ` v3 ` v4qq
2r2
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯˙
“ cosp2pv1 ` v2 ` v3 ` v4qqBrpv1 ` v2 ` v3 ` v4q
r2
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯
´ sinp2pv1 ` v2 ` v3 ` v4qq
r3
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯
` sinp2pv1 ` v2 ` v3 ` v4qq
r2
´
´ sinp2Q 1
λptq
` 2v5qBrpQ 1
λptq
` v5q ` sinp2Q 1
λptq
qBrQ 1
λptq
¯
(4.913)
For Brvk, k “ 1, 2, 4, we use the pointwise estimates from the previous subsections. On the other hand, for
Brv3, we use the energy estimate procedure, previously used for Brv5, to get
||Brv3ptq||L2prdrq ď C
ż 8
t
||F0,1psq||L2prdrqds ď C
ż 8
t
a
logplogpsqq
s2 logb`1psq ds
ď C
a
logplogptqq
t logb`1ptq
(4.914)
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Then, we have
||cosp2pv1 ` v2 ` v3 ` v4qqBrpv1 ` v2 ` v3 ` v4q
r2
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯
|r“Rλptq||L2pRdRq
ď ||Brpv1 ` v2 ` v4q
r2
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯
|r“Rλptq||L2pRdRq
` ||pB2v3qpt, Rλptqq||L2pRdRq||
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯
r2
||L8
ď C
a
logplogptqq
t9{2 log2b´2`
5N
2 ptq
(4.915)
Using the pointwise estimates on v5, we get
|| ´ sinp2pv1 ` v2 ` v3 ` v4qq
r3
´
cosp2Q 1
λptq
` 2v5q ´ cosp2Q 1
λptq
q
¯
|r“Rλptq||L2pRdRq
ď C
t11{2 log3b´3`
5N
2 ptq
(4.916)
We use
| sinp2pv1 ` v2 ` v3 ` v4qq
r2
´
´ sinp2Q 1
λptq
` 2v5qBrpQ 1
λptq
` v5q ` sinp2Q 1
λptq
qBrQ 1
λptq
¯
|
ď C|v1 ` v2 ` v3 ` v4|
r2
ˆ
rλptq2v25
pr2 ` λptq2q2 `
λptq|v5pt, rq|
r2 ` λptq2 `
|Brv5|rλptq
r2 ` λptq2 ` |v5Brv5|
˙ (4.917)
The first term in (4.917) which involves Brv5 is estimated as follows:
|| |v1 ` v2 ` v3 ` v4|
r2
ˆ |Brv5|rλptq
r2 ` λptq2
˙
|r“Rλptq||L2pRdRq
ď C|| |v1 ` v2 ` v3 ` v4|
r2
ˆ |Brv5|rλptq
r2 ` λptq2
˙
|r“Rλptq||L2pp0, t
2λptq q,RdRq
` C||pB2v5qpt, Rλptqq||L2pRdRq ¨ ||
pv1 ` v2 ` v3 ` v4q
rpr2 ` λptq2q λptq||L8prě t2 q
(4.918)
where the second line of (4.918) is estimated using the pointwise estimates on Brv5 in the region r ď t2 . In
total, we get
|| |v1 ` v2 ` v3 ` v4|
r2
ˆ |Brv5|rλptq
r2 ` λptq2
˙
|r“Rλptq||L2pRdRq ď C log
4ptq
t21{4
(4.919)
The second term of (4.917) which involves Brv5 is estimated as follows:
||v1 ` v2 ` v3 ` v4
r
||L8 ¨ ||v5
r
||L8 ¨ ||pB2v5qpt, ¨λptqq||L2pRdRq ď C log
8ptq
t
25
4 λptq (4.920)
The other terms of (4.917) are estimated using the vk pointwise estimates for 1 ď k ď 5. In total, we get
|| sinp2pv1 ` v2 ` v3 ` v4qq
r2
´
´ sinp2Q 1
λptq
` 2v5qBrpQ 1
λptq
` v5q ` sinp2Q 1
λptq
qBrQ 1
λptq
¯
|r“Rλptq||L2pRdRq
ď C log
4ptq
t21{4
(4.921)
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Finally, we have
Br
ˆˆ
cosp2pv1 ` v2 ` v3 ` v4qq ´ 1
2r2
˙´
sinp2Q 1
λptq
` 2v5q ´ sinp2Q 1
λptq
q
¯˙
“ ´ sinp2pv1 ` v2 ` v3 ` v4qq
r2
Brpv1 ` v2 ` v3 ` v4q
´
sinp2Q 1
λptq
` 2v5q ´ sinp2Q 1
λptq
q
¯
´ pcosp2pv1 ` v2 ` v3 ` v4qq ´ 1q
r3
´
sinp2Q 1
λptq
` 2v5q ´ sinp2Q 1
λptq
q
¯
`
ˆ
cosp2pv1 ` v2 ` v3 ` v4qq ´ 1
r2
˙´
cosp2Q 1
λptq
` 2v5qpBrQ 1
λptq
` Brv5q ´ cosp2Q 1
λptq
qBrQ 1
λptq
¯
(4.922)
The second line of (4.922) is estimated by
||´ sinp2pv1 ` v2 ` v3 ` v4qq
r2
Brpv1 ` v2 ` v3 ` v4q
´
sinp2Q 1
λptq
` 2v5q ´ sinp2Q 1
λptq
q
¯
|r“Rλptq||L2pRdRq
ď C||v1 ` v2 ` v3 ` v4
r
||L8
ˆ
||v5Brpv1 ` v2 ` v4q
r
|r“Rλptq||L2pRdRq ` ||
v5
r
||L8 ||pB2v3qpt, ¨λptqq||L2pRdRq
˙
ď C log
6`bptq
t35{8
(4.923)
The thrid line of (4.922) is estimated by
|| ´ pcosp2pv1 ` v2 ` v3 ` v4qq ´ 1q
r3
´
sinp2Q 1
λptq
` 2v5q ´ sinp2Q 1
λptq
q
¯
|r“Rλptq||L2pRdRq
ď C||v1 ` v2 ` v3 ` v4
r
||2L8 ||
v5
r
|r“Rλptq||L2pRdRq
ď C log
6`bptq
t5
(4.924)
Finally, the fourth line of (4.922) is estimated by
||
ˆ
cosp2pv1 ` v2 ` v3 ` v4qq ´ 1
r2
˙´
cosp2Q 1
λptq
` 2v5qpBrQ 1
λptq
` Brv5q ´ cosp2Q 1
λptq
qBrQ 1
λptq
¯
|r“Rλptq||L2pRdRq
ď ||v1 ` v2 ` v3 ` v4
r
||2L8
ˆ
||
ˆ
λptq v
2
5
λptq2 ` r2 `
rλptq2v5
pr2 ` λptq2q2
˙
|r“Rλptq||L2pRdRq ` ||pB2v5qpt, ¨λptqq||L2pRdRq
˙
ď C log
5`bptq
t19{4
(4.925)
Finally, we use our pointwise estimates on all vk to getˆ
1
λptq2
ż 8
0
pF5pt, Rλptqqq2
R2
RdR
˙1{2
ď C log
6`bptq
t21{4
(4.926)
Combining all of these estimates, we get
1
λptq ||F5pt, ¨λptqq|| 9H1e ď
C log6`bptq
t35{8
(4.927)
4.11 Estimates on F6
We prove the analgous estimates on F6:
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Lemma 4.20.
1
λptq2 ||F6pt, rq||L2prdrq ď
C
t4 log3b`2N´1ptq (4.928)
1
λptq ||F6pt, rq|| 9H1e ď
C
t9{2 log4b´1`
5N
2 ptq
(4.929)
Proof. We start with
||F6pt, rq||2L2prdrq ď C
ż t
2
t
4
λptq4rpv4pt, rq2 ` v5pt, rq2q
r8
dr ` C
ż 8
t
2
λptq4pv24 ` v25qrdr
r8
ď C
t8 log10b`4N´2ptq
(4.930)
where we used (4.310), (4.359). This concludes the proof of (4.928).
Next, we have
BrF6pt, rq “ χ1ě1p
4r
t
q
ˆ
4
t
˙˜cosp2Q 1
λptq
prqq ´ 1
r2
¸
pv4 ` v5q ` χě1p4r
t
q pv4 ` v5q Br
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
` χě1p4r
t
q
˜
cosp2Q 1
λptq
prqq ´ 1
r2
¸
Brpv4 ` v5q
(4.931)
We estimate the L2 norm as follows.
||BrF6pt, rq||L2prdrq ď C
t9{2 log5b´1`
5N
2 ptq
` ||Brv5||L2prdrq ¨ ||
χě1p4rt qλptq2
pr2 ` λptq2q2 ||L8r
ď C
t9{2 log5b´1`
5N
2 ptq
(4.932)
where we used (4.310), (4.311), (4.359), and (4.362). The last term to estimate is
||F6pt, rq
r
||L2prdrq ď C
t5 log5b`2N´1ptq (4.933)
where we used (4.310) and (4.359). Combining these, we get
1
λptq ||F6pt, rq|| 9H1e ď
C
t9{2 log4b´1`
5N
2 ptq
(4.934)
4.12 Estimates on vcorr-dependent quantities
Finally, we define vcorr :“ v1`v2`v3`v4`v5 and record some estimates on vcorr-dependent quantities which
will appear as coefficients of various error terms involving the final correction, which is to be constructed in
the next section.
Lemma 4.21.
||vcorrpx,Rλpxqq
Rλpxq ||
2
L8 ` ||
vcorrpx,Rλpxqq
Rλpxq2p1 `R2q ||L8 ď
C logplogpxqq
x2 logpxq (4.935)
1` ||vcorrpx,Rλpxqq
R
||L8 ` ||BRpvcorrpx,Rλpxqqq||L8 ď C (4.936)
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||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
Rλpxq2 ||L8R pp0,1qq ` ||
vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
R2λpxq2 ||L8R pp1,8qq
` ||BRpvcorrpx,Rλpxqqqp1`R2qλpxq2 ||L8
ď C logplogpxqq
x2 logpxq
(4.937)
Proof. From (4.839), (4.285), (4.286), (4.310), and (4.359), we get
|vcorrpt, rq| ď
$’’&’’%
Cr logplogptqq
t2 logb`1ptq , r ď logN ptq
Cr
t2 logbptq , log
N ptq ď r ď t
2
C?
r
, t
2
ă r
(4.938)
This gives
||vcorrpx,Rλpxqq
Rλpxq ||
2
L8 ` ||
vcorrpx,Rλpxqq
Rλpxq2p1 `R2q ||L8 ď
C logplogpxqq
x2 logpxq (4.939)
Then, we use (4.841),(4.852), (4.287), (4.311), and (4.360) to get
|BRpvcorrpx,Rλpxqqq| ď Cλpxq
$’’&’’%
logplogpxqq
x2 logb`1pxq , Rλpxq ď logN pxq
1
x2 logbpxq , log
N pxq ď Rλpxq ď x
2
1?
x
, Rλpxq ą x
2
(4.940)
This implies
1` ||vcorrpx,Rλpxqq
R
||L8 ` ||BRpvcorrpx,Rλpxqqq||L8 ď C (4.941)
Next, we have
|vcorrpx,Rλpxqq
Rλpxq | ¨ |
BRpvcorrpx,Rλpxqqq
λpxq | ď C
plogplogpxqqq2
x4 log2b`2pxq , R ď 1 (4.942)
|vcorrpx,Rλpxqq
Rλpxq | ¨ |
BRpvcorrpx,Rλpxqqq
Rλpxq | ď
$’’&’’%
Cplogplogpxqqq2
Rx4 log2b`2pxq , 1 ď R ď
logN pxq
λpxq
C
Rx4 log2bpxq , log
N pxq ď Rλpxq ď x
2
C
R5{2λpxq3{2?x , Rλpxq ą x2
(4.943)
and
|BRpvcorrpx,Rλpxqqq|
p1`R2qλpxq2 ď
$’’&’’%
C logplogpxqq
x2 logpxqp1`R2q , Rλpxq ď logN pxq
1
x2p1`R2q , log
N pxq ď Rλpxq ď x
2
logbpxq?
x
¨ 1
1`R2 , Rλpxq ą x2
(4.944)
which imply
||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
Rλpxq2 ||L8R pp0,1qq ` ||
vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
R2λpxq2 ||L8R pp1,8qq
` ||BRpvcorrpx,Rλpxqqqp1`R2qλpxq2 ||L8
ď C logplogpxqq
x2 logpxq
(4.945)
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5 Solving the final equation
The full equation to solve is (4.106) with 0 Cauchy data at infinity. For ease of notation, let us set u “ v6,
and re-write (4.106) as
´Bttu` Brru` 1
r
Bru´
cosp2Q 1
λptq
prqq
r2
u “ F pt, rq ` F3pt, rq (5.1)
where
F pt, rq “ F4pt, rq ` F5pt, rq ` F6pt, rq
and we recall that F4, F5, and F6 are defined in (4.107), (4.108), and (4.109), and are estimated in theorem
4.1. and
F3 “ Npuq ` L1puq
with
Npfq “
ˆ
sinp2fq ´ 2f
2r2
˙
cosp2Q 1
λptq
q `
ˆ
cosp2fq ´ 1
2r2
˙
sinp2pQ 1
λptq
` vcorrqq
L1pfq “ sinp2fq
2r2
cosp2Q 1
λptq
qpcosp2vcorrq ´ 1q ´ sinp2fq
2r2
sinp2Q 1
λptq
q sinp2vcorrq
vcorr “ v1 ` v2 ` v3 ` v4 ` v5
Note that we will utilize the crucial fact that
xF4pt, ¨q, φ0p ¨
λptq qy “ 0
5.1 The equation for Fpuq
We will make appropriate changes of variables in order to (formally) derive the equation for the distorted
Fourier transform, discussed in section 4 of [12], of u. (Note, however, that we will not renormalize the time
variable, unlike in [12].) We will denote the distorted Fourier transform of a function f by Fpfq. Let
upt, rq “ vpt, r
λptq q
Then, if we evaluate the equation for u at the point pt, Rλptqq, we obtain
´ B11vpt, Rq ` 2λ
1ptq
λptq RB12vpt, Rq `
ˆ
λ2ptq
λptq ´ 2
λ1ptq2
λptq2
˙
RB2vpt, Rq ´ λ
1ptq2
λptq2 R
2B22vpt, Rq
` 1
λptq2
ˆ
B22vpt, Rq ` 1
R
B2vpt, Rq ´ cosp2Q1pRqq
R2
vpt, Rq
˙
“ F pt, Rλptqq ` F3pt, Rλptqq
(5.2)
Now, let
vpt, Rq “ wpt, Rq?
R
to get
´ B11wpt, Rq ´ λ
1ptq
λptq B1wpt, Rq ` 2
λ1ptq
λptq B1pRB2wqpt, Rq `
ˆ´λ2ptq
2λptq `
1
4
λ1ptq2
λptq2
˙
wpt, Rq
`
ˆ
λ2ptq
λptq ´
λ1ptq2
λptq2
˙
RB2wpt, Rq ´ λ
1ptq2
λptq2 R
2B22wpt, Rq
` 1
λptq2
ˆ
B22wpt, Rq ´
ˆ
3
4R2
´ 8p1`R2q2
˙
wpt, Rq
˙
“
?
RF pt, Rλptqq `
?
RF3pt, Rλptqq
(5.3)
Next, from (5.1) of [12], we have
FpRBRwq “ ´2ξBξFpwq `KpFpwqq
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where we will use various estimates on K, proven in [12], later on. Making the final change of variable
ypt, ξq “ Fpwqpt, ξλptq2q
and evaluating the distorted Fourier transform of (5.3) at the point pt, ωλptq2q, we get
´ Bttypt, ωq ´ ωypt, ωq ´ λ
1ptq
λptq Btypt, ωq `
2λ1ptq
λptq K
ˆ
B1ypt, ¨
λptq2 q
˙
pωλptq2q `
ˆ´λ2ptq
2λptq `
λ1ptq2
4λptq2
˙
ypt, ωq
` λ
2ptq
λptq K
ˆ
ypt, ¨
λptq2 q
˙
pωλptq2q ` 2λ
1ptq2
λptq2
ˆ
rξBξ,Kspypt, ¨
λptq2 qq
˙
pωλptq2q
´ λ
1ptq2
λptq2 K
ˆ
Kpypt, ¨
λptq2 qq
˙
pωλptq2q “ Fp?¨F pt, ¨λptqqqpωλptq2q ` Fp?¨F3pupyqqpt, ¨λptqqqpωλptq2q
(5.4)
where we write F3pupyqq to emphasize the dependence of F3 on y, which is related to u via
ypt, ξq “ Fp?¨upt, ¨λptqqqpξλptq2q
5.2 Estimates on F2
Let
F2pyqpt, ωq “ ´λ
1ptq
λptq Btypt, ωq `
2λ1ptq
λptq K
ˆ
B1ypt, ¨
λptq2 q
˙
pωλptq2q `
ˆ´λ2ptq
2λptq `
λ1ptq2
4λptq2
˙
ypt, ωq
` λ
2ptq
λptq K
ˆ
ypt, ¨
λptq2 q
˙
pωλptq2q ` 2λ
1ptq2
λptq2
ˆ
rξBξ,Kspypt, ¨
λptq2 qq
˙
pωλptq2q
´ λ
1ptq2
λptq2 K
ˆ
Kpypt, ¨
λptq2 qq
˙
pωλptq2q
(5.5)
so, (5.4) becomes
Btty ` ωy “ ´Fp
?¨F pt, ¨λptqqqpωλptq2q ` F2pyqpt, ωq ´ Fp
?¨F3pupyqqpt, ¨λptqqqpωλptq2q (5.6)
By the symbol type bounds on a from Proposition 4.7 of [12], we have
|ξρ
1pξq
ρpξq | “ |
ξpaa1 ` aa1q
|a|2 | ď C
Then, by (5.3) of [12], there exists a constant C such that, for f P C8c pp0,8qq and α “ 0, 12 , we have
||xξyαpKfq||L2pρdξq ď C
`||xξyαf ||L2pρdξq ` ||xξyαpK0pfqq||L2pρdξq˘
In addition, we use Proposition 5.2 of [12] to get, for α “ 0, 1
2
,
||xξyα`1{2K0f ||L2pρdξq ď C||xξyαf ||L2pρdξq
||xξyαrξBξ,K0sf ||L2pρdξq ď C||xξyαf ||L2pρdξq
So, for α “ 0, 1
2 ||xξyαKf ||L2pρdξq ď C||xξyαf ||L2pρdξq
Also, since
rξBξ,Ksf “ rξBξ,K0sf ´ ξBξ
ˆ
ξρ1pξq
ρpξq
˙
f
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the symbol type bounds on a imply that for α “ 0, 1
2
,
||xξyαrξBξ,Ksf ||L2pρdξq ď C||xξyαf ||L2pρdξq
For later convenience, we will record estimates on some terms appearing in (5.4), treating homogeneous
components of a norm with weight xωλpxq2y1{2 seperately:
||KpB1ypx, ¨
λpxq2 qqpωλpxq
2q||L2pρpωλpxq2qdωq “
˜ż 8
0
ρpξq
ˆ
KpB1ypx, ¨
λpxq2 qqpξq
˙2
dξ
λpxq2
¸1{2
ď C
λpxq
˜ż 8
0
ρpξq
ˆ
B1ypx, ξ
λpxq2 q
˙2
dξ
¸1{2
ď C||B1ypxq||L2pρpωλpxq2qdωq
(5.7)
||?ωλpxqKpB1ypx, ¨
λpxq2 qqpωλpxq
2q||2L2pρpωλpxq2qdωq
ď C
ż 8
0
ˆ
KpB1ypx, ¨
λpxq2 qqpωλpxq
2q
˙2 `
1` λpxq4ω2˘1{2 ρpωλpxq2qdω
ď C
ż 8
0
ˆ
KpB1ypx, ¨
λpxq2 qqpξq
˙2a
1` ξ2 ρpξqdξ
λpxq2
ď C
λpxq2
ż 8
0
ˆ
B1ypx, ξ
λpxq2 q
˙2a
1` ξ2ρpξqdξ
ď C
ż 8
0
pB1ypx, ωqq2
`
1` ωλpxq2˘ ρpωλpxq2qdω
(5.8)
So,
||?ωλpxqKpB1ypx, ¨
λpxq2 qqpωλpxq
2q||L2pρpωλpxq2qdωq
ď C `||B1ypxq||L2pρpωλpxq2qdωq ` ||?ωλpxqB1ypxq||L2pρpωλpxq2qdωq˘ (5.9)
Similarly,
||
ˆ
rξBξ,Kspypx, ¨
λpxq2 qq
˙
pωλpxq2q||L2pρpωλpxq2qdωq ď C||ypxq||L2pρpωλpxq2qdωq
||K
ˆ
Kpypx, ¨
λpxq2 qq
˙
pωλpxq2q||L2pρpωλpxq2qdωq ď C||ypxq||L2pρpωλpxq2qdωq
||K
ˆ
ypx, ¨
λpxq2 q
˙
pωλpxq2q||L2pρpωλpxq2qdωq ď C||ypxq||L2pρpωλpxq2qdωq
||?ωλpxq
ˆ
rξBξ,Kspypx, ¨
λpxq2 qq
˙
pωλpxq2q||L2pρpωλpxq2qdωq
ď C `||ypxq||L2pρpωλpxq2qdωq ` ||?ωλpxqypxq||L2pρpωλpxq2qdωq˘ (5.10)
||?ωλpxq
ˆ
K
ˆ
ypx, ¨
λpxq2 q
˙
pωλpxq2q
˙
||L2pρpωλpxq2qdωq
ď C `||ypxq||L2pρpωλpxq2qdωq ` ||?ωλpxqypxq||L2pρpωλpxq2qdωq˘ (5.11)
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||?ωλpxq
ˆ
K
ˆ
Kpypx, ¨
λpxq2 qq
˙
pωλpxq2q
˙
||L2pρpωλpxq2qdωq
ď C `||ypxq||L2pρpωλpxq2qdωq ` ||?ωλpxqypxq||L2pρpωλpxq2qdωq˘ (5.12)
We thus conclude that there exists C1 ą 0 such that
||F2pyqpxq||L2pρpωλpxq2qdωq ď
C1
x logpxq
ˆ
||Btypxq||L2pρpωλpxq2qdωq `
1
x
||ypxq||L2pρpωλpxq2qdωq
˙
(5.13)
and
||?ωλpxqF2pyqpxq||L2pρpωλpxq2qdωq
ď C
x logpxq
`||?ωλpxqBtypxq||L2pρpωλpxq2qdωq ` ||Btypxq||L2pρpωλpxq2qdωq˘
` C
x2 logpxq
`||?ωλpxqypxq||L2pρpωλpxq2qdωq ` ||ypxq||L2pρpωλpxq2qdωq˘
(5.14)
5.3 F3 Estimates
For the next estimates, it will be convenient to use the distorted Fourier transforms of [6], associated to the
operators L˚L and LL˚, where
L “ Br ´ cospQ1q
r
, L˚ “ ´Br ´ pcospQ1q ` 1q
r
Let us use φ˜ξprq to denote the eigenfunctions denoted by φξprq in [6], and φpr, ξq to denote the eigenfunctions
of [12]. By the definitions of these eigenfunctions, there exists f such that
?
rφ˜?ξprq “ fp
a
ξqφpr, ξq (5.15)
To determine the expression for f , let g P S, with gp0q “ 0. Using the definitions of the Fourier transforms
from [6] and [12], and (5.15), we have
Fpgqpξq “
ż 8
0
φpr, ξqgprqdr “
ż 8
0
?
rφ˜?ξprq
fp?ξq gprqdr “
1
fp?ξqFHp
gp¨q?¨ qp
a
ξq (5.16)
where FH is the operator defined in section 3.1 of [6] Using the inversion formula from [12] we get
gprq “
ż 8
0
φpr, ξqFpgqpξqρpξqdξ “
ż 8
0
?
r
fp?ξq2FHp
gp¨q?¨ qp
a
ξqρpξqφ˜?ξprqdξ (5.17)
So, for g P S, with gp0q “ 0, we have, for all r ‰ 0,
gprq?
r
“
ż 8
0
2
fpuq2FHp
gp¨q?¨ qpuqρpu
2qφ˜uprqudu (5.18)
Comparing this to the inversion formula from [6], we get
fpuq “
a
2uρpu2q
In order to estimate the F3 terms, we will also use the following lemma
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Lemma 5.1. There exists C ą 0 such that, for all y with ypξqxξy P L2pp0,8q, ρpξqdξq, if v is given by
vprq “ 1?
r
ż 8
0
ypξqφpr, ξqρpξqdξ, r ą 0
then, v P C0p0,8q, and vprq
rxlogprqy admits a continuous extension to r0,8q with vprqrxlogprqy p0q “ limrÑ8 vprq “ 0.
v, Lpvq, L˚Lpvq P L2pp0,8q, rdrq
with
||vprq||L2prdrq “ ||F´1pyqprq||L2pdrq “ ||y||L2pρpξqdξq (5.19)
||
a
ξypξq||2L2pρpξqdξq “ ||Lv||2L2prdrq (5.20)
and
||ξypξq||2L2pρpξqdξq “ ||L˚Lv||2L2prdrq (5.21)
Moreover, v P 9H1e , with
||v|| 9H1e ď C
`||v||L2prdrq ` ||Lpvq||L2prdrq˘ (5.22)
|vprq| ď C||v|| 9H1e , r ě 0 (5.23)
| vprq
rxlogprqy | ď C
`||v||L2prdrq ` ||Lpvq||L2prdrq ` ||L˚Lv||L2prdrq˘ , r ą 0 (5.24)ż 8
0
˜
pLpvqprqq2
r2p1 ` r2q
¸
rdr ď C||L˚Lv||2L2prdrq (5.25)
Proof. If f P C1pr0,8qq X L2pp0,8q, rdrq, Lf P L2pp0,8q, rdrq, and fp0q “ limrÑ8 fprq “ 0, then, since
|cospQ1prqq ´ 1
r
| ď 1, r ą 0
we have
Brf ´ f
r
“ Lf `
ˆ
cospQ1prqq ´ 1
r
˙
f P L2pp0,8q, rdrq (5.26)
Then, if M ą 1,ż M
1
M
pBrf ´ f
r
q2rdr “
ż M
1
M
ˆ
pBrfq2 ´ Brpf
2q
r
` f
2
r2
˙
rdr
“
ż 8
0
1r 1
M
,Msprq
ˆ
pBrfq2 ` f
2
r2
˙
rdr ´ pfpMqq2 ` pfp 1
M
qq2
(5.27)
Letting M Ñ8, and using the monotone convergence theorem, we have
||f ||29H1e “
ż 8
0
ˆ
pBrfq2 ` f
2
r2
˙
rdr ď C
´
||Lf ||2L2prdrq ` ||f ||2L2prdrq
¯
(5.28)
Next, for f P C1pr0,8qq X 9H1e satisfying fp0q “ 0, we have
f2prq “
ż r
0
`
2fpsqf 1psq˘ ds “ 2 ż r
0
fpsq?
s
pf 1psq?sqds ď 2||f
r
||L2prdrq||f 1||L2prdrq (5.29)
So,
||f ||8 ď C||f
r
||1{2
L2prdrq||f 1||
1{2
L2prdrq ď C||f || 9H1e (5.30)
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Next, for any g P C1pp0,8qq X C0pr0,8qq such that gp0q “ limrÑ8 gprq “ 0, L˚g P L2pp0,8q, rdrq, and
for any M ě 1,ż M
1
M
pL˚gq2rdr “
ż M
1
M
pg1prqq2rdr `
ż M
1
M
pcospQ1prqq ` 1q d
dr
`
g2prq˘ dr ` ż M
1
M
ˆ
cospQ1prqq ` 1
r
˙2
gprq2rdr
“ pcospQ1pMqq ` 1qgpMq2 ´
ˆ
cospQ1p 1
M
qq ` 1
˙
gp 1
M
q2 `
ż 8
0
1r 1
M
,Msprq
ˆ
pg1prqq2 ` 4gprq
2
r2p1` r2q
˙
rdr
(5.31)
By the monotone convergence theorem,
||L˚g||2L2prdrq “
ż 8
0
ˆ
pg1prqq2 ` 4gprq
2
r2p1` r2q
˙
rdr (5.32)
If y is as in the lemma statement, for M ě 4, define
vM prq :“ 1?
r
ż 8
0
ypξqφpr, ξqχď1p ξ
M
qρpξqdξ, r ą 0
We will now record some estimates on Bkrφpr, ξq, k ď 1, which will allow us to prove a certain regularity of
v and vM . From [12], we have
1?
r
φpr, ξq “ 1
2
φ0prq ` 1
r
8ÿ
j“1
pr2ξqjφjpr2q, r2ξ ď 4 (5.33)
and
1?
r
φpr, ξq “ 2Re papξqψ
`pr, ξqq?
r
, r2ξ ą 4 (5.34)
Therefore,
| 1
r3{2xlogprqyφpr, ξq| ď
$&% Cxlogprqy
´
φ0prq
r
` logp1`r2q
r2
¯
, r2ξ ď 4
C|apξq|
ξ1{4r1{2¨rxlogprqy , r
2ξ ą 4
(5.35)
We use
xlogpξqy2
xlogprqy2 ď C, r
2ξ ď 4, ξ ě 1
and the fact that
r ÞÑ 1?
rxlogprqy is decreasing on p0,8q
which gives
1?
rxlogprqy ď
Cξ1{4
xlogpξqy , r
2ξ ą 4 (5.36)
in (5.35) to get, for all r ě 0
| φpr, ξq
r3{2xlogprqy | ď C
|apξq|?ξ
xlogpξqy ` C
#
1
xlogpξqy , ξ ě 1
1, ξ ď 1 (5.37)
Then, if
gpξq “
˜
|apξq|2ξ
xlogpξqy2 `
#
1
xlogpξqy2 , ξ ě 1
1, ξ ď 1
¸
ρpξq
xξy2
we have, for all r ě 0
|ypξq φpr, ξq
r3{2xlogprqyρpξq| ď |ypξq|xξy
a
ρpξq ¨
˜
| φpr, ξq
r3{2xlogprqy |
a
ρpξq
xξy
¸
ď C|ypξq|xξy
a
ρpξq ¨
a
gpξq (5.38)
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But,
|ypξq|xξy
a
ρpξq ¨
a
gpξq P L1pp0,8q, dξq
by Cauchy-Schwartz, due to the assumptions on y and the fact thatż 8
0
gpξqdξ ď C (5.39)
Therefore, by the dominated convergence theorem, v, defined in the lemma statement satisfies vprq
rxlogprqy is
continuous on p0,8q, and we have
| vprq
rxlogprqy | ď
ż 8
0
|ypξq φpr, ξq
r3{2xlogprqyρpξq|dξ ď C||ypξqxξy||L2pρpξqdξq, r ą 0 (5.40)
and
lim
rÑ0
vprq
rxlogprqy “
ż 8
0
ypξq lim
rÑ0
ˆ
φpr, ξq
r3{2xlogprqy
˙
ρpξqdξ “ 0 (5.41)
Similarly,
|φpr, ξq?
r
a
ρpξq
xξy | ď C
a
g2pξq (5.42)
with
g2pξq “
˜
|apξq|2 `
#
1, ξ ď 1
1
ξ
, ξ ą 1
¸
ρpξq
xξy2 P L
1pp0,8q, dξq
So, again by the dominated convergence theorem,
lim
rÑ8
vprq “
ż 8
0
ypξq lim
rÑ8
ˆ
φpr, ξq?
r
˙
ρpξqdξ “ 0 (5.43)
The same argument shows that
lim
rÑ8
vM prq “ 0 (5.44)
From (5.35), we also have
|φpr, ξq
r3{2
| ď
#
C, r2ξ ď 4
C|apξq|?ξ, r2ξ ą 4 (5.45)
whence,
|φpr, ξq
r3{2
| ď C ` C|apξq|
a
ξ, r ě 0 (5.46)
Then, the dominated convergence theorem shows that vM satisfies that
vM prq
r
admits a continuous extension
to a function defined on r0,8q. Similarly,
|Br
ˆ
φpr, ξq?
r
˙
| ď
#
C
`|φ10prq| ` ξ logp1` r2q˘ , r2ξ ď 4
C|apξq|ξ1{4
r1{2 , r
2ξ ą 4 (5.47)
which shows
|Br
ˆ
φpr, ξq?
r
˙
| ď C ` C|apξq|
a
ξ, r ě 0 (5.48)
Therefore, vM P C1pr0,8qq. Moreover,
LpvM qp0q “
ż 8
0
ypξq lim
rÑ0
L
ˆ
φpr, ξq?
r
˙
χď1
ˆ
ξ
M
˙
ρpξqdξ “ 0 (5.49)
where we used Lpφ0q “ 0. Again, by the dominated convergence theorem,
lim
rÑ8 BrvM prq “
ż 8
0
ypξq lim
rÑ8 Br
ˆ
φpr, ξq?
r
˙
χď1
ˆ
ξ
M
˙
ρpξqdξ “ 0 (5.50)
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Finally, we have
|B2r
ˆ
φpr, ξq?
r
˙
| ď C
´
1`
a
ξ ` ξ|apξq|
¯
, r ě 0 (5.51)
and the same dominated convergence theorem based procedure used above shows that vM P C2pp0,8qq.
Next, we have
||vprq||L2prdrq “ ||F´1pyqprq||L2pdrq “ ||y||L2pρpξqdξq (5.52)
||
a
ξypξq||2L2pρpξqdξq “
ż 8
0
ξ|Fp?¨vp¨qqpξq|2ρpξqdξ “
ż 8
0
ξ
|FHpvqp
?
ξq|2
2
?
ξ
dξ
“
ż 8
0
η2|FHpvqpηq|2dη “ ||ηFHpvqpηq||2L2pdηq
“ ||Lv||2L2prdrq
(5.53)
where we used the L2 isometry property of FH from [6]. Finally,
||ξypξq||2L2pρpξqdξq “
ż 8
0
ξ2
|FHpvqp
?
ξq|2
2
?
ξ
dξ “
ż 8
0
η4|FHpvqpηq|2dη
“
ż 8
0
|FHpL˚Lvqpηq|2dη “ ||L˚Lv||2L2prdrq
(5.54)
This shows that v, vM , Lpvq, LpvM q, L˚Lpvq, L˚LpvM q P L2pp0,8q, rdrq. Combining these facts with our
estimates on φpr,ξq?
r
?
ρpξq
xξy and
|vprq ´ vM prq| ď
ż 8
0
|ypt, ξqφpr, ξq?
r
| ¨ |χď1p ξ
M
q ´ 1|ρpξqdξ (5.55)
the Dominated convergence theorem gives
vM Ñ v, pointwise, and in L2pp0,8q, rdrq, M Ñ8
LpvM q Ñ Lpvq, in L2pp0,8q, rdrq, M Ñ8
L˚LpvM q Ñ L˚Lpvq, in L2pp0,8q, rdrq, M Ñ8
We conclude the proof of the lemma by noting that (5.28) and (5.30) hold for vM , and (5.32) holds for
g “ LpvM q. So, by approximation, we have (5.22), (5.23), and (5.25).
Now, we can estimate the F3pupyqq terms, for y such that ypt, ωqxωλptq2y P L2pρpωλptq2qdωq, t ě T0.
This is sufficient for our purposes, since all y in the space Z ( which is the space in which we will construct
a solution to (5.4), and is defined later on) satisfy this condition. Recall that
F3puqpt, rq “ Npuqpt, rq ` L1puqpt, rq
where u and y are related by
ypt, ξq “ Fp?¨upt, ¨λptqqqpξλptq2q (5.56)
and
L1puqpt, rq “ sinp2upt, rqq
2r2
´
cosp2Q 1
λptq
prqq pcosp2vcorrq ´ 1q ´ sinp2Q 1
λptq
q sinp2vcorrq
¯
(5.57)
Npuqpt, rq “
ˆ
sinp2upt, rqq ´ 2upt, rq
2r2
˙
cosp2Q 1
λptq
prqq `
ˆ
cosp2upt, rqq ´ 1
2r2
˙
sinp2Q 1
λptq
prq ` 2vcorrq (5.58)
We start with the L2 estimate on the L1puq term. Using the same procedure as in (5.19), we get
||Fp?¨L1puqpt, ¨λptqqqpωλptq2q||2L2pρpωλptq2qdωq “
1
λptq2
ż 8
0
RpL1puqpt, Rλptqqq2dR (5.59)
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Then,
1
λptq2
ż 8
0
RpL1puqpt, Rλptqqq2dR
ď C
λptq2
ż 8
0
R
pupt, Rλptqqq2
R4λptq4 pvcorrpt, Rλptqqq
4
dR` C
λptq2
ż 8
0
R
pupt, Rλptqqq2
R4λptq4
R2
p1`R2q2 pvcorrpt, Rλptqqq
2
dR
(5.60)
Using the functions v and w (introduced when deriving the equation for y) defined by
upt, rq “ vpt, r
λptq q
vpt, Rq “ wpt, Rq?
R
we have
||upt, ¨λptqq||2L2pRdRq “ ||vpt, ¨q||2L2pRdRq “ ||wptq||2L2pdRq “ ||Fpwqptq||2L2pρpξqdξq “ λptq2||yptq||2L2pρpωλptq2qdωq
(5.61)
So, we end up with
||Fp?¨L1puqpt, ¨λptqqqpωλptq2q||L2pρpωλptq2qdωq
ď C||yptq||L2pρpωλptq2qdωq
ˆ
||vcorrpt, Rλptqq
Rλptq ||
2
L8
R
` || vcorrpt, Rλptqq
Rλptq2p1 `R2q ||L8R
˙
(5.62)
Next, we apply (5.20) to our current setting to get
||?ωλptqFp?¨L1puqpt, ¨λptqqqpωλptq2q||2L2pρpωλptq2qdωq “
1
λptq2 ||LpL1puqpt, ¨λptqqq||
2
L2pRdRq (5.63)
Using (5.57), we get
|BRpL1puqpt, Rλptqqq| ď C
ˆ
|Lvpt, Rq| ` |vpt, Rq|
R
˙ˆ pvcorrpt, Rλptqqq2
R2λptq2 `
|vcorrpt, Rλptqq|
Rλptq2p1`R2q
˙
` C |vpt, Rq|
R2λptq2
ˆ
R|BRpvcorrpt, Rλptqqq|
1`R2 ` |BRpvcorrpt, Rλptqqqvcorrpt, Rλptqq|
˙ (5.64)
On the other hand,
|L1puqpt, Rλptqq
R
| ď C|vpt, Rq|
R3λptq2
ˆ
vcorrpt, Rλptqq2 ` |vcorrpt, Rλptqq|Rp1`R2q
˙
(5.65)
So, we get
||LpL1puqpt, ¨λptqqq||L2pRdRq
ď C
´
||Lvptq||L2pRdRq ` ||vptq|| 9H1e
¯ˆ
||vcorrpt, Rλptq
Rλptq ||
2
L8
R
` || vcorrpt, Rλptqq
Rλptq2p1 `R2q ||L8R
˙
` C||vptq|| 9H1e ¨ ||
BRpvcorrpt, Rλptqqq
p1`R2qλptq2 ||L8R ` ||vptq|| 9H1e ¨ ||
vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
Rλptq2 ||L8R pp0,1qq
` C||vptq||L2pp1,8q,RdRq ¨ || BRpvcorrpt, Rλptqqq ¨ vcorrpt, Rλptqq
R2λptq2 ||L8R pp1,8qq
(5.66)
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Now, we use (5.19) and (5.20) to translate the right-hand side in terms of y:
||Lvptq||L2pRdRq “ λptq||
?
ωλptqyptq||L2pρpωλptq2qdωq (5.67)
||vptq||L2pRdRq “ λptq||yptq||L2pρpωλptq2qdωq (5.68)
Then, we get
||?ωλptqFp?¨L1puqpt, ¨λptqqqpωλptq2q||L2pρpωλptq2qdωq
ď C `||?ωλptqyptq||L2pρpωλptq2qdωq ` ||yptq||L2pρpωλptq2qdωq˘
¨
ˆ
||vcorrpt, Rλptqq
Rλptq ||
2
L8
R
` || vcorrpt, Rλptqq
Rλptq2p1 `R2q ||L8R ` ||
BRpvcorrpt, Rλptqqq
p1`R2qλptq2 ||L8R
`||vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
Rλptq2 ||L8R pp0,1qq ` ||
vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
R2λptq2 ||L8R pp1,8qq
˙ (5.69)
Now, we treat the N terms. Recall that
Npuqpt, Rλptqq “
ˆ
sinp2vpt, Rqq ´ 2vpt, Rq
2R2λptq2
˙
cosp2Q1pRqq
`
ˆ
cosp2vpt, Rqq ´ 1
2R2λptq2
˙
sinp2Q1pRq ` 2vcorrpt, Rλptqqq
(5.70)
We then use (5.24) and the previous estimates to conclude that, if R ă 1, then,
|Npuqpt, Rλptqq| ď C
´
||vptq||29H1e ` ||L
˚Lvptq||2L2pRdRq
¯ˆ
log2p 1
R
q ` 1
˙
¨ |vpt, Rq|
λptq2
` C||vptq|| 9H1e
|vpt, Rq|
Rλptq2
ˆ
1` |vcorrpt, Rλptqq|
R
˙ (5.71)
On the other hand, if R ą 1, then,
|Npuqpt, Rλptqq| ď C |vpt, Rq|
3
λptq2 ` C
pvpt, Rqq2
λptq2
ˆ
1` |vcorrpt, Rλptqq|
R
˙
(5.72)
Then, we get
1
λptq2 ||Npuqpt, ¨λptqq||
2
L2pRdRq ď
C
λptq6
´
||vptq||6L2pRdRq ` ||Lvptq||6L2pRdRq ` ||L˚Lvptq||6L2pRdRq
¯
` C
λptq6
´
||vptq||4L2pRdRq ` ||Lvptq||4L2pRdRq
¯ˆ
1` ||vcorrpt, Rλptqq
R
||2L8
R
˙
(5.73)
Finally, we apply (5.21) in our current setting:ż 8
0
pL˚Lvpt, Rqq2RdR “ λptq2||ωλptq2yptq||2L2pρpωλptq2qdωq (5.74)
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Using the same procedure as used for L1 above, we then translate the rest of the right hand side, and
the left hand side of (5.73) in terms of y, and Fp?¨Npuqpt, ¨λptqqqpωλptq2q, respectively, to get
||Fp?¨Npuqpt, ¨λptqqqpωλptq2q||L2pρpωλptq2qdωq
ď C
´
||yptq||3L2pρpωλptq2qdωq ` ||
?
ωλptqyptq||3L2pρpωλptq2qdωq ` ||ωλptq2yptq||3L2pρpωλptq2qdωq
¯
` C
λptq
´
||yptq||2L2pρpωλptq2qdωq ` ||
?
ωλptqyptq||2L2pρpωλptq2qdωq
¯ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙ (5.75)
We will now estimate ||?ωλptqFp?¨Npuqpt, ¨λptqqqpωλptq2q||L2pρpωλptq2qdωq, starting with
|BRpNpuqpt, Rλptqqq| ď C|vpt, Rq|
3
R3λptq2 ` C
|BRvpt, Rq|pvpt, Rqq2
R2λptq2
` C |Q
1
1pRq ` BRpvcorrpt, Rλptqqq|
R2λptq2 pvpt, Rqq
2
` C |Q1pRq| ` |vcorrpt, Rλptqq|
R2λptq2 |vpt, Rq|
ˆ |vpt, Rq|
R
` |BRvpt, Rq|
˙ (5.76)
Then, we use our previous estimates to get, for R ď 1:
|BRpNpuqpt, Rλptqqq|
ď C
λptq2
´
||vptq||39H1e ` ||L
˚Lvptq||3L2pRdRq
¯ˆ
1` log2p 1
R
q
˙3{2
` C xlogpRqy
2
λptq2
´
||vptq||2L2pRdRq ` ||Lvptq||2L2pRdRq ` ||L˚Lvptq||2L2pRdRq
¯ˆ
|Lvpt, Rq| ` |vpt, Rq|
R
˙
` C p1` ||BRpvcorrpt, Rλptqqq||L8q
λptq2
´
||vptq||2L2pRdRq ` ||Lvptq||2L2pRdRq ` ||L˚Lvptq||2L2pRdRq
¯ˆ
log2p 1
R
q ` 1
˙
` C
`||vptq||L2pRdRq ` ||Lvptq||L2pRdRq ` ||L˚Lvptq||L2pRdRq˘ xlogpRqy|BRv|
λptq2
ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙
` C
λptq2
ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙´
||vptq||29H1e ` ||L
˚Lvptq||2L2pRdRq
¯ˆ
log2p 1
R
q ` 1
˙
(5.77)
For R ě 1, we have
|BRpNpuqpt, Rλptqqq| ď C
λptq2 ||vptq||
2
9H1e
|vpt, Rq| `
C||vptq||2
9H1e
λptq2
ˆ
|Lvpt, Rq| ` |vpt, Rq|
R
˙
` C
´
1` ||BRpvcorrpt, Rλptqqq||L8 ` ||vcorrpt,RλptqqR ||L8
¯
λptq2 ||vptq|| 9H1e |vpt, Rq|
` C
λptq2
ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙ˆ
|Lvpt, Rq| ` |vpt, Rq|
R
˙
||vptq|| 9H1e
(5.78)
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Then, we get
||BRpNpuqpt, Rλptqqq||L2pRdRq
ď C
λptq2
´
||vptq||3L2pRdRq ` ||Lvptq||3L2pRdRq ` ||L˚Lvptq||3L2pRdRq
¯
` C
λptq2
ˆ
1` ||BRpvcorrpt, Rλptqqq||L8 ` ||vcorrpt, Rλptqq
R
||L8
˙
¨
´
||vptq||2L2pRdRq ` ||Lvptq||2L2pRdRq ` ||L˚Lvptq||2L2pRdRq
¯
(5.79)
Finally, we consider, for R ď 1:
|Npuqpt, Rλptqq
R
| ď C
λptq2
´
||vptq||39H1e ` ||L
˚Lvptq||3L2pRdRq
¯ˆ
1` log2p 1
R
q
˙3{2
` C
λptq2
´
||vptq||29H1e ` ||L
˚Lvptq||2L2pRdRq
¯ˆ
1` log2p 1
R
q
˙ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙
(5.80)
and for R ą 1, we have
|Npuqpt, Rλptqq
R
| ď C
||vptq||2
9H1e
λptq2 |vpt, Rq| ` C
||vptq|| 9H1e |vpt, Rq|
λptq2
ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙
(5.81)
Then, we get
||LpNpuqpt, ¨λptqqq||L2pRdRq ď
C
λptq2
´
||vptq||3L2pRdRq ` ||Lvptq||3L2pRdRq ` ||L˚Lvptq||3L2pRdRq
¯
` C
λptq2
ˆ
1` ||BRpvcorrpt, Rλptqqq||L8 ` ||vcorrpt, Rλptqq
R
||L8
˙
¨
´
||vptq||2L2pRdRq ` ||Lvptq||2L2pRdRq ` ||L˚Lvptq||2L2pRdRq
¯ (5.82)
We use the same procedure as in the previous estimates, to translate the left and right hand sides of
the above estimate, and combine everything, to get
||Fp?¨F3pupyqqpt, ¨λptqqqpωλptq2q||L2pρpωλptq2qdωq
ď C||yptq||L2pρpωλptq2qdωq
ˆ
||vcorrpt, Rλptqq
Rλptq ||
2
L8 ` ||
vcorrpt, Rλptqq
Rλptq2p1`R2q ||L8
˙
` C
´
||yptq||3L2pρpωλptq2qdωq ` ||
?
ωλptqyptq||3L2pρpωλptq2qdωq ` ||ωλptq2yptq||3L2pρpωλptq2qdωq
¯
` C
λptq
´
||yptq||2L2pρpωλptq2qdωq ` ||
?
ωλptqyptq||2L2pρpωλptq2qdωq
¯ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙
(5.83)
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and
||?ωλptqFp?¨F3pupyqqpt, ¨λptqqqpωλptq2q||L2pρpωλptq2qdωq
ď C `||?ωλptqyptq||L2pρpωλptq2qdωq ` ||yptq||L2pρpωλptq2qdωq˘ ¨ ˆ||vcorrpt, Rλptqq
Rλptq ||
2
L8 ` ||
vcorrpt, Rλptqq
Rλptq2p1 `R2q ||L8
`||BRpvcorrpt, Rλptqqqp1`R2qλptq2 ||L8 ` ||
vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
Rλptq2 ||L8R pp0,1qq ` ||
vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
R2λptq2 ||L8R pp1,8qq
˙
` C
´
||yptq||3L2pρpωλptq2qdωq ` ||
?
ωλptqyptq||3L2pρpωλptq2qdωq ` ||ωλptq2yptq||3L2pρpωλptq2qdωq
¯
` C
λptq
ˆ
1` ||vcorrpt, Rλptqq
R
||L8 ` ||BRpvcorrpt, Rλptqqq||L8
˙
¨
´
||yptq||2L2pρpωλptq2qdωq ` ||
?
ωλptqyptq||2L2pρpωλptq2qdωq ` ||ωλptq2yptq||2L2pρpωλptq2qdωq
¯
(5.84)
Before we proceed, we will need one more estimate. First, because λ is decreasing, if x ě t, then, λpxq ď λptq.
Next, we use Proposition 4.7 b of [12] to conclude that there exists a constant C1 ą 0 such that
1
C1ξ log
2pξq ď ρpξq ď
C1
ξ log2pξq , 0 ă ξ ă
1
2e2
ξ
C1
ď ρpξq ď C1ξ, ξ ą 1
2e2
(5.85)
Then, if x ě t, if ωλptq2 ď 1
2e2
, then, ωλpxq2 ď 1
2e2
, and
ρpωλptq2q
ρpωλpxq2q ď C
ωλpxq2 log2pωλpxq2q
ωλptq2 log2pωλptq2q
ď C
(5.86)
where we used the fact that x ÞÑ x log2pxq is increasing on p0, 1
2e2
q.
If ωλptq2 ě 1
2e2
, but ωλpxq2 ď 1
2e2
, then,
ρpωλptq2q
ρpωλpxq2q ď Cωλptq
2ωλpxq2 log2pωλpxq2q
ď C λptq
2
λpxq2
`
ωλpxq2˘2 log2pωλpxq2q
ď Cλptq
2
λpxq2
(5.87)
Finally, if ωλptq2 ě 1
2e2
, and ωλpxq2 ě 1
2e2
, then,
ρpωλptq2q
ρpωλpxq2q ď C
λptq2
λpxq2 (5.88)
In all cases, we have: there exists Cρ ą 0 such that, if x ě t, then,
ρpωλptq2q
ρpωλpxq2q ď Cρ
λptq2
λpxq2 (5.89)
Before setting up the final iteration, we will need to estimate various oscillatory integrals involving F4:
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5.4 Estimates on F4-related oscillatory integrals
Lemma 5.2. We have the following estimates
||
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď
Cplogplogptqq2
t2 logb`1´2αbptq (5.90)
||
ż 8
t
cosppt´ xq?ωqFp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 logb`1´2αbptq (5.91)
||?ωλptq
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t2 log1`b´2αbptq (5.92)
||?ωλptqBt
ˆż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx
˙
||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 log1`b´2αbptq (5.93)
||ωλptq2
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď
C
t2 log1`b´2bαptq (5.94)
Proof. We start withż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx
“ ´Fp
?¨F4pt, ¨λptqqqpωλptq2q
ω
´
ż 8
t
cosppt´ xq?ωq
ω
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q ¨ 2λpxqλ1pxqω ` Fp
?¨Bx pF4px, ¨λpxqqqqpωλpxq2q
˘
dx
(5.95)
Then,
´Fp
?¨F4pt, ¨λptqqqpωλptq2q
ω
“ ´1
ω
ż 2?
ωλptq
0
φpr, ωλptq2q?rF4pt, rλptqqdr
´ 1
ω
ż 8
2?
ωλptq
φpr, ωλptq2q?rF4pt, rλptqqdr
(5.96)
In the region r
a
ωλptq2 ď 2, we use proposition 4.4 of [12] to make the decomposition
φpr, ωλptq2q “ Ăφ0prq ` 1?
r
8ÿ
j“1
pr2ωλptq2qjφjpr2q (5.97)
where we denote, by Ăφ0, what was denoted by φ0 in [12]. In our notation,
Ăφ0prq “ ?r
2
φ0prq
The first term to consider is then
´ 1
ω
ż 2?
ωλptq
0
Ăφ0prq?rF4pt, rλptqqdr “ ´1
2ω
ż 2?
ωλptq
0
rφ0prqF4pt, rλptqqdr (5.98)
We will then consider several cases of ω.
Case 1: 1 ď 2?
ωλptq ď
logN ptq
λptq . In this region, we use the orthogonality of F4pt, ¨λptqq to φ0, to get
´1
2ω
ż 2?
ωλptq
0
rφ0prqF4pt, rλptqqdr “ 1
2ω
ż 8
2?
ωλptq
φ0prqF4pt, rλptqqrdr (5.99)
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which gives
|´1
2ω
ż 2?
ωλptq
0
rφ0prqF4pt, rλptqqdr|
ď C
ω
ż logN ptq
λptq
2?
ωλptq
φ0prq
λptq4r4
ˆ
rλptq
t2 log3b`1´2αbptq
˙
rdr ` C
ω
ż t
2λptq
2?
ωλptq
φ0prq
r4λptq4 log5b`2N´2ptq
rλptq
t2
rdr
ď C
t2 log2b`1´2αbptq , 1 ď
2?
ωλptq ď
logN ptq
λptq
(5.100)
Case 2: 2?
ωλptq ď 1. Here, we have
|´1
2ω
ż 2?
ωλptq
0
rφ0prqF4pt, rλptqqdr|
ď C
ω
ż 2?
ωλptq
0
φ0prq
ˆ
rλptq
λptq4pr2 ` 1q2t2 log3b`1´2αbptq
˙
rdr ` C
ω
ż 2?
ωλptq
0
φ0prqrλptqrdr
λptq4pr2 ` 1q2 log5b`2N´2ptqt2
ď C
ω p?ωλptqq4 t2 log1´2αbptq
,
2?
ωλptq ď 1
(5.101)
Case 3: log
N ptq
λptq ď 2?ωλptq ď t2λptq . We use the orthogonality condition here, and recall that the v1 ` v2 ` v3
and F0,2 terms are supported in the region r ď logN ptq. Then, in the integral below, only the v4 ` v5 term
contributes:
|´1
2ω
ż 2?
ωλptq
0
rφ0prqF4pt, rλptqqdr| “ | 1
2ω
ż 8
2?
ωλptq
φ0prqF4pt, rλptqqrdr|
ď C
ω
ż t
2λptq
2?
ωλptq
rdr
t2 log2b`2N´2ptqpr2 ` 1q2
ď C
t2 log4b`2N´2ptq ,
logN ptq
λptq ď
2?
ωλptq ď
t
2λptq
(5.102)
Case 4: 2?
ωλptq ě t2λptq . We use the orthogonality condition, and note that F4pt, rq “ 0, r ě t2 . This gives
|´1
2ω
ż 2?
ωλptq
0
rφ0prqF4pt, rλptqqdr| “ | 1
2ω
ż 8
2?
ωλptq
φ0prqF4pt, rλptqqrdr| “ 0 (5.103)
Combining these estimates, we get
|´1
2ω
ż 2?
ωλptq
0
rφ0prqF4pt, rλptqqdr| ď
$’’’’’&’’’’’%
C
ω3λptq4t2 log1´2αbptq ,
2?
ωλptq ď 1
C
t2 log2b`1´2αbptq , 1 ď 2?ωλptq ď
logN ptq
λptq
C
t2 log4b`2N´2ptq ,
logN ptq
λptq ď 2?ωλptq ď t2λptq
0, t
2λptq ď 2?ωλptq
(5.104)
Using proposition 4.7 b of [12], we have (for example)
ρpxq ď
#
C
x log2pxq , x ď 14
Cx, x ě 1
4
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This leads to
||´1
2ω
ż 2?
ωλptq
0
rφ0prqF4pt, rλptqqdr||L2pρpωλptq2qdωq ď C
t2 logb`1´2αbptq (5.105)
The next integral to consider is
´ 1
ω
8ÿ
j“1
ż 2?
ωλptq
0
r2jωjλptq2jφjpr2qF4pt, rλptqqdr (5.106)
For this integral, there is of course no orthogonality to exploit. In all cases of ω, we will use the estimate
(from proposition 4.4 of [12])
|φjpr2q| ď 3C
j
1
pj ´ 1q! logp1 ` r
2q
We again treat various cases of ω.
Case 1: 1 ď 2?
ωλptq ď log
N ptq
λptq . Then, we have
| ´ 1
ω
8ÿ
j“1
ż 2?
ωλptq
0
r2jωjλptq2jφjpr2qF4pt, rλptqqdr|
ď C
ω
8ÿ
j“1
ż 2?
ωλptq
0
r2jωjλptq2j C
j
1
pj ´ 1q!
ˆ
logplogptqqr
λptq3pr2 ` 1q2t2 log3b`1´2bαptq `
logptqrλptq
t2λptq4pr2 ` 1q2 log5b`2N´2ptq
˙
dr
ď C
ω
8ÿ
j“1
˜ż 1
0
r2j`1ωjλptq2jCj1
pj ´ 1q!
logplogptqq
t2 log1´2bαptqdr `
ż 2?
ωλptq
1
ωjλptq2jCj1
pj ´ 1q!
logplogptqq
t2 log1´2bαptqr
2j´3dr
¸
ď Cplogplogptqqq
2
t2 log1`2b´2bαptq
(5.107)
where we used the support properties of the various terms in F4, and the largeness of N .
Case 2: 2?
ωλptq ď 1. Here, we have
| ´ 1
ω
8ÿ
j“1
ż 2?
ωλptq
0
r2jωjλptq2jφjpr2qF4pt, rλptqqdr|
ď C
ω
8ÿ
j“1
ż 2?
ωλptq
0
r2jωjλptq2j C
j
1
pj ´ 1q! logp1` r
2q
ˆ
rλptq
λptq4pr2 ` 1q2
1
t2 log3b`1´2bαptq `
rλptq
λptq4pr2 ` 1q2
1
t2 log5b`2N´2ptq
˙
dr
ď C
ω
8ÿ
j“1
˜ż 2?
ωλptq
0
r2j`3dr
¸
ωjλptq2jCj1
pj ´ 1q!t2 log1´2bαptq
ď C
ω3λptq4t2 log1´2bαptq ,
2?
ωλptq ď 1
(5.108)
Case 3: log
N ptq
λptq ď 2?ωλptq ď t2λptq . Again, we use the support properties of the various terms in F4, to
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get
| ´ 1
ω
8ÿ
j“1
ż 2?
ωλptq
0
r2jωjλptq2jφjpr2qF4pt, rλptqqdr|
ď C
ω
8ÿ
j“1
¨˝ż logN ptq
λptq
0
r2j`1dr
pr2 ` 1q2
‚˛ωjλptq2jCj1
pj ´ 1q!
logplogptqq
t2 log1´2bαptq `
C
ω
8ÿ
j“1
˜ż 2?
ωλptq
0
r2j`1dr
pr2 ` 1q2
¸
ωjλptq2jCj1
pj ´ 1q!t2 log2b`2N´3ptq
ď Cplogplogptqqq
2
t2 log1`2b´2bαptq ,
logN ptq
λptq ď
2?
ωλptq ď
t
2λptq
(5.109)
Case 4: 2?
ωλptq ě t2λptq .
| ´ 1
ω
8ÿ
j“1
ż 2?
ωλptq
0
r2jωjλptq2jφjpr2qF4pt, rλptqqdr|
ď C
ω
8ÿ
j“1
¨˝ż logN ptq
λptq
0
r2j`1dr
pr2 ` 1q2
‚˛ωjλptq2jCj1
pj ´ 1q!
logplogptqq
t2 log1´2bαptq `
C
ω
8ÿ
j“1
˜ż t
2λptq
0
r2j`1dr
pr2 ` 1q2
¸
ωjλptq2jCj1
pj ´ 1q!t2 log2b`2N´3ptq
ď Cplogplogptqqq
2
t2 log1`2b´2bαptq ,
2?
ωλptq ě
t
2λptq
(5.110)
Then, we get
|| ´ 1
ω
8ÿ
j“1
ż 2?
ωλptq
0
r2jωjλptq2jφjpr2qF4pt, rλptqqdr||L2pρpωλptq2qdωq ď Cplogplogptqqq
2
t2 logb`1´2bαptq (5.111)
The third integral to estimate is
´ 1
ω
ż 8
2?
ωλptq
φpr, ωλptq2q?rF4pt, rλptqqdr “ ´ 2
ω
Re
˜ż 8
2?
ωλptq
apωλptq2qψ`pr, ωλptq2q?rF4pt, rλptqqdr
¸
(5.112)
where we used propositions 4.6 and 4.7 of [12]. The estimates from these propositions also imply
| ´ 1
ω
ż 8
2?
ωλptq
φpr, ωλptq2q?rF4pt, rλptqqdr| ď C|apωλptq
2q|
ω5{4λptq1{2
ż 8
2?
ωλptq
?
r|F4pt, rλptqq|dr (5.113)
Case 1: 1 ď 2?
ωλptq ď
logN ptq
λptq .
| ´ 1
ω
ż 8
2?
ωλptq
φpr, ωλptq2q?rF4pt, rλptqqdr|
ď C|apωλptq
2q|
ω5{4λptq1{2
¨˝ż logN ptq
λptq
2?
ωλptq
?
rdr
λptq3r3t2 log3b`1´2bαptq `
ż 8
2?
ωλptq
r3{2
λptq3r4 log5b`2N´2ptqt2
‚˛
ď C |apωλptq
2q|
ω5{4λptq1{2 ¨
ω3{4λptq3{2
t2 log3b`1´2αbptqλptq3
ď C|apωλptq
2q|
ω
¨
?
ωλptq
t2 log1´2αbptq , 1 ď
2?
ωλptq ď
logN ptq
λptq
(5.114)
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Case 2: 2?
ωλptq ď 1.
| ´ 1
ω
ż 8
2?
ωλptq
φpr, ωλptq2q?rF4pt, rλptqqdr|
ď C|apωλptq
2q|
ω5{4λptq1{2
¨˝
1
t2 log1´2αbptq
ż logN ptq
λptq
0
r3{2dr
pr2 ` 1q2 `
1
t2 log2b`2N´2ptq
ż 8
0
r3{2dr
pr2 ` 1q2
‚˛
ď C|apωλptq
2q|
ω5{4λptq1{2t2 log1´2αbptq ,
2?
ωλptq ď 1
(5.115)
Case 3: log
N ptq
λptq ď 2?ωλptq ď t2λptq . In this region, the F0,2 and v1 ` v2 ` v3 terms do not contribute to
the integral because of the support properties of 1´ χě1p rlogN ptq q. We get
| ´ 1
ω
ż 8
2?
ωλptq
φpr, ωλptq2q?rF4pt, rλptqqdr| ď C|apωλptq
2q|
ω5{4λptq1{2
ż 8
2?
ωλptq
?
rdr
λptq3r3 log5b`2N´2ptqt2
ď C|apωλptq
2q|
ω
¨
?
ωλptq
t2 log2b`2N´2ptq
(5.116)
Case 4: 2?
ωλptq ě t2λptq . In this case, the integral is zero, because of the support properties of F4.
Combining the above estimates, we get
| ´ 1
ω
ż 8
2?
ωλptq
φpr, ωλptq2q?rF4pt, rλptqqdr| ď C|apωλptq2q|
$’’’’’&’’’’’%
1
ω5{4λptq1{2t2 log1´2αbptq ,
2?
ωλptq ď 1
1?
ωt2 log1`b´2αbptq , 1 ď 2?ωλptq ď
logN ptq
λptq
1?
ωt2 log3b`2N´2ptq ,
logN ptq
λptq ď 2?ωλptq ď t2λptq
0, t
2λptq ď 2?ωλptq
(5.117)
which gives
|| ´ 1
ω
ż 8
2?
ωλptq
φpr, ωλptq2q?rF4pt, rλptqqdr||L2pρpωλptq2qdωq ď
C
a
logplogptqq
t2 log1`b´2αbptq (5.118)
(Note that, by proposition 4.7 b of [12], ρpξq “ 1
π|apξq|2 ). Now, we consider
´
ż 8
t
dx
cosppt´ xq?ωq
ω
Fp?¨F4px, ¨λpxqqq1pωλpxq2q ¨ 2ωλpxqλ1pxq (5.119)
We start by noting that, in the region r ď 2?
ξ
,
B2φpr, ξq “ Bξ
˜Ăφ0prq ` 1?
r
8ÿ
j“1
pr2jξjφjpr2qq
¸
(5.120)
So,
Fp?¨F4px, ¨λpxqqq1pωλpxq2q “
ż 2?
ωλpxq
0
?
rF4px, rλpxqq ¨ 1?
r
8ÿ
j“1
pr2jjpωλpxq2qj´1φjpr2qqdr
`
ż 8
2?
ωλpxq
?
rF4px, rλpxqqB2φpr, ωλpxq2qdr
(5.121)
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We start with the first term:
| ´
ż 8
t
dx
cosppt´ xq?ωq
ω
˜ż 2?
ωλpxq
0
?
rF4px, rλpxqq ¨ 1?
r
8ÿ
j“1
pr2jjpωλpxq2qj´1φjpr2qqdr
¸
¨ 2ωλpxqλ1pxq|
ď C
8ÿ
j“1
j
ωj
ω
ż 8
t
dxλpxq2j´1 |λ1pxq|
ż 2?
ωλpxq
0
|F4px, rλpxqq|r2jφjpr2qdr
ď C
8ÿ
j“1
jωjC
j
1
pj ´ 1q!
ż 8
t
dx
λpxq2j´1 |λ1pxq|
ω
ż 2?
ωλpxq
0
|F4px, rλpxqq|r2j logp1` r2qdr
(5.122)
The r integral in the last line of the above expression was estimated before, and we get
| ´
ż 8
t
dx
cosppt´ xq?ωq
ω
˜ż 2?
ωλpxq
0
?
rF4px, rλpxqq ¨ 1?
r
8ÿ
j“1
pr2jjpωλpxq2qj´1φjpr2qqdr
¸
¨ 2ωλpxqλ1pxq|
ď
ż 8
t
dx
x logpxq
#
C
ω3λpxq4x2 log1´2bαpxq ,
2?
ωλpxq ď 1
Cplogplogpxqqq2
x2 log1`2b´2bαpxq , 1 ď 2?ωλpxq
(5.123)
Finally,
|| ´
ż 8
t
dx
cosppt´ xq?ωq
ω
˜ż 2?
ωλpxq
0
?
rF4px, rλpxqq ¨ 1?
r
8ÿ
j“1
pr2jjpωλpxq2qj´1φjpr2qqdr
¸
¨ 2ωλpxqλ1pxq||L2pρpωλptq2qdωq
ď C
ż 8
t
dx|| 1
ω
¨
˜ż 2?
ωλpxq
0
?
rF4px, rλpxqq ¨ 1?
r
8ÿ
j“1
pr2jjpωλpxq2qj´1φjpr2qqdr
¸
¨ 2ωλpxqλ1pxq||L2pρpωλptq2qdωq
ď C
ż 8
t
dx
ˆ
λptq
λpxq
˙
|| 1
ω
¨
˜ż 2?
ωλpxq
0
?
rF4px, rλpxqq ¨ 1?
r
8ÿ
j“1
pr2jjpωλpxq2qj´1φjpr2qqdr
¸
¨ 2ωλpxqλ1pxq||L2pρpωλpxq2qdωq
ď Cplogplogptqqq
2
t2 log2`b´2bαptq
(5.124)
where we used (5.89). The next integral to treat is
| ´ 2ω
ż 8
t
dx
cosppt´ xq?ωq
ω
λpxqλ1pxq
ż 8
2?
ωλpxq
?
rF4px, rλpxqqB2φpr, ωλpxq2qdr|
ď C
ż 8
t
dx
x log2b`1pxq
ż 8
2?
ωλpxq
?
r|F4px, rλpxqq||B2φpr, ωλpxq2q|dr
(5.125)
We again use
φpr, ξq “ 2Repapξqψ`pr, ξqq, r ě 2?
ξ
and the following symbol type estimate on a from proposition 4.7 of [12]:
|apkqpξq| ď Ck|apξq|
ξk
as well as, from proposition 4.6 of [12]
ψ`pr, ξq “ e
ir
?
ξ
ξ1{4
σpr
a
ξ, rq, r
a
ξ ě 2 (5.126)
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and the asymptotic series representation for σ, to get
|B2φpr, ξq| ď C|apξq|
ξ3{4
r, r
a
ξ ě 2 (5.127)
This gives
| ´ 2ω
ż 8
t
dx
cosppt´ xq?ωq
ω
λpxqλ1pxq
ż 8
2?
ωλpxq
?
rF4px, rλpxqqB2φpr, ωλpxq2qdr|
ď C|apωλpxq
2q|
ω3{4λpxq3{2
ż 8
t
dx
x log2b`1pxq
ż 8
2?
ωλpxq
|F4px, rλpxqq|r3{2dr
(5.128)
Note that estimates on this integral can not quite be infered from estimates on a previously treated integral.
So, we start considering cases of ω:
Case 1: 1 ď 2?
ωλpxq ď
logN pxq
λpxq . Here, we get
|apωλpxq2q|
ω3{4λpxq3{2
ż 8
2?
ωλpxq
|F4px, rλpxqq|r3{2dr
ď C |apωλpxq
2q|
ω3{4λpxq3{2
¨˝ż logN pxq
λpxq
2?
ωλpxq
r5{2λpxq
λpxq4pr2 ` 1q2x2 log3b`1´2bαpxqdr `
ż x
2λpxq
2?
ωλpxq
r3{2dr
λpxq3r3x2 log5b`2N´2pxq
‚˛
ď C|apωλpxq
2q|
x2 log1´2bαpxq?ωλpxq , 1 ď
2?
ωλpxq ď
logN pxq
λpxq
(5.129)
Case 2: 2?
ωλpxq ď 1.
|apωλpxq2q|
ω3{4λpxq3{2
ż 8
2?
ωλpxq
|F4px, rλpxqq|r3{2dr
ď C|apωλpxq
2q|
ω3{4λpxq3{2
¨˝ż logN pxq
λpxq
0
r5{2dr
pr2 ` 1q2x2 log1´2bαpxq `
ż 8
0
r5{2dr
x2pr2 ` 1q2 log2b`2N´2pxq
‚˛
ď C|apωλpxq
2q|
ω3{4λpxq3{2x2 log1´2bαpxq ,
2?
ωλpxq ď 1
(5.130)
Case 3: x
2λpxq ě 2?ωλpxq ě
logN pxq
λpxq . In this region, only the v4 ` v5 term in F4 contributes:
|apωλpxq2q|
ω3{4λpxq3{2
ż 8
2?
ωλpxq
|F4px, rλpxqq|r3{2dr
ď C|apωλpxq
2q|
ω3{4λpxq3{2
ż x
2λpxq
2?
ωλpxq
r3{2dr
λpxq3r3x2 log5b`2N´2pxq
ď C|apωλpxq
2q|
?
ωλpxq3{2x2 log 5b2 `2N´2pxq
,
x
2λpxq ě
2?
ωλpxq ě
logN pxq
λpxq
(5.131)
Case 4: 2?
ωλpxq ě x2λpxq . In this region, the integral to estimate is zero, because of the support prop-
erties of F4.
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Combining these estimates, we get
|apωλpxq2q|
ω3{4λpxq3{2
ż 8
2?
ωλpxq
|F4px, rλpxqq|r3{2dr ď C|apωλpxq2q|¨
$’’’’’&’’’’’%
1
x2 log1´2bαpxq?ωλpxq , 1 ď 2?ωλpxq ď
logN pxq
λpxq
1
ω3{4λpxq3{2x2 log1´2bαpxq ,
2?
ωλpxq ď 1
1?
ωλpxq3{2x2 log 5b2 `2N´2pxq
, x
2λpxq ě 2?ωλpxq ě
logN pxq
λpxq
0, 2?
ωλpxq ě x2λpxq
(5.132)
Using the same procedure as in (5.124), we get
||´2ω
ż 8
t
dx
cosppt´ xq?ωq
ω
λpxqλ1pxq
ż 8
2?
ωλpxq
?
rF4px, rλpxqqB2φpr, ωλpxq2qdr||L2pρpωλptq2qdωq ď
C
a
logplogptqq
t2 log2`b´2bαptq
(5.133)
To treat the next integral:
´
ż 8
t
cosppt´ xq?ωq
ω
Fp?¨BxpF4px, ¨λpxqqqqpωλpxq2qdx (5.134)
we first note that ż 8
0
φ0prqF4px, rλpxqqrdr “ 0, x ě T0
implies ż 8
0
φ0prqBxpF4px, rλpxqqqrdr “ 0, x ě T0 (5.135)
So, BxpF4px, rλpxqqq is still orthogonal to φ0prq. Also, by noting the symbol-type estimates, (4.835), and
inspecting the procedure used to estimate Fp
?¨F4px,¨λpxqqqpωλpxq2q
ω
, we get
||Fp
?¨BxpF4px, ¨λpxqqqqpωλpxq2q
ω
||L2pρpωλptq2qdωq ď
Cλptq
λpxq
ˆ plogplogpxqqq2
x3 logb`1´2αbpxq
˙
where we again use (5.89). Using Minkowski’s inequality, we get
|| ´
ż 8
t
cosppt´ xq?ωq
ω
Fp?¨BxpF4px, ¨λpxqqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď
Cplogplogptqq2
t2 logb`1´2αbptq (5.136)
Combining this with our other estimates in this section, we finally get
||
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď
Cplogplogptqq2
t2 logb`1´2αbptq (5.137)
Next, we estimate
Bt
ˆż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx
˙
“
ż 8
t
cosppt´ xq?ωqFp?¨F4px, ¨λpxqqqpωλpxq2qdx
“
ż 8
t
sinppt´ xq?ωq?
ω
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q ¨ 2λpxqλ1pxqω ` Fp
?¨BxpF4px, ¨λpxqqqqpωλpxq2q
˘
dx
“ ´
ˆ
Fp?¨F4pt, ¨λptqqq1pωλptq2q ¨ 2λptqλ1ptq ` Fp
?¨BtpF4pt, ¨λptqqqqpωλptq2q
ω
˙
´
ż 8
t
cosppt´ xq?ωq
ω
`
Fp?¨F4px, ¨λpxqqq2pωλpxq2q ¨ 4λpxq2λ1pxq2ω2 ` 2Fp
?¨BxpF4px, ¨λpxqqqq1pωλpxq2q ¨ 2λpxqλ1pxqω
`Fp?¨F4px, ¨λpxqqq1pωλpxq2q ¨ 2ωppλ1pxqq2 ` λpxqλ2pxqq ` Fp
?¨B2xpF4px, ¨λpxqqqqpωλpxq2q
˘
dx
(5.138)
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Note that, while obtaining (5.124) and (5.133), we showed that
||Fp
?¨F4px, ¨λpxqqq1pωλpxq2q
ω
¨ 2ωλpxqλ1pxq||L2pρpωλpxq2qdωq ď C plogplogpxqqq
2
x3 log2`b´2bαpxq
Similarly, from the procedure used to obtain (5.136), we infer
||Fp
?¨BtpF4pt, ¨λptqqqqpωλptq2q
ω
||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 logb`1´2αbptq (5.139)
Next, we consider the term involving Fp?¨F4px, ¨λpxqqq2 . For this, we start by studying, with fpx, rq “?
rF4px, rλpxqq,
Fpfpxqq2pξq “
ż 2?
ξ
0
fpx, rqB22φpr, ξqdr `
ż 8
2?
ξ
fpx, rqB22φpr, ξqdr (5.140)
In the region r
?
ξ ď 2, we use
B22φpr, ξq “
1?
r
8ÿ
j“2
jpj ´ 1qξj´2r2jφjpr2q, r
a
ξ ď 2 (5.141)
Then,
| ´ 4
ż 8
t
dx cosppt´ xq?ωqλpxq2λ1pxq2ω
8ÿ
j“2
jpj ´ 1qpωλpxq2qj´2
ż 2?
ωλpxq
0
F4px, rλpxqqr2jφjpr2qdr|
ď C
8ÿ
j“2
jpj ´ 1qωj´1
ż 8
t
dx
ˆ
λ1pxq
λpxq
˙2
λpxq2j
ż 2?
ωλpxq
0
|F4px, rλpxqq|r2j |φjpr2q|dr
(5.142)
we then apply the same procedure as in (5.124), and get
|| ´ 4
ż 8
t
dx cosppt´ xq?ωqλpxq2λ1pxq2ω
8ÿ
j“2
jpj ´ 1qpωλpxq2qj´2
ż 2?
ωλpxq
0
F4px, rλpxqqr2jφjpr2qdr||L2pρpωλptq2qdωq
ď Cplogplogptqqq
2
t3 log3`b´2bαptq
(5.143)
Next, we have
B22φpr, ξq “ pB22φpr, ξqq0 ` pB22φpr, ξqq1 (5.144)
with
pB22φpr, ξqq0 “ 2Re
`
a2pξqψ`pr, ξq ` 2a1pξqB2ψ`pr, ξq
˘
` 2Re
˜
apξq
˜
B2ξ
˜
eir
?
ξ
ξ1{4
σpr
a
ξ, rq
¸
` r
2
4ξ5{4
eir
?
ξσpr
a
ξ, rq
¸¸
(5.145)
and
pB22φpr, ξqq1 “ ´2Re
ˆ
apξq r
2
4ξ5{4
eir
?
ξσpr
a
ξ, rq
˙
(5.146)
|pB22φpr, ξqq0| ď
Cr|apξq|
ξ7{4
(5.147)
Again, with
fpx, rq “ ?rF4px, rλpxqq
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we haveż 8
2?
ξ
fpx, rqpB22φpr, ξqq1dr “ ´2Re
˜
apξq
4ξ5{4
ż 8
2?
ξ
fpx, rqr2eir
?
ξσpr
a
ξ, rqdr
¸
“ 1
2
Re
˜
apξq
ξ5{4
4fpx, 2?
ξ
q
iξ3{2
σp2, 2?
ξ
qe2i
¸
` 1
2
Re
˜
apξq
ξ5{4
ż 8
2?
ξ
eir
?
ξ
i
?
ξ
´
Brfpx, rqr2σpr
a
ξ, rq ` 2fpx, rqrσpr
a
ξ, rq ` r2fpx, rq
´a
ξB1σpr
a
ξ, rq ` B2σpr
a
ξ, rq
¯¯
dr
¸
(5.148)
Again, using Proposition 4.6 of [12] to estimate the σ terms, we get
|
ż 8
2?
ξ
fpx, rqpB22φpr, ξqq1dr| ď
C|apξq|
ξ11{4
|fpx, 2?
ξ
q| ` C |apξq|
ξ7{4
ż 8
2?
ξ
pr|Brfpx, rq| ` |fpx, rq|q rdr (5.149)
Then,
| ´
ż 8
t
cosppt´ xq?ωq
ω
˜ż 8
2?
ωλpxq
?
rF4px, rλpxqq
`pB22φpr, ξqq0 ` pB22φpr, ξqq1˘ |ξ“ωλpxq2dr
¸
¨ 4λpxq2λ1pxq2ω2dx|
ď C
ż 8
t
˜ż 8
2?
ωλpxq
´
|F4px, rλpxqq|r3{2 ` r3{2 ¨ rλpxq|B2F4px, rλpxqq|
¯
dr
¸
|apωλpxq2q|
ω3{4λpxq3{2
dx
x2 log2b`2pxq
` C
ż 8
t
|apωλpxq2q|
ω2λpxq6
|F4px, 2?ω q|
x2 log4b`2pxqdx
(5.150)
For the last term, we haveż 8
t
|| |apωλpxq
2q|
ω2λpxq6
|F4px, 2?ω q|
x2 log4b`2pxq ||L2pρpωλptq2qdωqdx ď C
ż 8
t
λptq
λpxq
1
x2 log2b`2pxqλpxq4
ˆż 8
0
|F4px, yq|2y8 dy
y3
˙1{2
dx
ď C
a
logplogptqq
t3 logb`3´2αbptq
(5.151)
So,
||
ż 8
t
|apωλpxq2q|
ω2λpxq6
|F4px, 2?ω q|
x2 log4b`2pxqdx||L2pρpωλptq2qdωq ď
C
a
logplogptqq
t3 logb`3´2αbptq (5.152)
On the other hand, by the same procedure used to obtain (5.132) and (5.133), we get
||
ż 8
t
˜ż 8
2?
ωλpxq
´
|F4px, rλpxqq|r3{2 ` r3{2 ¨ rλpxq|B2F4px, rλpxqq|
¯
dr
¸
|apωλpxq2q|
ω3{4λpxq3{2
dx
x2 log2b`2pxq ||L2pρpωλptq2qdωq
ď C
a
logplogptqq
t3 log3`b´2bαptq
(5.153)
Next, by noting the symbol-type character of the estimates (4.835), and inspecting (5.124) and (5.133),
we deduce the following estimate
|| ´
ż 8
t
cosppt´ xq?ωq
ω
¨ 2Fp?¨BxpF4px, ¨λpxqqqq1pωλpxq2q ¨ 2λpxqλ1pxqωdx||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 log2`b´2bαptq
(5.154)
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The following term was already estimated via (5.124), (5.133) (except with different λ-dependent coeffi-
cients). Taking into account the estimates on λ1, λ2, we get
||´
ż 8
t
cosppt´ xq?ωq
ω
Fp?¨F4px, ¨λpxqqq1pωλpxq2q¨2ω
`
λ1pxq2 ` λpxqλ2pxq˘ dx||L2pρpωλptq2qdωq ď Cplogplogptqqq2
t3 log2`b´2bαptq
(5.155)
Finally, we start with estimating
Fp?¨B2xpF4px,¨λpxqqqqpωλpxq2q
ω
. Firstly, we note that B2xpF4px, rλpxqqq is still
orthogonal to φ0prq. Then, we repeat the same procedure used to estimate Fp
?¨F4px,¨λpxqqqpωλpxq2q
ω
. By again
noting the symbol-type behavior of (4.835), the only contributions to
Fp?¨B2xpF4px,¨λpxqqqqpωλpxq2q
ω
which need
to be checked are those due to the last term in (4.836), which is not directly comparable to terms arising in
(4.835). To be clear, we still use the orthogonality of the full function B2xpF4px, rλpxqqq to φ0prq; but, after
using the orthogonality as needed, we can then deduce estimates on all integrals which do not involve the
last term in (4.836) just by comparison with an analogous term in (4.835), as described above. We start with
Case 1: 2?
ωλpxq ď 1.
|´1
ω
ż 2?
ωλpxq
0
Ăφ0prq?r 1trλpxqďx2 u
x4 logb`N´2pxqpr2 ` 1q2 dr| ď
C
ω
ż 2?
ωλpxq
0
φ0prqrdr
x4 logb`N´2pxqpr2 ` 1q2
ď C
ω5{2λpxq3x4 logb`N´2pxq ,
2?
ωλpxq ď 1
(5.156)
Case 2: 1 ď 2?
ωλpxq ď x2λpxq . Here, we first use the orthogonality of B2xpF4px, rλpxqqq to φ0prq. Using
the procedure described above, we only need to estimate
|´1
ω
ż 2?
ωλpxq
0
Ăφ0prq?r 1trλpxqďx2 u
x4 logb`N´2pxqpr2 ` 1q2 dr| ď
C
ω
ż x
2λpxq
2?
ωλpxq
dr
x4 logb`N´2pxqr4
ď C
?
ω
x4 log4b`N´2pxq , 1 ď
2?
ωλpxq ď
x
2λpxq
(5.157)
Case 3: x
2λpxq ď 2?ωλpxq . In this case, after again using the orthogonality of B2xpF4px, rλpxqqq to φ0prq,
the only integral to be checked is zero, due to the support properties of F4. Next, we have
Case 1: 1 ď 2?
ωλpxq ď x2λpxq .
1
ω
8ÿ
j“1
ż 2?
ωλpxq
0
r2jωjλpxq2j |φjpr2q|
1trλpxqďx
2
u
x4 logb`N´2pxqpr2 ` 1q2 dr ď
C
ω
8ÿ
j“1
ωjλpxq2jCj1
pj ´ 1q!
ż 2?
ωλpxq
0
r2j logp1` r2qdr
x4 logb`N´2pxqpr2 ` 1q2
ď C
x4 log3b`N´3pxq , 1 ď
2?
ωλpxq ď
x
2λpxq
(5.158)
where we treat the integral in exactly the same way we did in obtaining (5.105)
Case 2: 2?
ωλpxq ď 1.
1
ω
8ÿ
j“1
ż 2?
ωλpxq
0
r2jωjλpxq2j |φjpr2q|
1trλpxqďx
2
u
x4 logb`N´2pxqpr2 ` 1q2 dr ď
C
ω
8ÿ
j“1
ωjλpxq2jCj1
pj ´ 1q!x4 logb`N´2pxq
ż 2?
ωλpxq
0
r2j`2dr
ď C
ω5{2λpxq3x4 logb`N´2pxq ,
2?
ωλpxq ď 1
(5.159)
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Case 3: 2?
ωλpxq ě x2λpxq .
1
ω
8ÿ
j“1
ż 2?
ωλpxq
0
r2jωjλpxq2j |φjpr2q|
1trλpxqďx
2
u
x4 logb`N´2pxqpr2 ` 1q2 dr ď
C
ω
8ÿ
j“1
ωjλpxq2jCj1
pj ´ 1q!
ż x
2λpxq
0
r2j logp1` r2qdr
x4 logb`N´2pxqpr2 ` 1q2
ď C
x4 log3b`N´3pxq ,
2?
ωλpxq ě
x
2λpxq
(5.160)
Finally, we consider the following integral in multiple cases:
Case 1: 2?
ωλpxq ď 1.
1
ω
ż 8
2?
ωλpxq
2|Re `apωλpxq2qψ`pr, ωλpxq2q˘ |?r1trλpxqďx
2
u
x4 logb`N´2pxqpr2 ` 1q2 dr ď
C
ω
|apωλpxq2q|
ω1{4λpxq1{2
ż x
2λpxq
2?
ωλpxq
?
rdr
x4 logb`N´2pxqpr2 ` 1q2
ď C|apωλpxq
2q|
ω5{4
a
λpxqx4 logb`N´2pxq ,
2?
ωλpxq ď 1
(5.161)
Case 2: 1 ď 2?
ωλpxq ď x2λpxq
1
ω
ż 8
2?
ωλpxq
2|Re `apωλpxq2qψ`pr, ωλpxq2q˘ |?r 1trλpxqďx2 u
x4 logb`N´2pxqpr2 ` 1q2 dr ď
C|apωλpxq2q|
ω5{4λpxq1{2
ż x
2λpxq
2?
ωλpxq
dr
r7{2x4 logb`N´2pxq
ď C|apωλpxq
2q|
x4 log3b`N´2pxq , 1 ď
2?
ωλpxq ď
x
2λpxq
(5.162)
Case 3: 2?
ωλpxq ą x2λpxq . In this case, the integral to estimate is zero. Combining all of the above es-
timates, and using the procedure described above, we get
|| ´
ż 8
t
cosppt´ xq?ωq
ω
Fp?¨B2xpF4px, ¨λpxqqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 logb`1´2αbptq (5.163)
In total, we finally get
||
ż 8
t
cosppt´ xq?ωqFp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď Cplogplogptqqq
2
t3 logb`1´2αbptq (5.164)
The next integral to estimate is
λptq
ż 8
t
sinppt´ xq?ωqFp?¨F4px, ¨λpxqqqpωλpxq2qdx
“ λptq
ˆ
´Fp
?¨F4pt, ¨λptqqqpωλptq2q?
ω
´
ż 8
t
cosppt´ xq?ωq?
ω
Bx
`
Fp?¨F4px, ¨λpxqqqpωλpxq2q
˘
dx
˙
“ ´λptqFp
?¨F4pt, ¨λptqqqpωλptq2q?
ω
´ λptq
ż 8
t
sinppt´ xq?ωq
ω
B2x
`
Fp?¨F4px, ¨λpxqqqpωλpxq2q
˘
dx
(5.165)
In order to estimate ´λptqFp
?¨F4pt,¨λptqqqpωλptq2q?
ω
it suffices to multiply the pointwise in ω estimates that we
already obtained on Fp
?¨F4pt,¨λptqqqpωλptq2q
ω
, by
?
ωλptq, and then take the L2pρpωλptq2qdωq norm. In fact, we
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only need to consider the region 2?
ωλptq ď 1, since, in the other regions, the factor
?
ωλptq that we multiply
by, is less than 2. Doing this procedure for each of the terms appearing in (5.105), (5.111), and (5.118), and
combining the resulting estimates, we get
|´λptqFp
?¨F4pt, ¨λptqqqpωλptq2q?
ω
| ď C
ω5{2λptq3t2 log1´2αbptq `
Cλptq1{2|apωλptq2q|
ω3{4t2 log1´2αbptq ,
2?
ωλptq ď 1 (5.166)
and ˜ż 8
4
λptq2
ρpωλptq2q dω
ω5λptq6t4 log2´4αbptq
¸1{2
ď C
t2 log1`b´2αbptq (5.167)˜ż 8
4
λptq2
|apωλptq2q|2
ω3{2
ρpωλptq2qdω
¸1{2
¨ C
t2 log1`
b
2
´2αbptq
ď C
t2 log1`b´2αbptq (5.168)
Then, by the remarks preceeding these estimates, we get
||λptqFp
?¨F4pt, ¨λptqqqpωλptq2q?
ω
||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t2 log1`b´2αbptq (5.169)
Then, we use the identical procedure as was used to obtain (5.164), and get
||λptq
ż 8
t
sinppt´ xq?ωq
ω
B2x
`
Fp?¨F4px, ¨λpxqqqpωλpxq2q
˘
dx||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 log2b`1´2αbptq (5.170)
Combining these, we get
||?ωλptq
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t2 log1`b´2αbptq (5.171)
Next, we consider
?
ωλptqBt
ˆż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx
˙
“ ´λptqBt
`
Fp?¨F4pt, ¨λptqqqpωλptq2q
˘
?
ω
´
ż 8
t
λptq ¨ cosppt´ xq
?
ωq?
ω
B2x
`
Fp?¨F4px, ¨λpxqqqpωλpxq2q
˘
dx
(5.172)
For
´λptqpFp?¨BtpF4pt,¨λptqqqqpωλptq2qq?
ω
, we again need only multiply the pointwise estimates for Fp
?¨BtpF4pt,¨λptqqqqpωλptq2q
ω
(which were previously inferred from pointwise estimates for Fp
?¨pF4pt,¨λptqqqqpωλptq2q
ω
and noting the symbol-
type nature of the estimate (4.835)) by
?
ωλptq in the region ?ωλptq ě 2, and then take the L2pρpωλptq2qdωq
norm. This results in
|| ´ ?ωλptq
ˆ
Fp?¨BtpF4pt, ¨λptqqqqpωλptq2q
ω
˙
||L2pρpωλptq2qdωq ď Cplogplogptqqq
2
t3 log1`b´2αbptq (5.173)
Note, however, that doing this same procedure for the term ´?ωλptq
´
Fp?¨F4pt,¨λptqqq1pωλptq2q¨2ωλptqλ1ptq
ω
¯
would result in an estimate which is not square integrable against the measure ρpωλptq2qdω. Instead, we
have to integrate by parts in an appropriate r integral, to gain extra decay in ω. In particular, we first
make the decomposition as in (5.121). Then, we can multiply pointwise estimates on the first term in the
decomposition (5.121) by
?
ωλptq, and proceed as with our previous estimates. This results in a contribution
to the overall L2pρpωλptq2qdωq norm of ´?ωλptq
´
Fp?¨F4pt,¨λptqqq1pωλptq2q¨2ωλptqλ1ptq
ω
¯
bounded above by:
|| ´ 2λptq2λ1ptq?ω
˜ż 2?
ωλptq
0
?
rF4pt, rλptqqB2φpr, ωλptq2qdr
¸
||L2pρpωλptq2qdωq ď Cplogplogptqqq
2
t3 logb`2´2αbptq (5.174)
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For the second term in the decomposition as in (5.121),namely,
´2?ωλptq2λ1ptq
ż 8
2?
ωλptq
?
rF4pt, rλptqqB2φpr, ωλptq2qdr
we start with
B2φpr, ξq “ pB2φpr, ξqq0 ` pB2φpr, ξqq1 (5.175)
where
pB2φpr, ξqq1 “ Re
ˆ
apξqir
ξ3{4
eir
?
ξσpr
a
ξ, rq
˙
(5.176)
and
|pB2φpr, ξqq0| ď C|apξq|
ξ5{4
, r
a
ξ ě 2 (5.177)
Then,
´ 2λptq2λ1ptq?ω
ż 8
2?
ωλptq
?
rF4pt, rλptqqpB2φpr, ωλptq2qq1dr
“ ´2λptq2λ1ptq?ωRe
˜
apωλptq2qi
ω3{4λptq3{2
ż 8
2?
ωλptq
r3{2F4pt, rλptqqeir
?
ωλptqσpr?ωλptq, rqdr
¸
“ ´2λptq
1{2λ1ptq
ω1{4
Re
˜´apωλptq2q23{2F4pt, 2?ω qσp2, 2?ωλptq qe2i
ω5{4λptq5{2
¸
` 2λptq
1{2λ1ptq
ω1{4
Re
˜
apωλptq2q
ż 8
2?
ωλptq
eir
?
ωλptq
?
ωλptq Br
´
r3{2F4pt, rλptqqσpr
?
ωλptq, rq
¯
dr
¸
(5.178)
So,
| ´ 2?ωλptq2λ1ptq
ż 8
2?
ωλptq
?
rF4pt, rλptqqB2φpr, ωλptq2qdr|
ď C|λ
1ptq||apωλptq2q|
ω3{2λptq2 |F4pt,
2?
ω
q| ` C|λ
1ptq||apωλptq2q|
λptq1{2ω3{4
ż 8
2?
ωλptq
r1{2 p|F4pt, rλptqq| ` rλptq|B2F4pt, rλptqq|q dr
(5.179)
where we used the estimates on σ following from proposition 4.6 of [12].
This gives
|| ´ 2?ωλptq2λ1ptq
ż 8
2?
ωλptq
?
rF4pt, rλptqqB2φpr, ωλptq2qdr||L2pp 4
λptq2 ,8q,ρpωλptq2qdωq
ď C|λ
1ptq|
λptq2
˜ż λptq
0
|F4pt, yq|2y3dy
¸1{2
` C|λ
1ptq|
λptq1{2
˜ż 8
4
λptq2
dω
ω3{2
ˆż 8
0
r3{2
t2 log1´2αbptqpr2 ` 1q2 dr
˙2¸1{2
ď C
t3 logb`2´2αbptq
(5.180)
Combining these estimates, and appropriately using (5.133), for the region
?
ωλptq ď 2, we get
|| ´ ?ωλptq
ˆ
Fp?¨F4pt, ¨λptqqq1pωλptq2q ¨ 2ωλptqλ1ptq
ω
˙
||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 logb`2´2bαptq (5.181)
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Now, we start to treat the term inside the x integral in (5.172). Here, we expand
B2x
`
Fp?¨F4px, ¨λpxqqqpωλpxq2q
˘
“ Fp?¨F4px, ¨λpxqqq2pωλpxq2q ¨ p2ωλpxqλ1pxqq2 ` 2Fp
?¨BxpF4px, ¨λpxqqqq1pωλpxq2q ¨ 2ωλpxqλ1pxq
` Fp?¨F4px, ¨λpxqqq1pωλpxq2q ¨ 2ωppλ1pxqq2 ` λpxqλ2pxqq ` Fp
?¨B2xpF4px, ¨λpxqqqqpωλpxq2q
(5.182)
We start by considering
?
ωλptq
ω
¨ `2Fp?¨BxpF4px, ¨λpxqqqq1pωλpxq2q ¨ 2ωλpxqλ1pxq˘ (5.183)
Recall that the last term we estimated was
´?ωλptq ¨ 2λptqλ1ptqFp?¨F4pt, ¨λptqqq1pωλptq2q
and we used only (4.890), as well as (4.893), because we needed to integrate by parts in the r variable in one
of the terms. We then repeat the same procedure, with the only difference being
B1F4px, rλpxqq ` rλ1pxqB2F4px, rλpxqq replacing F4pt, rλptqq
and
λptqB12F4px, rλpxqq ` λ1pxqB2F4px, rλpxqq ` rλpxqλ1pxqB22F4px, rλpxqq replacing λpxqB2F4px, rλpxqq
By noting the symbol-type nature of the estimate (4.835), we get
||?ωλptq ¨ 4λpxqλ1pxqFp?¨BxpF4px, ¨λpxqqqq1pωλpxq2q||L2pρpωλptq2qdωq
ď C
ˆ
λptq
λpxq
˙2
||?ωλpxq ¨ 4λpxqλ1pxqFp?¨BxpF4px, ¨λpxqqqq1pωλpxq2q||L2pρpωλpxq2qdωq
ď C
ˆ
λptq
λpxq
˙2 plogplogpxqqq2
x4 logb`2´2bαpxq
(5.184)
and this gives
||´λptq
ż 8
t
cosppt´ xq?ωq?
ω
`
2Fp?¨BxpF4px, ¨λpxqqqq1pωλpxq2q ¨ 2ωλpxqλ1pxq
˘
dx||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 logb`2´2bαptq
(5.185)
Next, we consider
Fp?¨F4px, ¨λpxqqq1pωλpxq2q ¨ 2ωppλ1pxqq2 ` λpxqλ2pxqq ¨
?
ωλptq
ω
(5.186)
We treat this term identically to how (5.181) was treated, noting that the only difference between the two
terms is a coefficient which depends on absolute constants and λ. We therefore get
|| ´ λptq
ż 8
t
cosppt´ xq?ωq?
ω
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q ¨ 2ωppλ1pxqq2 ` λpxqλ2pxqq
˘
dx||L2pρpωλptq2qdωq
ď
ż 8
t
dx
C
x
ˆ
λptq
λpxq
˙2 plogplogpxqqq2
x3 logb`2´2bαpxq
ď Cplogplogptqqq
2
t3 logb`2´2bαptq
(5.187)
Next, we study ?
ωλptq
ω
¨ FpB2x
`?¨F4px, ¨λpxqq˘qpωλpxq2q
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by multiplying our previous pointwise in ω estimates on
FpB2xp?¨F4px,¨λpxqqqqpωλpxq2q
ω
by
´
λptq
λpxq
¯?
ωλpxq. We
need only check the contributions to
´
λptq
λpxq
¯
¨ ||
?
ωλpxq
ω
¨FpB2x p
?¨F4px, ¨λpxqqqqpωλpxq2q||L2pρpωλptq2qdωq coming
from the region
?
ωλpxq ě 2, just as for previous terms:
The integrals to check are:ˆ
λptq
λpxq
˙˜ż 8
4
λpxq2
ρpωλptq2qdω
ω4λpxq4x8 log2b`2N´4pxq
¸1{2
ď C
ˆ
λptq
λpxq
˙2˜ż 8
4
λpxq2
ρpωλpxq2qdω
ω4λpxq4x8 log2b`2N´4pxq
¸1{2
ď C
ˆ
λptq
λpxq
˙2
1
x4 log2b`N´2pxq
(5.188)
ˆ
λptq
λpxq
˙2˜ż 8
4
λpxq2
ωλpxq2dω
ω5
¸1{2
1
λpxq3x4 log1´2αbpxq ď C
ˆ
λptq
λpxq
˙2
1
x4 logb`1´2αbpxq
(5.189)
and ˆ
λptq
λpxq
˙2˜ż 8
4
λpxq2
dω
ω3{2x8 logb`2´4αbpxq
¸1{2
ď C
ˆ
λptq
λpxq
˙2
1
x4 logb`1´2αbpxq
(5.190)
In total, we get
||?ωλptqFpB
2
xp
?¨F4px, ¨λpxqqqqpωλpxq2q
ω
||L2pρpωλptq2qdωq ď C
ˆ
λptq
λpxq
˙2 plogplogpxqqq2
x4 log1`b´2αbpxq (5.191)
and this gives
||
ż 8
t
cosppt´ xq?ωqFp?¨B2xpF4px, ¨λpxqqqqpωλpxq2q
?
ωλptq
ω
dx||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 log1`b´2αbptq (5.192)
The last term we need to consider here is
?
ωλptq
ω
Fp?¨F4px, ¨λpxqqq2pωλpxq2q ¨
`
2ωλpxqλ1pxq˘2
We already estimated
Fp?¨F4px, ¨λpxqqq2pωλpxq2q ¨ p2ωλpxqλ1pxqq2
ω
So, we need only prove new estimates in the region
?
ωλpxq ě 2 (by writing ?ωλptq “
´
λptq
λpxq
¯
¨ ?ωλpxq).
So, we again write
Fp?¨F4px, ¨λpxqqq2pωλpxq2q
“
ż 2?
ωλpxq
0
?
rF4px, rλpxqqB22φpr, ωλpxq2qdr `
ż 8
2?
ωλpxq
?
rF4px, rλpxqqB22φpr, ωλpxq2qdr
(5.193)
and for the first term on the second line of (5.193), we simply multiply our previous pointwise in ω estimate
on
ˆş 2?
ωλpxq
0
?
rF4px, rλpxqqB22φpr, ωλpxq2qdr
˙
¨ p2ωλpxqλ
1pxqq2
ω
by λptq
λpxq
?
ωλpxq in the region ?ωλpxq ě 2, and
estimate the L2pρpωλptq2qdωq norm, as before. We have
?
ωλpxq¨ω
2λpxq2λ1pxq2
ω
¨|
ż 2?
ωλpxq
0
?
rF4px, rλpxqqB22φpr, ωλpxq2qdr| ď
C
x4 log3´2bαpxqω5{2λpxq3 ,
?
ωλpxq ě 2
(5.194)
179
and this leads to
||?ωλptq
¨˝ ş 2?
ωλpxq
0
?
rF4px, rλpxqqB22φpr, ωλpxq2qdr
ω
¨ ω2λpxq2pλ1pxqq2‚˛||L2pρpωλptq2qdωq ď C ˆ λptq2
λpxq2
˙
logplogpxqqq2
x4 log3`b´2bαpxq
(5.195)
For the second term on the second line of (5.193), we can not simply multiply our pointwise in ω estimates
on
ˆş8
2?
ωλpxq
?
rF4px, rλpxqqB22φpr, ωλpxq2qdr
˙
¨ p2ωλpxqλ
1pxqq2
ω
by
?
ωλptq, since doing so would result in an
estimate that is not square integrable against the measure ρpωλptq2qdω. So, we have to integrate by parts
in appropriate r integrals, just as in a previous situation. To be precise, we considerż 8
2?
ωλpxq
?
rF4px, rλpxqqB22φpr, ωλpxq2qdr (5.196)
and write, for r
?
ξ ě 2:
B22φpr, ξq “ 2Re
ˆˆ
a2pξq
ξ1{4
σpr
a
ξ, rq ` 2a1pξq
ˆ´σpr?ξ, rq
4ξ5{4
` rB1σpr
?
ξ, rq
2ξ3{4
˙
` apξq
ˆ
5σpr?ξ, rq
16ξ9{4
´ rB1σpr
?
ξ, rq
2ξ7{4
` ir
2B1σpr
?
ξ, rq
2ξ5{4
` r
2B21σpr
?
ξ, rq
4ξ5{4
˙˙
eir
?
ξ
˙
` 2Re
ˆˆ
2
a1pξqirσpr?ξ, rq
2ξ3{4
´ irapξqσpr
?
ξ, rq
2ξ7{4
˙
eir
?
ξ
˙
´ 2Re
ˆ
apξqr2
4ξ5{4
eir
?
ξσpr
a
ξ, rq
˙
(5.197)
For each term on the third line of (5.197), inserted into (5.196), we will integrate by parts once in r. The
insertion of the first term on the third line of (5.197) gives
2Re
˜ż 8
2?
ωλpxq
?
rF4px, rλpxqq ¨ a
1pωλpxq2qir
ω3{4λpxq3{2 σpr
?
ωλpxq, rqeir
?
ωλpxqdr
¸
“ 2Re
˜
ia1pωλpxq2q
ω3{4λpxq3{2
˜ ´23{2F4px, 2?ω q
ω3{4λpxq3{2i?ωλpxqσp2,
2?
ωλpxq qe
2i ´
ż 8
2?
ωλpxq
eir
?
ωλpxq
i
?
ωλpxq Br
´
r3{2F4px, rλpxqqσpr
?
ωλpxq, rq
¯
dr
¸¸
(5.198)
Then we estimate each term seperately:
|2Re
˜
ia1pωλpxq2q
ω3{4λpxq3{2
˜ ´23{2F4px, 2?ω q
ω3{4λpxq3{2i?ωλpxqσp2,
2?
ωλpxq qe
2i
¸¸
|
ď C |a
1pωλpxq2q|
ω3{4λpxq3{2
|F4px, 2?ω q|
ω3{4λpxq3{2?ωλpxq
(5.199)
The contribution to the L2pp 4
λpxq2 ,8q, ρpωλptq2qdωq norm of the integrand of (5.172) due to the above term
is thus estimated by¨˚
˝ż 8
4
λpxq2
˜
|a1pωλpxq2q|
ω3{4λpxq3{2
|F4px, 2?ω q|
ω3{4λpxq3{2?ωλpxq
¸2
ω4 ¨
ˆ?
ωλptq
ω
˙2
ρpωλptq2qdω´
x2 log4b`2pxq
¯2 ‹˛‚
1{2
ď C
ˆ
λptq
λpxq
˙2˜ż λpxq
0
y6|F4px, yq|2 dy
y3
¸1{2
1
λpxq5x2 log4b`2pxq
ď C
ˆ
λptq
λpxq
˙2
1
x4 logb`3´2bαpxq
(5.200)
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For the next term of (5.198), we use Proposition 4.6 of [12] again, to get
|2Re
˜
ia1pωλpxq2q
ω3{4λpxq3{2
˜
´
ż 8
2?
ωλpxq
eir
?
ωλpxq
i
?
ωλpxq Br
´
r3{2F4px, rλpxqqσpr
?
ωλpxq, rq
¯
dr
¸¸
|
ď C|apωλpxq
2q|
ω7{4λpxq7{2
1?
ωλpxq
ż 8
2?
ωλpxq
?
r p|F4px, rλpxqq| ` rλpxq|pB2F4qpx, rλpxqq|q dr
ď C|apωλpxq
2q|
ω9{4λpxq9{2x2 log1´2bαpxq
(5.201)
Then, the contribution of this term to the L2pp 4
λpxq2 ,8q, ρpωλptq2qdωq norm of the integrand of (5.172) is
estimated by:˜ż 8
4
λpxq2
dω
ω9{2
ω4
ˆ?
ωλpxq
ω
˙2¸1{2 ˆ
λptq
λpxq
˙2
1
x2 log1´2bαpxq ¨
1
λpxq9{2 ¨
1
x2 log4b`2pxq
ď C
ˆ
λptq
λpxq
˙2
1
x4 logb`3´2bαpxq
(5.202)
By comparing the first and second terms on the third line of (5.197), and recalling the symbol-type estimates
on a from Proposition 4.7 of [12], we can estimate the second term on the third line of 5.197 by repeating
the same exact procedure used to estimate the first term of the third line of (5.197).
Next, we treat the fourth line of (5.197). Here, we integrate by parts twice in the r integral resulting
from substitution of the fourth line of (5.197) into (5.196). With ξ “ ωλptq2, we haveż 8
2?
ξ
?
rF4px, rλpxqq2Re
˜
´apξqr2eir
?
ξσpr?ξ, rq
4ξ5{4
¸
dr
“ Re
˜
´apξq
2ξ5{4
˜´25{2F4px, 2?ξλpxqqσp2, 2?ξ qe2i
iξ7{4
` 1
i
?
ξ
¨
˜
Br
´
r5{2F4px, rλpxqqσpr
a
ξ, rq
¯ eir?ξ
i
?
ξ
¸
|r“ 2?
ξ
¸¸
` Re
˜
´apξq
2ξ5{4
¨ ´1
ξ
ż 8
2?
ξ
eir
?
ξB2r
´
r5{2F4px, rλpxqqσpr
a
ξ, rq
¯
dr
¸
(5.203)
Next, we again note the symbol-type character of the estimate (4.835), to get
|
ż 8
2?
ξ
?
rF4px, rλpxqq2Re
˜
´apξqr2eir
?
ξσpr?ξ, rq
4ξ5{4
¸
dr| ¨ 4ω2λpxq2λ1pxq2
?
ωλpxq
ω
ď Cω
2λpxq?
ωx2 log4b`2pxq
˜
|apωλpxq2q|
ω3λpxq6 F4,estpx,
2λpxq?
ξ
q ` |apωλpxq
2q|
ω9{4λpxq9{2
ż 8
2?
ωλpxq
r1{2F4,estpx, rλpxqqdr
¸ (5.204)
where F4,est is the expression which appears on the right-hand side of (4.835). Then, the same procedure
used to treat (5.198) also applies to treat (5.204), and we get
||
ż 8
2?
ξ
?
rF4px, rλpxqq2Re
˜
´apξqr2eir
?
ξσpr?ξ, rq
4ξ5{4
¸
dr ¨ 4ω2λpxq2λ1pxq2
?
ωλpxq
ω
ˆ
λptq
λpxq
˙
||L2pp 4
λpxq2 ,8q,ρpωλptq2qdωq
ď C
ˆ
λptq
λpxq
˙2
1
x4 logb`3´2bαpxq
(5.205)
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Next, we study the first two lines of (5.197), which are given below:
pB22φpr, ξqq2 “ 2Re
ˆˆ
a2pξq
ξ1{4
σpr
a
ξ, rq ` 2a1pξq
ˆ´σpr?ξ, rq
4ξ5{4
` rB1σpr
?
ξ, rq
2ξ3{4
˙
` apξq
ˆ
5σpr?ξ, rq
16ξ9{4
´ rB1σpr
?
ξ, rq
2ξ7{4
` ir
2B1σpr
?
ξ, rq
2ξ5{4
` r
2B21σpr
?
ξ, rq
4ξ5{4
˙˙
eir
?
ξ
˙ (5.206)
We note that
|pB22φpr, ξqq2| ď
C|apξq|
ξ9{4
, r ě 2?
ξ
(5.207)
So,
|
ż 8
2?
ωλpxq
?
rF4px, rλpxqqpB22φpr, ωλpxq2qq2dr| ď
C|apωλpxq2q|
ω9{4λpxq9{2
ż 8
2?
ωλpxq
?
r|F4px, rλpxqq|dr (5.208)
Finally,¨˝ż 8
4
λpxq2
ρpωλptq2q
˜˜ż 8
2?
ωλpxq
?
rF4px, rλpxqqpB22φpr, ωλpxq2qq2dr
¸
¨ 4ω2λpxq2λ1pxq2
?
ωλptq
ω
¸2
dω‚˛1{2
ď C
ˆ
λptq
λpxq
˙2
1
x4 logb`3´2bαpxq
(5.209)
Combining all of our estimates, we get
||?ωλptq
ˆ
Fp?¨F4px, ¨λpxqqq2pωλpxq2q
ω
ω2λpxq2λ1pxq2
˙
||L2pρpωλptq2qdωq ď C
ˆ
λptq
λpxq
˙2
logplogpxqq2
x4 log3`b´2bαpxq
(5.210)
and
|| ´
ż 8
t
cosppt´xq?ωq
?
ωλptq
ω
B2x
`
Fp?¨F4px, ¨λpxqqqpωλpxq2q
˘
dx||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t3 log1`b´2αbptq (5.211)
which imply
||?ωλptqBt
ˆż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx
˙
||L2pρpωλptq2qdωq ď Cplogplogptqqq
2
t3 log1`b´2αbptq (5.212)
The last quantity to estimate is
ωλptq2
ˆż 8
t
sinppt´ xq?ω?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx
˙
“ ´λptq2Fp?¨F4pt, ¨λptqqqpωλptq2q ´
?
ωλptq2
ż 8
t
sinppt´ xq?ωq
ω
B2x
`
Fp?¨F4px, ¨λpxqqqpωλpxq2q
˘
dx
(5.213)
We can estimate the second term on the second line of (5.213), simply by using the estimates which gave
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(5.211). For the first term of the second line of (5.213), we have, with ξ “ ωλptq2,
λptq2
ˆż 8
0
ρpωλptq2q `Fp?¨F4pt, ¨λptqqqpωλptq2q˘2 dω˙1{2 “ λptq2 ˆż 8
0
ρpξq `Fp?¨F4pt, ¨λptqqqpξq˘2 dξ
λptq2
˙1{2
“ λptq
ˆż 8
0
r pF4pt, rλptqqq2 dr
˙1{2
ď Cλptq
¨˝ż logN ptq
λptq
0
r3λptq2dr
λptq8pr2 ` 1q4t4 log6b`2´4bαptq `
ż t
2λptq
0
r3λptq2dr
λptq8pr2 ` 1q4t4 log10b`4N´4ptq
‚˛1{2
ď C
t2 logb`1´2bαptq `
C
t2 log3b`2N´2ptq
ď C
t2 logb`1´2bαptq
(5.214)
So,
||ωλptq2
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq ď
C
t2 log1`b´2bαptq (5.215)
which finishes the proof of the lemma
To proceed, we quickly translate our estimates (4.4) and (4.5), by noting
||Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||2L2pρpωλpxq2qdωq “
ż 8
0
r
λpxq4 pF5 ` F6q
2 px, rqdr (5.216)
||?ωλpxqFp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||2L2pρpωλpxq2qdωq “
1
λpxq2
ż 8
0
pLppF5 ` F6q px, ¨λpxqqqq2pRqRdR
(5.217)
and
|Lpfqprq| ď C
ˆ
|f 1prq| ` |fprq|
r
˙
So, we have
||Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq ď
C
x4 log3b`2N´1pxq (5.218)
and
||?ωλpxqFp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq ď C log
6`bpxq
x35{8
(5.219)
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Now, we recall F pt, rq “ F4pt, rq ` F5pt, rq ` F6pt, rq, and estimate the following quantities:
||
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
“ ||
ż 8
t
sinppt´ xq?ωq?
ω
`
Fp?¨F4px, ¨λpxqqqpωλpxq2q ` Fp
?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q
˘
dx||L2pρpωλptq2qdωq
ď ||
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
` ||
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
ď Cplogplogptqqq
2
t2 logb`1´2αbptq ` C
ż 8
t
px´ tq `||Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||L2pρpωλptq2qdωq˘ dx
ď Cplogplogptqqq
2
t2 logb`1´2αbptq ` C
ż 8
t
px´ tq
ˆ
λptq
λpxq
˙
dx
x4 log3b`2N´1pxq
ď Cplogplogptqqq
2
t2 logb`1´2αbptq
(5.220)
where we used the fact that,
||Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||L2pρpωλptq2qdωq
“
ˆż 8
0
`
Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q
˘2 ρpωλptq2q
ρpωλpxq2qρpωλpxq
2qdω
˙1{2
ď C λptq
λpxq ||Fp
?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq
(5.221)
where we used (5.89).
Similarly,
||
ż 8
t
cosppt´ xq?ωqFp?¨F px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
ď ||
ż 8
t
cosppt´ xq?ωqFp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
` ||
ż 8
t
cosppt´ xq?ωqFp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
ď Cplogplogptqqq
2
t3 logb`1´2αbptq ` C
ż 8
t
ˆ
λptq
λpxq
˙`||Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq˘ dx
ď Cplogplogptqqq
2
t3 logb`1´2αbptq `
C
t3 log3b`2N´1ptq
ď Cplogplogptqqq
2
t3 logb`1´2αbptq
(5.222)
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||?ωλptq
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
ď ||?ωλptq
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
` ||?ωλptq
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
ď Cplogplogptqqq
2
t2 log1`b´2αbptq ` λptq
ż 8
t
ˆ
λptq
λpxq
˙`||Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq˘ dx
ď Cplogplogptqqq
2
t2 log1`b´2αbptq `
C
t3 log4b`2N´1ptq
ď Cplogplogptqqq
2
t2 log1`b´2αbptq
(5.223)
||
ż 8
t
cosppt´ xq?ωq?ωλpxq
ˆ
λptq
λpxq
˙
Fp?¨F px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
ď ||
ż 8
t
cosppt´ xq?ωq?ωλpxq
ˆ
λptq
λpxq
˙
Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
` ||
ż 8
t
cosppt´ xq?ωq?ωλpxq
ˆ
λptq
λpxq
˙
Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
ď Cplogplogptqqq
2
t3 log1`b´2αbptq ` C
ż 8
t
ˆ
λptq
λpxq
˙2 `||?ωλpxqFp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq˘ dx
ď Cplogplogptqqq
2
t3 log1`b´2αbptq ` C
ż 8
t
ˆ
λptq
λpxq
˙2
logb`6pxq
x35{8
dx
ď Cplogplogptqqq
2
t3 log1`b´2αbptq
(5.224)
and, finally,
||
ż 8
t
sinppt´ xq?ωq?ωλptq2Fp?¨F px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
ď ||
ż 8
t
sinppt´ xq?ωq?ωλptq2Fp?¨F4px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
` ||
ż 8
t
sinppt´ xq?ωq?ωλptq2Fp?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq
ď C
t2 log1`b´2αbptq ` C
ż 8
t
λptq
ˆ
λptq
λpxq
˙2 `||λpxqFp?ω?¨ pF5 ` F6q px, ¨λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq˘ dx
ď C
t2 log1`b´2αbptq ` C
ż 8
t
λptq3
λpxq2
logb`6pxq
x35{8
dx
ď C
t2 log1`b´2αbptq
(5.225)
5.5 Setup of the final iteration
Let ǫ be given by
ǫ “ 2b` 1
2
p1´ 2αbq
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Note that 2b` 1
2
ą ǫ ą 2b. Also, note that (4.8), (4.9), and (4.10) show that
||vcorrpx,Rλpxqq
Rλpxq ||
2
L8 ` ||
vcorrpx,Rλpxqq
Rλpxq2p1`R2q ||L8 ď
C
x2 logǫ´2bpxq (5.226)
1` ||vcorrpx,Rλpxqq
R
||L8 ` ||BRpvcorrpx,Rλpxqqq||L8 ď C (5.227)
||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
Rλpxq2 ||L8R pp0,1qq ` ||
vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
R2λpxq2 ||L8R pp1,8qq
` ||BRpvcorrpx,Rλpxqqqp1`R2qλpxq2 ||L8
ď C
x2 logǫ´2bpxq
(5.228)
Let pZ, || ¨ ||Zq be the normed vector space defined as follows. Z is the set of (equivalence classes) of
measureable functions y : rT0,8q ˆ p0,8q Ñ R such that
ypt, ωqt2 log ǫ2 ptq
a
ρpωλptq2qxωλptq2y P C0t prT0,8q, L2pdωqq
Btypt, ωqt3 log ǫ2 ptqx
?
ωλptqy
a
ρpωλptq2q P C0t prT0,8q, L2pdωqq
and ||y||Z ă 8 where
||y||Z “ sup
těT0
´
t2 log
ǫ
2 ptq `||yptq||L2pρpωλptq2qdωq ` ||λptq?ωyptq||L2pρpωλptq2qdωq ` ||ωλptq2yptq||L2pρpωλptq2qdωq˘
`t3 log ǫ2 ptq `||Btyptq||L2pρpωλptq2qdωq ` ||λptq?ωBtyptq||L2pρpωλptq2qdωq˘¯
(5.229)
Define T on Z by
T pyqpt, ωq “ ´
ż 8
t
sinppt´ xq?ωq?
ω
`
F2pyqpx, ωq ´ Fp
?¨F px, ¨λpxqqqpωλpxq2q ´ Fp?¨F3pupyqqpx, ¨λpxqqqpωλpxq2q
˘
dx
(5.230)
Note that a fixed point of T is a solution to (5.4) with 0 Cauchy data at infinity. We then use (5.220),
and our estimates on F2, F3 to get (note that in the following estimates, C ą 0 denotes a constant (which
might involve Cρ) whose value may change from line to line, but which is independent of T0). Also, for ease
of notation, we will denote F3pupyqq by F3 until otherwise mentioned.
||T pyqptq||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t2 logb`1´2αbptq ` C
ż 8
t
λptq
λpxq
1
x3 log
ǫ
2
`1pxqdx
` C
ż 8
t
x
ˆ
λptq
λpxq
˙ˆ
1
x2 log
ǫ
2 pxq
ˆ
1
x2 logǫ´2bpxq
˙
` 1
λpxqx4 logǫpxq
˙
dx
ď Cplogplogptqqq
2
t2 logb`1´2αbptq `
C
t2 log
ǫ
2
`1ptq `
C
t2 log3
ǫ
2
´2bptq `
C
t2 logǫ´bptq
ď Cplogplogptqqq
2
t2 logb`1´2αbptq ` C
log´ǫ`2bptq ` log´ ǫ2`bptq ` log´1ptq
t2 log
ǫ
2 ptq
(5.231)
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Next,
BtT pyqpt, ωq “ ´
ż 8
t
cosppt´xq?ωq `F2pyqpx, ωq ´ Fp?¨F px, ¨λpxqqqpωλpxq2q ´ Fp?¨F3px, ¨λpxqqqpωλpxq2q˘ dx
(5.232)
and the same procedure as above gives
||BtT pyqptq||L2pρpωλptq2qdωq ď Cplogplogptqqq
2
t3 logb`1´2αbptq ` C
ż 8
t
λptq
λpxq
1
x4 log
ǫ
2
`1pxqdx
` C
ż 8
t
ˆ
λptq
λpxq
˙ˆ
1
x2 log
ǫ
2 pxq
ˆ
1
x2 logǫ´2bpxq
˙
` 1
λpxqx4 logǫpxq
˙
dx
ď Cplogplogptqqq
2
t3 logb`1´2αbptq ` C
log´ǫ`2bptq ` log´ ǫ2`bptq ` log´1ptq
t3 log
ǫ
2 ptq
(5.233)
Similarly,
?
ωλptqT pyqpt, ωq “ ´λptq
ż 8
t
sinppt´xq?ωq `F2pyqpx, ωq ´ Fp?¨F px, ¨λpxqqqpωλpxq2q ´ Fp?¨F3px, ¨λpxqqqpωλpxq2q˘ dx
(5.234)
and the identical argument as for the previous two terms gives
||?ωλptqT pyqpt, ωq||L2pρpωλptq2qdωq ď
Cplogplogptqqq2
t2 log1`b´2αbptq ` Cλptq
log´ǫ`2bptq ` log´ ǫ2`bptq ` log´1ptq
t3 log
ǫ
2 ptq
ď Cplogplogptqqq
2
t2 log1`b´2αbptq ` C
log´ǫ`2bptq ` log´ ǫ2`bptq ` log´1ptq
t3 log
ǫ
2
`bptq
(5.235)
The next term is
λptq?ωBtT pyqpt, ωq
“ ´
ż 8
t
cosppt´ xq?ωq
ˆ
λptq
λpxq
˙?
ωλpxq `F2pyqpx, ωq ´ Fp?¨F px, ¨λpxqqqpωλpxq2q ´ Fp?¨F3px, ¨λpxqqqpωλpxq2q˘ dx
(5.236)
and we get
||λptq?ωBtT pyqpt, ωq||L2pρpωλptq2qdωq
ď Cplogplogptqqq
2
t3 log1`b´2αbptq ` C
ż 8
t
ˆ
λptq
λpxq
˙2
C
x4 log
ǫ
2
`1pxqdx`
ż 8
t
ˆ
λptq
λpxq
˙2
1
x4 log
3ǫ
2
´2bpxq
dx
` C
ż 8
t
ˆ
λptq
λpxq
˙2
logbpxq 1
x4 logǫpxqdx
ď Cplogplogptqqq
2
t3 log1`b´2αbptq ` C
logb´
ǫ
2 ptq ` log´1ptq ` log´ǫ`2bptq
t3 log
ǫ
2 ptq
(5.237)
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ωλptq2T pyqpt, ωq
“ ´
ż 8
t
sinppt´ xq?ωqλptq
2
λpxq λpxq
?
ω
`
F2pyqpx, ωq ´ Fp
?¨F px, ¨λpxqqqpωλpxq2q ´ Fp?¨F3px, ¨λpxqqqpωλpxq2q
˘
dx
(5.238)
and the same procedure as above gives
||ωλptq2T pyqpt, ωq||L2pρpωλptq2qdωq
ď C
t2 log1`b´2αbptq ` C
ż 8
t
ˆ
λptq2
λpxq
˙ˆ
λptq
λpxq
˙
C
x3 log
ǫ
2 pxq
1
x logpxqdx
` C
ż 8
t
ˆ
λptq2
λpxq
˙ˆ
λptq
λpxq
˙
C
x2 log
ǫ
2 pxq
1
x2 logǫ´2bpxqdx
` C
ż 8
t
ˆ
λptq2
λpxq
˙ˆ
λptq
λpxq
˙
logbpxq
x4 logǫpxqdx
ď C
t2 log1`b´2αbptq ` C
log´b´1ptq ` log´b´ǫ`2bptq ` log´ ǫ2 ptq
log
ǫ
2 ptqt3
(5.239)
Moreover, by, for example the Dominated convergence theorem,
T pyqpt, ωqt2 log ǫ2 ptq
a
ρpωλptq2qxωλptq2y P C0t prT0,8q, L2pdωqq (5.240)
and
BtT pyqpt, ωqt3 log ǫ2 ptqx
?
ωλptqy
a
ρpωλptq2q P C0t prT0,8q, L2pdωqq (5.241)
So, if T0 is large enough, then, T pyq P B 1
2
p0q Ă Z if y P B1p0q Ă Z. We will now show that T is a strict
contraction on B1p0q Ă Z. Let y1, y2 P Z satisfy
||y1||Z , ||y2||Z ď 1
T py1q´T py2q “ ´
ż 8
t
sinppt´ xq?ωq?
ω
`
F2py1q ´ F2py2q ´
`
Fp?¨pF3pupy1qq ´ F3pupy2qqqpx, ¨λpxqqqqpωλpxq2 q
˘˘
dx
(5.242)
First, note that F2 is linear in y, so
F2py1q ´ F2py2q “ F2py1 ´ y2q
Next, we treat F3 starting with the L1 terms. We will denote by ui the function associated to yi via (5.56).
We will also use vi, wi to denote the functions associated to ui in the same way v and w were used in the
above discussion
Recall that
pL1pu1q ´ L1pu2qqpt, rq
“
ˆ
sinp2u1pt, rqq ´ sinp2u2pt, rqq
2r2
˙ˆ
cosp2Q1p r
λptq qq pcosp2vcorrpt, rqq ´ 1q ´ sinp2Q1p
r
λptq qq sinp2vcorrpt, rqq
˙
(5.243)
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Since
| sinp2u1q ´ sinp2u2q| ď 2|u1 ´ u2|
we get (after esimating in terms of ui and then translating to yi in exactly the same manner as done above)
||Fp?¨pL1pu1q ´ L1pu2qqpt, ¨λptqqqpωλptq2q||L2pρpωλptq2qdωq
ď C||y1ptq ´ y2ptq||L2pρpωλptq2qdωq
ˆ
||vcorrpt, Rλptqq
Rλptq ||
2
L8 ` ||
vcorrpt, Rλptqq
Rp1`R2qλptq2 ||L8
˙
(5.244)
Next, we estimate
|BR ppL1pu1q ´ L1pu2qqpt, Rλptqqq |
ď C p|v1 ´ v2| ¨ |BRv1| ` |BRpv1 ´ v2q|q
R2λptq2
ˆ
|vcorrpt, Rλptq|2 ` Rp1`R2q |vcorrpt, Rλptqq
˙
` C|v1 ´ v2|
R3λptq2
ˆ
|vcorrpt, Rλptqq|2 ` R|vcorr|p1`R2q
˙
` C|v1 ´ v2|
R2λptq2
ˆ
|vcorrpt, RλptqqBRpvcorrpt, Rλptqqq| ` R|BRpvcorrpt, Rλptqqqp1`R2q
˙
(5.245)
Then, we get
||BRppL1pu1q ´ L1pu2qqpt, Rλptqqq||L2pRdRq
ď C `||v1 ´ v2||L2pRdRq ` ||Lpv1 ´ v2q||L2pRdRq˘
¨
ˆ`
1` ||BRpv1pt, Rλptqqq||L2pRdRq
˘ˆ||vcorrpt, Rλptqq
Rλptq ||
2
L8 ` ||
vcorrpt, Rλptqq
Rλptq2p1`R2q ||L8
˙
`||vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
Rλptq2 ||L8pRď1q ` ||
vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
R2λptq2 ||L8pRě1q ` ||
BRpvcorrpt, Rλptqqq
λptq2p1`R2q ||L8
˙
(5.246)
Similarly,
|L1pu1qpt, Rλptqq ´ L1pu2qpt, Rλptqq
R
| ď C|v1 ´ v2|pt, Rq
R3λptq2
ˆ
|vcorrpt, Rλptqq|2 ` R|vcorrpt, Rλptqq|pR2 ` 1q
˙
(5.247)
We combine these to estimate ||L ppL1pu1q ´ L1pu2qqpt, Rλptqqq ||L2pRdRq, and then, as in the previous es-
timates, translate the right-hand side in terms of yi, and use the estiamtes on our ansatz to get
||λptq?ωFp?¨ ppL1pu1q ´ L1pu2qpt, ¨λptqqqqqpωλptq2q||L2pρpωλptq2qdωq
ď C ||y1 ´ y2||L2pρpωλptq2qdωq ` ||
?
ωλptqpy1 ´ y2q||L2pρpωλptq2qdωq
t2 logǫ´2bptq
ď C ||y1 ´ y2||Z
t4 log
3ǫ
2
´2bptq
(5.248)
Now, we treat the nonlinear terms. First, note that, if
n1pxq “ sinp2xq ´ 2x
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then, by the mean value theorem,
|n1px1q ´ n1px2q| ď |x1 ´ x2|maxθPr0,1s|n11pθx1 ` p1´ θqx2q|
ď |x1 ´ x2|maxθPr0,1s|4 sin2pθx1 ` p1´ θqx2q|
ď C|x1 ´ x2|
`|x1|2 ` |x2|2˘ (5.249)
Similarly,
| pcosp2x1q ´ 1q ´ pcosp2x2q ´ 1q | ď C p|x1| ` |x2|q |x1 ´ x2| (5.250)
So,
|pNpu1q ´Npu2qqpt, Rλptqq| ď C
|v1 ´ v2|
`
v21 ` v22
˘
R2λptq2
` C |v1 ´ v2| p|v1| ` |v2|q
R2λptq2 p|Q1pRq| ` |vcorrpt, Rλptqq|q
(5.251)
If R ă 1, we use the estimates (5.24) to get
|v1pt, Rq|?
Rλptq ď C
||v1ptq|| 9H1e
λptq ` C
||L˚Lv1ptq||L2pRdRq
λptq (5.252)
and if R ą 1, then, we use (5.30) to get
|v1pt, Rq|?
Rλptq ď
C
λptq ||v1ptq|| 9H1e (5.253)
In total, we obtain
||Npu1q ´Npu2qpt, ¨λptqq||L2pRdRq
ď C||v1 ´ v2|| 9H1e
´
||xωλptq2yy1||2L2pρpωλptq2qdωq ` ||xωλptq2yy2||2L2pρpωλptq2qdωq
¯
` C||v1 ´ v2|| 9H1e
ˆ ||x?ωλptqyy1||L2pρpωλptq2qdωq ` ||x?ωλptqyy2||L2pρpωλptq2qdωq
λptq
˙ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙
(5.254)
which gives
||Fp?¨pNpu1q ´Npu2qqpt, ¨λptqqqpωλptq2q||L2pρpωλptq2qdωq ď C
λptq
||y1 ´ y2||Z
t4 logǫptq (5.255)
where we used the estimates on the ansatz, and the fact that
||yi||Z ď 1, i “ 1, 2
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Next, we will estimate BR ppNpu1q ´Npu2qqpt, Rλptqqq, treating the following expression one line at a time.
BR ppNpu1q ´Npu2qqpt, Rλptqqq “ cosp2Q1pRqq
2R2λptq2 p2 pcosp2v1pt, Rqq ´ 1q BRv1 ´ 2 pcosp2v2q ´ 1q BRv2q
` BR
ˆ
cosp2Q1pRqq
2R2λptq2
˙
pn1pv1q ´ n2pv2qq
´ 2
ˆ
sinp2Q1pRq ` 2vcorrpt, Rλptqqq
2R2λptq2
˙
psinp2v1qBRv1 ´ sinp2v2qBRv2q
` pcosp2v1q ´ cosp2v2qq BR
ˆ
sinp2Q1pRq ` 2vcorrpt, Rλptqqq
2R2λptq2
˙
(5.256)
For R ď 1, we estimate the first line of (5.256) by
|cosp2Q1pRqq
2R2λptq2 p2 pcosp2v1pt, Rqq ´ 1q BRv1 ´ 2 pcosp2v2q ´ 1q BRv2q |
ď C
λptq2 ||
v1?
R
||2L8 |
Lpv1 ´ v2q
R
| ` C
λptq2
v1pt, Rq2
R2
|v1 ´ v2|
R
` C
λptq2 ||
v1 ´ v2?
R
||L8 || |v1| ` |v2|?
R
||L8 |Lv2|
R
` C
λptq2 |
v1 ´ v2
R
|
ˆ |v1| ` |v2|
R
˙ |v2|
R
(5.257)
where we used the fact that
2pcosp2v1pt, Rqq ´ 1qBRv1pt, Rq ´ 2pcosp2v2pt, Rqq ´ 1qBRv2pt, Rq
“ 2 pcosp2v1pt, Rqq ´ 1q pBRpv1 ´ v2qq ` 2BRv2 pcosp2v1q ´ cosp2v2qq
(5.258)
to get
|2pcosp2v1pt, Rqq ´ 1qBRv1pt, Rq ´ 2pcosp2v2pt, Rqq ´ 1qBRv2pt, Rq|
ď Cv1pt, Rq2|BRpv1 ´ v2q| ` C|v1 ´ v2||BRv2| p|v1| ` |v2|q
(5.259)
The second line of (5.256) is estimated by
BR
ˆ
cosp2Q1pRqq
2R2λptq2
˙
pn1pv1q ´ n2pv2qq ď C
λptq2
ˆ
v21
R2
` v
2
2
R2
˙ |v1 ´ v2|
R
(5.260)
The third line of (5.256) is estimated by
´ 2
ˆ
sinp2Q1pRq ` 2vcorrpt, Rλptqqq
2R2λptq2
˙
psinp2v1qBRv1 ´ sinp2v2qBRv2q
ď C
λptq2
ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙ˆ
||v1|| 9H1e
|Lpv1 ´ v2q|
R
` ||v1 ´ v2|| 9H1e |
Lv2
R
| `
ˆ |v1| ` |v2|
R
˙ |v1 ´ v2|
R
˙
(5.261)
where we used
sinp2v1qBRv1 ´ sinp2v2qBRv2 “ sinp2v1q pBRpv1 ´ v2qq ` psinp2v1q ´ sinp2v2qq BRv2 (5.262)
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The final line of (5.256) is estimated by
pcosp2v1q ´ cosp2v2qq BR
ˆ
sinp2Q1pRq ` 2vcorrpt, Rλptqqq
2R2λptq2
˙
ď C
ˆ |v1| ` |v2|
R
˙ |v1 ´ v2|
Rλptq2
ˆ
1` ||BRpvcorrpt, Rλptqqq||L8 ` ||vcorrpt, Rλptqq
R
||L8
˙ (5.263)
Now, we will estimate the contribution of each of these terms to ||BR ppNpu1q ´Npu2qqpt, Rλptqqq ||L2pp0,1q,RdRq.
We use (5.24) to control || v1?
R
||L8 , and getż 1
0
C
λptq4 ||
v1?
R
||4L8
ˆ
Lpv1 ´ v2q
R
˙2
RdR
ď Cλptq2||xωλptq2yy1||4L2pρpωλptq2qdωq||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq
(5.264)
Next, we getż 1
0
C
λptq4
pv1pt, Rqq4
R4
|v1 ´ v2|2
R
dR
ď C
λptq4
ż 1
0
˜´
||v1||49H1e ` ||L
˚Lv1||4L2pRdRq
¯ˆ
log2p 1
R
q ` 1
˙2¸´
||v1 ´ v2||29H1e ` ||L
˚Lpv1 ´ v2q||2L2pRdRq
¯
¨ R
ˆ
log2p 1
R
q ` 1
˙
dR
ď Cλptq2||xωλptq2yy1||4L2pρpωλptq2qdωq||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq
(5.265)
The next term to consider isż 1
0
C
λptq4 ||
v1 ´ v2?
R
||2L8 ||
|v1| ` |v2|?
R
||2L8
pLv2q2
R2
RdR
ď C
λptq4
´
||v1 ´ v2||29H1e ` ||L
˚Lpv1 ´ v2q||2L2pRdRq
¯
¨
´
||v1||29H1e ` ||L
˚Lv1||2L2pRdRq ` ||v2||29H1e ` ||L
˚Lv2||2L2pRdRq
¯ż 1
0
pLv2pt, Rqq2
R2
RdR
ď Cλptq2||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq ¨
´
||xωλptq2yy1||2L2pρpωλptq2qdωq ` ||xωλptq2yy2||2L2pρpωλptq2qdωq
¯
¨ ||xωλptq2yy2||2L2pρpωλptq2qdωq
(5.266)
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Next, we have
C
λptq4
ż 1
0
ˆ
|v1 ´ v2
R
|
ˆ |v1| ` |v2|
R
˙ |v2|
R
˙2
RdR
ď C
λptq4
ż 1
0
´
||v1 ´ v2||29H1e ` ||L
˚Lpv1 ´ v2q||2L2pRdRq
¯
¨
´
||v1||49H1e ` ||L
˚Lv1||4L2pRdRq ` ||v2||49H1e ` ||L
˚Lv2||4L2pRdRq
¯ˆ
log2p 1
R
q ` 1
˙3
RdR
ď Cλptq2||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq ¨
´
||xωλptq2yy1||4L2pρpωλptq2qdωq ` ||xωλptq2yy2||4L2pρpωλptq2qdωq
¯
(5.267)
For the second line of (5.256),
C
λptq4
ż 1
0
ˆ
v41
R4
` v
4
2
R4
˙ |v1 ´ v2|2
R2
RdR
ď C
λptq4
´
||v1||49H1e ` ||L
˚Lv1||4L2pRdRq ` ||v2||49H1e ` ||L
˚Lv2||4L2pRdRq
¯
¨
´
||v1 ´ v2||29H1e ` ||L
˚Lpv1 ´ v2q||2L2pRdRq
¯ ż 1
0
ˆ
log2p 1
R
q ` 1
˙3
RdR
ď Cλptq2
´
||xωλptq2yy1||4L2pρpωλptq2qdωq ` ||xωλptq2yy2||4L2pρpωλptq2qdωq
¯
||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq
(5.268)
Next, we treat the third line of (5.256),ż 1
0
1
λptq4
ˆ
1` ||vcorrpt, Rλptqq
R
||2L8
˙
¨
ˆ
||v1||29H1e
pLpv1 ´ v2qq2
R2
` ||v1 ´ v2||29H1e
pLv2q2
R2
` pv1q
2 ` pv2q2
R2
|v1 ´ v2|2
R2
˙
RdR
ď C
ˆ
1` ||vcorrpt, Rλptqq
R
||2L8
˙
||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq
¨
´
||xωλptq2yy2||2L2pρpωλptq2qdωq ` ||xωλptq2yy1||2L2pρpωλptq2qdωq
¯
(5.269)
The fourth line of (5.256) is treated as follows.ż 1
0
ˆ |v1| ` |v2|
R
|v1 ´ v2|
Rλptq2
ˆ
1` ||BRpvcorrpt, Rλptqqq||L8 ` ||vcorrpt, Rλptqq
R
||L8
˙˙2
RdR
ď C
λptq4
ˆ
1` ||BRpvcorrpt, Rλptqqq||2L8 ` ||
vcorrpt, Rλptqq
R
||2L8
˙
¨
´
||v1||29H1e ` ||L
˚Lv1||2L2pRdRq ` ||v2||29H1e ` ||L
˚Lv2||2L2pRdRq
¯
¨
´
||v1 ´ v2||29H1e ` ||L
˚Lpv1 ´ v2q||2L2pRdRq
¯ ż 1
0
ˆ
log2p 1
R
q ` 1
˙2
RdR
ď C
ˆ
1` ||BRpvcorrpt, Rλptqqq||2L8 ` ||
vcorrpt, Rλptqq
R
||2L8
˙
¨ ||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq
´
||xωλptq2yy1||2L2pρpωλptq2qdωq ` ||xωλptq2yy2||2L2pρpωλptq2qdωq
¯
(5.270)
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We combine the above estimates to getż 1
0
pBR ppNpu1q ´Npu2qqpt, Rλptqqqq2RdR
ď Cλptq2
´
||xωλptq2yy1||4L2pρpωλptq2qdωq ` ||xωλptq2yy2||4L2pρpωλptq2qdωq
¯
||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq
` C
ˆ
1` ||BRpvcorrpt, Rλptqqq||2L8 ` ||
vcorrpt, Rλptqq
R
||2L8
˙
¨ ||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq
´
||xωλptq2yy2||2L2pρpωλptq2qdωq ` ||xωλptq2yy1||2L2pρpωλptq2qdωq
¯
(5.271)
When R ě 1, we can estimate (5.256) by
|BR ppNpu1q ´Npu2qqpt, Rλptqqq |
ď C
λptq2 ||v1||
2
9H1e
|Lpv1 ´ v2q| ` C
λptq2 ||v1||
2
9H1e
|v1 ´ v2| ` C
λptq2 ||v1 ´ v2|| 9H1e
´
||v1|| 9H1e ` ||v2|| 9H1e
¯
p|Lv2| ` |v2|q
` C
λptq2
´
||v1||29H1e ` ||v2||
2
9H1e
¯
|v1 ´ v2|
` C
λptq2
´
||v1|| 9H1e ` ||v2|| 9H1e
¯
|v1 ´ v2|
ˆ
1` ||BRpvcorrpt, Rλptqqq||L8 ` ||vcorrpt, Rλptqq
R
||L8
˙
` C
λptq2
ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙´
||v1|| 9H1e |Lpv1 ´ v2q| ` ||v1 ´ v2|| 9H1e |Lv2| `
´
||v1|| 9H1e ` ||v2|| 9H1e
¯
|v1 ´ v2|
¯
(5.272)
Taking the L2 norm over R ě 1, and combining with our previous estimates, we get
||BR ppNpu1q ´Npu2qqpt, Rλptqqq ||L2pRdRq
ď Cλptq
´
||xωλptq2yy1||2L2pρpωλptq2qdωq ` ||xωλptq2yy2||2L2pρpωλptq2qdωq
¯
||xωλptq2ypy1 ´ y2q||L2pρpωλptq2qdωq
` C
ˆ
1` ||vcorrpt, Rλptqq
R
||L8 ` ||BRpvcorrpt, Rλptqqq||L8
˙
¨ `||xωλptq2yy2||L2pρpωλptq2qdωq ` ||xωλptq2yy1||L2pρpωλptq2qdωq˘ ||xωλptq2ypy1 ´ y2q||L2pρpωλptq2qdωq
(5.273)
It only remains to consider the following.
|Npu1qpt, Rλptqq ´Npu2qpt, Rλptqq
R
| ď C |v1 ´ v2|
`pv1q2 ` pv2q2˘
R3λptq2
` C p|v1| ` |v2|q |v1 ´ v2|
R3λptq2 p|Q1pRq| ` |vcorrpt, Rλptqq|q
(5.274)
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So,ż 1
0
pNpu1qpt, Rλptqq ´Npu2qpt, Rλptqqq2
R2
RdR
ď C
λptq4
ż 1
0
´
||v1 ´ v2||29H1e ` ||L
˚Lpv1 ´ v2q||2L2pRdRq
¯
¨
´
||v1||49H1e ` ||L
˚Lv1||4L2pRdRq ` ||v2||49H1e ` ||L
˚Lv2||4L2pRdRq
¯ˆ
log2p 1
R
q ` 1
˙3
RdR
` C
λptq4
ˆ
1` ||vcorrpt, Rλptqq
R
||2L8
˙ż 1
0
´
||v1||29H1e ` ||L
˚Lv1||2L2pRdRq ` ||v2||29H1e ` ||L
˚Lv2||2L2pRdRq
¯
¨
´
||v1 ´ v2||29H1e ` ||L
˚Lpv1 ´ v2q||2L2pRdRq
¯ˆ
log2p 1
R
q ` 1
˙2
RdR
ď Cλptq2||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq
´
||xωλptq2yy1||4L2pρpωλptq2qdωq ` ||xωλptq2yy2||4L2pρpωλptq2qdωq
¯
` C
ˆ
1` ||vcorrpt, Rλptqq
R
||2L8
˙
¨ ||xωλptq2ypy1 ´ y2q||2L2pρpωλptq2qdωq
´
||xωλptq2yy1||2L2pρpωλptq2qdωq ` ||xωλptq2yy2||2L2pρpωλptq2qdωq
¯
(5.275)
We return to (5.274), and study˜ż 8
1
ppNpu1q ´Npu2qqpt, Rλptqqq2
R2
RdR
¸1{2
ď C
λptq2 ||v1 ´ v2||L2pRdRq
´
||v1||29H1e ` ||v2||
2
9H1e
¯
` C
λptq2
´
||v1|| 9H1e ` ||v2|| 9H1e
¯
||v1 ´ v2||L2pRdRq
ˆ
1` ||vcorrpt, Rλptqq
R
||L8
˙ (5.276)
We now combine the above estimates, translating between norms of vi and norms of yi as previously, and
use the fact that ||yi||Z ď 1, as well as the estimates of the ansatz to get
||λptq?ωFp?¨pNpu1q ´Npu2qqpt, ¨λptqqqpωλptq2q||L2pρpωλptq2qdωq
ď C ||y1 ´ y2||Z
t4 logǫ´bptq
(5.277)
We now return to (5.242) to get
||pT py1q ´ T py2qqptq||L2pρpωλptq2qdωq ď C
ż 8
t
x
ˆ
λptq
λpxq
˙ˆ ||y1 ´ y2||Z
x4 log1`
ǫ
2 pxq
˙
dx
` C
ż 8
t
x
ˆ
λptq
λpxq
˙ ||y1 ´ y2||Z
x4 log3
ǫ
2
´2bpxqdx
` C
ż 8
t
x
ˆ
λptq
λpxq
˙ ||y1 ´ y2||Z
x4 logǫ´bpxqdx
ď C||y1 ´ y2||Z log
´1ptq ` log´ǫ`2bptq ` log´ ǫ2`bptq
t2 log
ǫ
2 ptq
(5.278)
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BtpT py1q ´ T py2qq “ ´
ż 8
t
cosppt´ xq?ωqF2py1 ´ y2qdx
`
ż 8
t
cosppt´ xq?ωqFp?¨pF3py1q ´ F3py2qpx, ¨λpxqqqqpωλpxq2qdx
(5.279)
So, the same argument as in the previous estimate gives
||BtpT py1q ´ T py2qq||L2pρpωλptq2qdωq ď C||y1 ´ y2||Z log
´1ptq ` log´ǫ`2bptq ` log´ ǫ2`bptq
t3 log
ǫ
2 ptq (5.280)
Similarly,
?
ωλptqpT py1q ´ T py2qq “ ´
ż 8
t
λptq sinppt´ xq?ωqF2py1 ´ y2qdx
` λptq
ż 8
t
sinppt´ xq?ωqFp?¨pF3py1q ´ F3py2qpx, ¨λpxqqqqpωλpxq2qdx
(5.281)
and the identical argument gives us
||?ωλptqpT py1q ´ T py2qqptq||L2pρpωλptq2qdωq ď C||y1 ´ y2||Z
log´1ptq ` log´ǫ`2bptq ` log´ ǫ2`bptq
t3 log
ǫ
2
`bptq (5.282)
Next, we have
?
ωλptqBtpT py1q ´ T py2qq “ ´
ż 8
t
ˆ
λptq
λpxq
˙
cosppt´ xq?ωqλpxq?ωF2py1 ´ y2qdx
`
ż 8
t
ˆ
λptq
λpxq
˙
cosppt´ xq?ωqλpxq?ωFp?¨pF3py1q ´ F3py2qpx, ¨λpxqqqqpωλpxq2qdx
(5.283)
So,
||?ωλptqBtpT py1q ´ T py2qqptq||L2pρpωλptq2qdωq
ď C
ż 8
t
ˆ
λptq
λpxq
˙2 ||y1 ´ y2||Z
x4 log1`
ǫ
2 pxqdx
` C
ż 8
t
ˆ
λptq
λpxq
˙2 ||y1 ´ y2||Z
x4 log
3ǫ
2
´2bpxq
dx
` C
ż 8
t
ˆ
λptq
λpxq
˙2 ||y1 ´ y2||Z
x4 logǫ´bpxqdx
ď C||y1 ´ y2||Z log
´1ptq ` log´ǫ`2bptq ` log´ ǫ2`bptq
t3 log
ǫ
2 ptq
(5.284)
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The identical procedure shows that
||ωλptq2pT py1q ´ T py2qqptq||L2pρpωλptq2qdωq
ď C||y1 ´ y2||Z log
´1ptq ` log´ǫ`2bptq ` log´ ǫ2`bptq
t3 log
ǫ
2
`bptq
(5.285)
Thus, T is a strict contraction on B1p0q Ă Z, for T0 large enough; so, T has a fixed point, say y0, in
B1p0q Ă Z
6 The energy of the solution, and its decomposition as in Theorem
1.1
Let us define
v6pt, rq :“
$&%
b
λptq
r
´
F´1py0pt, ¨λptq2 qq
¯
p r
λptq q, r ą 0
0, r “ 0
Note that v6pt, ¨q P C0pr0,8qq, by the same argument as in Lemma (5.1). Inspecting the derivation of (5.4),
we see that we have a solution to (1.1):
upt, rq “ Q 1
λptq
prq `
6ÿ
k“1
vkpt, rq (6.1)
Here, we study the energy, (1.2), of our solution, and prove that it has a decomposition as in the main
theorem statement. First, we note that BtQ 1
λptq
R L2pp0,8q, rdrq, because φ0 R L2pp0,8q, rdrq, so we have
to first capture a delicate cancellation between the large r behavior of BtQ 1
λptq
and Btv1 before we can even
show that the solution has finite energy. We consider the region r ě t, and use the representation formula
for v1, which implies
Btv1pt, rq “
ż 8
t
ds
λ3psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2ap1` r2 ` ρ2q2 ´ 4r2ρ2
¸
“
ż t` r
6
t
ds
λ3psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2ap1` r2 ` ρ2q2 ´ 4r2ρ2
¸
`
ż 8
t` r
6
ds
λ3psq
r
ż s´t
0
ρdρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2a
p1` r2 ` ρ2q2 ´ 4r2ρ2
¸
`
ż 8
t` r
6
ds
λ3psq
r
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸˜
1` r
2 ´ 1´ ρ2ap1` r2 ` ρ2q2 ´ 4r2ρ2
¸
(6.2)
For the second line of (6.2), we haveż t` r
6
t
ds
λ3psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2
˜
1` r
2 ´ 1´ ρ2ap1 ` r2 ` ρ2q2 ´ 4r2ρ2
¸
“
ż t` r
6
t
dsλ3psq
r
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ˆ
1` 1`O
ˆ
r2
pr2 ´ 1´ ρ2q2
˙˙
“ 2
ż t` r
6
t
λ3psq
r
ps´ tqds` EBtv1pt, rq
(6.3)
where
|EBtv1pt, rq| ď
C
r3
ż t` r
6
t
|λ3psq|ps´ tqds ď C
r3t logb`1ptq , r ě t (6.4)
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For the third line of (6.2), we have
|
ż 8
t` r
6
ds
λ3psq
r
ż s´t
0
ρdρ
ps´ tq
˜
1` r
2 ´ 1´ ρ2a
p1` r2 ` ρ2q2 ´ 4r2ρ2
¸
|
ď C
ż 8
t` r
6
|λ3psq|ds
rps´ tq
ż 8
0
ρdρ
˜
1` r
2 ´ 1´ ρ2ap1 ` r2 ` ρ2q2 ´ 4r2ρ2
¸
ď C
r2 logb`1prq , r ě t
(6.5)
Finally, the fourth line of (6.2) is treated as follows:
|
ż 8
t` r
6
ds
λ3psq
r
ż s´t
0
ρdρ
˜
1a
ps´ tq2 ´ ρ2 ´
1
ps´ tq
¸˜
1` r
2 ´ 1´ ρ2a
p1` r2 ` ρ2q2 ´ 4r2ρ2
¸
|
ď C
r3 logb`1prq ¨
1
r
ż 8
t` r
6
ds
ż s´t
0
ρdρ
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸˜
1` r
2 ´ 1´ ρ2ap1 ` r2 ` ρ2q2 ´ 4r2ρ2
¸
ď C
r4 logb`1prq
ż 8
0
ρdρ
˜
1` r
2 ´ 1´ ρ2ap1` r2 ` ρ2q2 ´ 4r2ρ2
¸ż 8
ρ`t
ds
˜
1aps´ tq2 ´ ρ2 ´ 1ps´ tq
¸
ď C
r2 logb`1prq , r ě t
(6.6)
Finally, we further treat the first term on the last line of (6.3)
2
ż t` r
6
t
λ3psq
r
ps´ tqds “ 2
r
´ r
6
λ2pt` r
6
q ´ λ1pt` r
6
q ` λ1ptq
¯
“ 2λ
1ptq
r
` EBtv1,1pt, rq
(6.7)
where
|EBtv1,1pt, rq| ď
C
r2 logb`1prq , r ě t (6.8)
Then, we note that
BtQ 1
λptq
prq “ ´2rλ
1ptq
r2 ` λptq2 (6.9)
So,
|Bt
´
Q 1
λptq
prq ` v1pt, rq
¯
| ď C
r2 logb`1prq , r ě t (6.10)
Using the estimates on Btv1, we then get
||Bt
´
Q 1
λptq
prq ` v1pt, rq
¯
||2L2prdrq ď
C
t2 log2bptq (6.11)
Then, we recall
Epu, vq “ π
´
||v||2L2prdrq ` ||u||29H1e
¯
and note that energy estimates for the equations solved by vk for k “ 3, 4, 5 give
Epv3ptq, Btv3ptqq ď C
ˆż 8
t
||F0,1psq||L2prdrqds
˙2
ď C logplogptqq
t2 log2b`2ptq
(6.12)
Epv4ptq, Btv4q ď C
ˆż 8
t
||v4,cpsq||L2prdrqds
˙2
ď C
t2 log4N`4bptq
(6.13)
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Epv5ptq, Btv5ptqq ď C
ˆż 8
t
||N2pfv5qpsq||L2prdrqds
˙2
ď C log
6ptq
t7{2
(6.14)
Next, we consider v2 for b ‰ 1. By Plancherel, we have
Epv2ptq, Btv2ptqq “ Epv2p0q, Btv2p0qq “ 16b
2
πpb ´ 1q2
ż 8
0
pχď 1
4
pξqq2
log2b´2p1
ξ
qdξ
16b2
πpb ´ 1q2
ż 1
8
0
dξ
log2b´2p1
ξ
q ď Epv2, Btv2q ď
16b2
πpb´ 1q2
ż 1
4
0
dξ
log2b´2p1
ξ
q
(6.15)
where we used properties of χď 1
4
. This gives, for b ‰ 1,
16b2
πpb´ 1q2Γp3 ´ 2b, logp8qq ď Epv2, Btv2q ď
16b2
πpb´ 1q2Γp3 ´ 2b, logp4qq (6.16)
By inspection of v2,0 for b “ 1, we see that Epv2, Btv2q ă 8 for b “ 1.
Using our estimates on v1 and Brv1, we get
||v1||29H1e ď
C
t2 log2bptq (6.17)
Finally, we treat the v6 term in (6.1). Theorem 5.1 of [12] (the transferrence identity) shows that
||Btv6||L2prdrq ď C||
λ1ptqa
rλptqF
´1py0pt, ¨
λptq2 qqp
r
λptq q||L2prdrq
` C||
c
λptq
r
F
´1pB1y0pt, ¨
λptq2 qqp
r
λptq q||L2prdrq ` C||
λ1ptq
λptq
c
λptq
r
F
´1pKpy0pt, ¨
λptq2 qqqp
r
λptq q||L2prdrq
(6.18)
The first line of (6.18) is handled by re-scaling, and applying the L2 isometry property of Fp¨q:ż 8
0
pλ1ptqq2
rλptq
ˆ
F
´1py0pt, ¨
λptq2 qqp
r
λptq q
˙2
rdr “ pλ1ptqq2λptq2
ż 8
0
|y0pt, ωq|2ρpωλptq2qdω
ď Cλ
1ptq2λptq2
t4 logǫptq
(6.19)
The second line of (6.18) is treated by again re-scaling and using the L2 isometry property of Fp¨q, as
well as the same estimates on K that we used while estimating F2 to getż 8
0
λptq
r
|F´1pB1y0pt, ¨
λptq2 qq|
2p r
λptq qrdr `
λ1ptq2
λptq
ż 8
0
1
r
|F´1pKpy0pt, ¨
λptq qqq|
2p r
λptq qrdr
ď Cλptq4||Bty0ptq||2L2pρpωλptq2qdωq ` Cλ1ptq2λptq2||y0ptq||2L2pρpωλptq2qdωq
ď C
t6 log4b`ǫptq
(6.20)
This gives
||Btv6||2L2prdrq ď
C
t6 log4b`ǫptq (6.21)
From the definition of v6, we have (using the same argument used when estimating F2, F3)
||v6ptq|| 9H1e “ ||v6pt, ¨λptqq|| 9H1e ď C
`||v6pt, ¨λptqq||L2pRdRq ` ||Lpv6pt, ¨λptqqq||L2pRdRq˘ (6.22)
and
||v6pt, ¨λptqq||L2pRdRq “ λptq||y0ptq||L2pρpωλptq2qdωq (6.23)
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||Lpv6pt, ¨λptqqq||L2pRdRq “ λptq||
?
ωλptqy0ptq||L2pρpωλptq2qdωq (6.24)
which gives
||v6ptq|| 9H1e ď
C
t2 logb`
ǫ
2 ptq (6.25)
Finally, we have
EWMpu, Btuq “ π
ˆ
||Btu||2L2prdrq ` ||
sinpuq
r
||2L2prdrq ` ||Bru||2L2prdrq
˙
(6.26)
Then, we useż 8
0
sin2pu´Q 1
λptq
`Q 1
λptq
q
r2
rdr ď C
˜ż 8
0
sin2pQ 1
λptq
q
r2
rdr `
ż 8
0
|u´Q 1
λptq
|2
r2
rdr
¸
(6.27)
to get
EWMpu, Btuq
ď C
˜
||Bt
´
Q 1
λptq
` v1
¯
||2L2prdrq `
6ÿ
k“2
||Btvk||2L2prdrq ` ||BrQ 1λptq ||
2
L2prdrq ` ||
sinpQ 1
λptq
q
r
||2L2prdrq `
6ÿ
k“1
||vk||29H1e
¸
(6.28)
By combining our above estimates, and recalling
||BrQ 1
λptq
||2L2prdrq ` ||
sinpQ 1
λptq
q
r
||2L2prdrq “ 4
we get
EWMpu, Btuq ă 8
and
||Btpu´ v2q||2L2prdrq ` ||u´Q 1λptq ´ v2||
2
9H1e
ď C
t2 log2bptq (6.29)
Finally, we note that the remark after the main theorem concerning the regularity of v6 follows from the
definition of the space Z, the continuity of dilation on L2, and lemma 9.1 of [12]. This completes the proof
of the main theorem.
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